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IlosicHuTeILHAA 3aNMHUCKA
[lenp KOHCTIEKTA JIEKIIUH — OCBOCHUE CTYJACHTAMH TEOPETUIECKIX OCHOB YUE€OHOW AMCIUILTHHBIL.
3agaun :
—  pacKphITHE COJEP)KaHKS YICOHOM TUCIIUTUINHBI;
— o0ecrneveHne CTYJCHTOB HEOOXOAMMBIM 00bEMOM TEOPETHUECKOTO MaTepualia il perieHus
MPUKJIATHBIX 33]1a4,;
— ymOpaBiIeHHE MO3HABATEIbHOMN JESITEIIbHOCTHIO CTYACHTOB.
KoHcnekT nekiuii mocTpoeH B BUJIE CUCTEMBI ayIUTOPHBIX 3aHATHH, Y4eOHBI MaTepra 4€TKO
JI03UPOBAH 10 KaKIOMY 3aHATHIO. KpaTKo M TOCTYITHO M3JI0KEHBI TEOPETHUYECKHUE OCHOBHI Pa3/IeiioB
Kypca, IPUBEICHBI TPUMEPDI PEIICHUs TUTIOBBIX 3aJ1a4, COAEPKATCS 3aa4u JIJIsi CAMOCTOATEILHOTO

peuieHusl.

1 cemectp

Aﬂee6pa U Hadaula viamemamu4decKkozo duaiu3a

JIEKIIUS 1. Beenennue.

e MaremaTnka B HAayKEC, TCXHHUKEC, DKOHOMUKE, I/IH(bOpMaIII/IOHHBIX TCXHOJOTHUAX U HpaKTH‘IGCKOﬁ
JACATCIIBHOCTH.
L4 I_ICJ'II/I " 3aJ1a491 U3YyUCHUS MATCMATUKHU IIPU OCBOCHUH CIICIUAJIbBHOCTH.

Pa3nes 1. PazBuTHe NOHATHSA O YHUCJIE.
Tema 1.1.Yuciaa. IlpnéankeHHbIe BHIYHCICHUSA

JIEKIIUS 1. JeticrBurensHble uncia. [[puOimkeHHbIe BEIUNUCICHUS.

IInan nexuumu:

e MHO0X€ECTBO HATYPAJIbHBIX YHCEI.

MHOXECTBO LIEJIBIX YHCET.

MHO0€eCTBO pallMOHaJIbHBIX YHCE.

IlepeBon 6eckOHEUHON AECATUUHON MEPUOINIECKOI 1poOU B OOBIKHOBEHHYIO M 00OpaTHO.
HppanmonanbHble yncia.

MHO0X€eCTBO I€HCTBUTENBHBIX YUCEIL.
Onpenenenre NpuOIMKEHHOTO 3HAYEHUS YUCIIa.
[Tpubnuxenue ¢ U30BITKOM U C HEJOCTATKOM.
AOGCoII0THAS MOTPEIIHOCTD TPUOTMKEHUS.
OTHocuTeNbHAS TOTPEIIHOCTh MPUOIHKEHUS.
3Havamue uudpel ¥ BEpHbIE 3HAKHU.
OxkpyrieHne yucesn.

JleiicTBHs ¢ MPUOTMKEHHBIMH YHCITaMH.

MmuosxectBo HaTypanbHbIX ynces: N={1,2,3,4, ...} — yncna, c TOMOIIBIO KOTOPBIX MBI CUUTAEM.
MHuoxecTBO nenbix uncen: Z={0, £1, 2, £3, ...}



m
MHOXECTBO palMOHANBHEIX uKcen: Q={uncna Buma —,rne MeZ, ne N }. K
n

palrOHAJIBHBIM YHCJIaM OTHOCATCA BCC YHMCJIda, KOTOPBIC MOXXHO MPEACTABUTE B BUIC OOBIKHOBEHHOMH

2 4 0 4
npobu: HaTypalIbHBIC, HATIPUMED, 2=I = E =...; IleTbIE: O=I , 4= T ,...; OOBIKHOBEHHEIE
2 3 7 1 - 27
apobu: —; —2—; —;...; JecATHYHbIE KOHEUHbIE Apodu: 0,5=—; — 2,7=——— ;... ¥ JA€CATUYHBIE
3 7 5 2 10

O0eckoHeuHbIe iepuoanueckue apodu: 0,33333...=0,(3); 1,225252525...=0,2(25).

3AJIAYA. lokaszats, uyto yucio 0,2(18) sBisiercsa pauroHanbHbIM.

PEIIEHUE. O6patum 3T0 4nCI0 B OOBIKHOBEHHYIO APOOb.

0,2(18)=0,2181818...; 18 — nepuox npodu. Ilycts x=0,2181818....

VMHO)MM 00€ YacTu 3Toro papeHcTsa Ha 10'=10, T.K. MeK/Iy 3ansTOi U IEPBBIM MEPHOIOM
onHa 1udpa - 2:

10x=2,181818... 1)
YMHOXHUM 06¢ uactu paBerctsa (1) Ha 102 =100, T.x. B meproze aBe mudps - 1 u §:
1000x=218,181818... (2).

Brrutem neBbie u mpaBbie yactu paBeHcTB (2) — (1):
1000x — 10x = 218,181818... - 2,181818...

990x =216
X = 216 = 12 = 0,2(18) = 12 panroHaIBFHOE YUCIIO.
990 55 55

HGCHTI/I“IHHG OECKOHEUHBIE HCTICPUOAUYICCKUC ,I[pO6I/I Ha3bIBAIOTCA UPPpAIUMOHAIIbHBIMU YU CIIAMHA

(mHO)ecTBO |): HAanpumep, V2 =1,4142135...; J3 =-1,7320508...; 1~ 3,14 - uppanmoHaIbHbIC YUCIIA.
MHoxecTBO JIeHCTBUTENbHBIX yKcel ( R ) 00beauHsIeT MHOXKeCTBa pallMOHAIBHBIX U
uppanroHambHbIX yrced: QU I=R.
Takum o6pazom NcZc<=QcR.

Iycts A -Tounoe 3uauenne Bemmaunbl, ¢ — ee MPUOTIKEHHOE 3HAYCHHE. A=a
Yucno @ naswiBaeTCs MPUOIMIKEHHBIM 3HAYEHUEM A ¢ ommbkoit A | ecrn A—a=A
Ecm A>0 , TO A= a ¢ yepocrarxom.

Ecm A <0 , TO A=a ¢ yseprkom.

Hanpumep, A=3,756 _ 1 un0e qucno, 4 = 3,15,a, =3,76
A, =3756-375=0,006=3756~375 , . 0o
A, =3,756—-3,76 =-0,004 = 3,756 = 3,76
3,75<3,756 <3,76

AOCOmoTHOI MMOrpeIIHOCTBIO HpI/I6JII/I)KeHHOFO qucia a HAa3bIBACTCA MOAYJIb PA3HOCTU MCIKIAY

A=|A-d

— €ro MPUOJIKEHUS.

C M30BITKOM.

TOYHBIM YHCJIOM H €TI0 HpI/I6J'II/I)KeHI/IeMZ

YeM MeHbIIIE A , TCM JIy4IIC HpI/I6HI/I)KCHI/Ie.
Ecnu Tounoe amcio HCHU3BCCTHO, HO U3BCCTHA I'PAaHUIIA, 3a KOTOPYIO HABEPHAKA HE BBIXOJUT

a6COMIOTHAs TIOTpelIHOCTS, To ecth A <O 10 O HaspiBaetcs rpanuieii aGCOMOTHOM MOTPEIIHOCTH
npulIMKeHHOro uncna ¢

‘A—a‘gé"m _53A_a£5,3Haan a_5£A£aHA:ai5-
2

3AJIAYA. [laabl npuONmKeHUs Yucia 3.4 =0,66 u a2 =0,67. Kakoe npubnmkenue ydiie?
PEINEHMUE. Haiinem aGcotoTHBIE MOTPEUTHOCTH TPUOIHKEHUI:
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s -[-oed- 28] L
3 3 100{ 150
s, |2 o672 87| L
3 3 100] 300

1 1

- > [
150 300 , 3HauuT 0,67 myuniee npuOIMKEHUE.
Otser: 0,67.

3AJIAYA. JlnuHa oTpe3ka paBHa 215+ O’S(CM ) Haiitu rpanuiisl n3mMepeHus OTpesKa.
pEmEmmE. | =215%£03=215-03<1<215+03=21,2<1<218

21,2<1<218

OTtBeT:

OTHOCUTENIHLHOM IMOrp€IIHOCTBIO & Ha3bIBACTCS OTHOIIIEHUE a0COTIOTHOM IOrp€IHOCTHU K
HpI/I6J'II/I}KeHHOMy 3HAa4YCHUIO BCIINYHNHBI.

&= a &= a -100%

a4 wm a

E ~0,6
3AJIAYA. HaliTi OTHOCUTEIHHYIO MTOTPEIIHOCTD MPUOIINKEHHS 3 .
A= E 'a=0,6
PEIIEHUE.
A=2_06 =1
3 15

82i10,6=£=0,04

15 15-10 o € = 4%
Ortsert: 4%.

3nHauarue nudpel IPUOIMHKEHHOTO YHCIa-3TO BCE ero MUuGphl, KpoMe HyNeH, CTOSIINX BIIEPEIu.
Hamnpumep, B uncne 3,275 yetsipe 3Hauanux nudpsl, a B yucie 0,0035 nee (3 u 5).

Hudpa m MPUOIM>KEHHOTO YUCJIa Ha3bIBAETCSl BEPHOM, €CITM TpaHuIla a0COIOTHOM MOTPEIIHOCTH HE
TIPEBBIIIACT AMHAIBI TOTO Pa3psiaa, B KOTOpoM 3ammcana mudpa M.

Hamnpuwmep, B uncine 3,73 £ 0,056 nBe BepHbIe Udps 3 U 7, T. K. A=0,056< 0'1.

HpI/I CJIOKECHUU U BBIYUTAHUHN HpI/I6HI/I)K€HHI>IX YuCeJI HaJ0 OCTaBUTh CTOJIBKO ACCATUYHBIX 3HAKOB,
CKOJIBKO UX JITAHO B YHUCJI€ C HAMMEHBIIIUM KOJIMYECTBOM 3HAKOB (OKPYTIUTH). [Ipumepsr:
233,78+52,308+3,9313~233,78+52,31+3,93=290,02

29,37-2,1462=29,37-2,15=27,22

HpI/I YMHOXCHHNU U ACJTICHUHU B PE3YJIbTATE HAJI0 OCTABUTH CTOJIBKO 3HAYAIIINX HI/I(bp, CKOJIBKO UX
HUMEET TO YUCJI0, Y KOTOPOro ux MeHsiue. [Ipumep:

2,143-0,45=0,96435~ 0,96

JIEKI A 2. KoMIUIEKCHBIE YUCTA.

Ilnan:
e Upcmo | - MHMMAs ¢IMHMIIA.

e Omnpenenenre KOMIUIEKCHOTO uncia (anredbpandeckas popma).
e JleiicTBUTENbHAS M1 MHMMAas YaCTH KOMILIEKCHOT'O YHCJIA.
e KOMIIJIEKCHO-COMPSIKEHHBIE M TIPOTHUBOIIOIOKHBIE YHCIIA.
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e JlelicTBUS HaJl KOMIUIEKCHBIMU YHCJIaMU B alreOpandeckoil popme: ciioskeHue, BBIYUTAHNUE,
YMHOKEHHE U JICIICHUE.

KomriekcHble unciia UMEIOT BH ]I a+ b | , TAC a n b -IIGfICTBPITeHBHBIG qucjia, a 4Yucjio I )

- 2 _
OIIpELIEIIIEMOE PABEHCTBOM = _1, HA3bIBAECTCSI MHUMOM €UHULIECH.

a Ha3bIBACTCA I[CﬁCTBPITCJ'II)HOfI YaCThIO KOMIIJICKCHOI'O YHCJIa, a b — MHMMOM 9aCTHIO0 KOMIIJIEKCHOT'O
qucjia.

Z=a-+bi_ anrebpandeckas popMa KOMIIEKCHOTO YHCIIA.

1 3.
Z="+"] ,
Hanpumep: Z=2+1; 2z=-1+4i. 2 4 ;ZZ\/E—\/éI'

JIro60e neiicTBUTENBHOE YHCIO0 MOXKHO MPEACTAaBUTh KaK KOMIUIEKCHOE, HallpuMep: 5=5+0-1 ;
0=0+0-1

RcC ; C — MHOKECTBO KOMIIJICKCHBIX YHMCE.

C BBezieHUEM KOMIUIEKCHBIX YHCEJI CTaJI0 BO3MOXHO U3BJIEKaTh KBaJpaTHbIE KOPHU U3

OTpULATEIbHBIX UHCel: Vv 2 =V _1 N 2 =N 2 1 , OHH ABJIAIOTCA KOMIIJICKCHBIMHA YHCJIAMH.

zy=a,+bi 7, =a, +D

y=a b=Db
KOMHHCKCHBIC qucliia HA3bIBAKOTCIA paBHHMI/I, €CJ/IN Hu

z,=a+bi z,=a-Dhi .
u Ha3bIBAKOTCS KOMILICKCHO-COIIPAKCHHBIMHU.

zy=a+bi 7z, =—a-bi

KomrrekcHble unciia

KomriekcHbie yncna HA3bIBAIOTCS TPOTUBOMOIOKHBIMU.

JleficTBUS ¢ KOMIUIEKCHBIMH YKCTIaMu (Ha MpUMeEpax)

[Ipu cno’keHuu ¥ BBIYUTAHUN KOMIUIEKCHBIX YHCEN HAZ0 PACKPHITH CKOOKH U IPUBECTU MOI0OHbBIE
cllaraemble:

(-2-i)+(-1+3i)=—2-i-1+3i =—3+2i
(-2-i)—(-1+3i)=—2-i+1-3i=—1-4i

£2
[Ipu yMHOKE€HUU KOMIUIEKCHBIX YUCEJ Ha/10 PACKPBHITh CKOOKHU, YYECTb = _1.
(2-3i)(—4+2i)=-8+12i +4i —6i° =—8+16i + 6 =—2+16i_

[Ipu nenenun HaIO TOMHOXKHUTH YUCIUTETh U 3HAMEHATEIh Ha YHCIIO, CONPSHKEHHOE 3HAMEHATEITIO,
PacKpbITh CKOOKH, MPUBECTH MOAOOHBIE ClIaraeMble, KaXkI0€ cllaraeMoe YUCIUTENs pa3fAeNuTh Ha
3HAMCHATEIb.

[Tpumep:
—1+2i:(—1+2i)(3+2i):—3+6i—2i+4i2:—3+4i—4:—7+4i:—7+ii
3-2i  (3-2i)3+2i) 3% —(2i) 9+4 15 15 15

Pa3nea 2. OcHOBBI TPMTOHOMETPHH

Tema 2.1. Tpuronomerpnyeckne GpyHKIUH YUCJIOBOI0 apryMeHTa.

JIEKIIM A 1. Paguannas mepa vraa. OnpenesieHus TPUTOHOMETpUYECKUX (hYHKIIUHA.

ITnan:
e Panmannas mepa yria.
[TepeBo rpalyCHON MEPHI yIJla B paJMaHHyI0 U 0OPaTHO.
EnunnyHas oKpyKHOCTB.
[ToBOPOTHI TOUKH P(l;O)Ha yros O pajuaH.

Haxoxnaenue KOOpAUHAT TOYCK, COOTBCTCTBYIOIINX 3a/ITaHHOMY YTIIY.
OHpe,Z[CJ'ICHI/IC CHHYCa 4yucla & .
L4 OHpe,Z[CJ'ICHI/IC KOCHMHYCa yuciaa & .



e OmnpeneneHue TaHreHca ynucia o .
e OmnpeneneHue KOTaHIeHca yucia o .

[{eHTpanbHBINM Yroa OKPYKHOCTH, ONUPAIOLIUNCA HA OYTY, JIMHA KOTOPOX paBHA paguycCy
OKPY>KHOCTH, Ha3bIBAa€TCs yIVIOM B | panuas.
OcHoBHas (opmyia ais nepexona rpanyCHoﬁ MepBI B paJlHaHHYI0 U 00paTHO:

=1pao = 180 1°=
7z =180° Ty 180O

(180°-aj0 . (ﬁ-oﬁj
o pad=| ——— o= S|P
3HAUHUT 3 Hu 180

OOBIYHO «pajiy OMYCKAIOT.

pao

[TPUMEPHI:
Haiitu rpanycuyto mepy yria:
T 3
1) 2;2 4
w_180° oo, 37 _3:180°, o op O
PELIEHUE: 2 2 . 4 4 .rx. 7=180

Haiitu paguannyro mepy yria:
1) 45°; 2) 15°
45O:7z-45°:£ 15o:7r-15°:£
PEILIEHUE: 1) 180° 4.y 180° 12
E,I[I/IHI/ILIHaFI OKPY’KHOCTB — 3TO OKPYXHOCTb C ICHTPOM B Ha4aJie KOOPANHAT U paJluyCOM, paBHBIM 1.
[ToBopor Touku P(1;0) equHr4HOI OKPYKHOCTH Ha yrol & mpoTHB 4acoBOW CTPENKU 03HAYAET

rosopor Ha yron & > 0.

[osopor P(1;0) o uacosoii cTpenke Ha yron & osnagaer mosopor Ha yron & < 0.

Kaxnomy nefictBurensHomy uncny & coOTBETCTBYET €IMHCTBEHHAS TOYKA EMHUYHON OKPY/KHOCTH,
noydaemas osoporom touku P(1;0) Ha yron & panuan.

Ho oaHoili u TOH ke TOuKe eJMHUYHOI OKPY>KHOCTH COOTBETCTBYET OECKOHEUHOE MHOXKECTBO

neiicTBuTENbHBIX yncen & T 2 ez,

Cunycom yrina & naspiBaeTcs OpJMHATA TOUKH, HOIY4EHHOM moBopoTom Touku (1;0) Ha yron & .
Kocunycom yrna & maspiBaeTcs abcnucca TOUKH, TOTy4€HHON moBopoToM ToukH (1;0) Ha yron & |
sina=Y,. sina e[-1]

cosa = X,. cosa € [-1L]1]

sina

cosa, cosa #0. ga eR

COoSo

sina sina#0. Clga € R

tga =

ctga =

JIEKIIU A 2. CBoiicTBa TPUTOHOMETPUUYECKHUX (DYVHKIIUIA.

Tabnuia HEKOTOPBIX 3HAYCHUN TPUTOHOMETPUUECKUX (PYHKITHI.
IIpuMepsl BBIYUCIICHU.
I'panuisl yeTBEpTEN.
3HaKM 3HaYCHUN TPUTOHOMETPUUECKUX (DYHKIIHI 1O YETBEPTSM.
UYeTHasi U HEUETHBIE TPUTOHOMETPHUECKUE (PYHKITUH.
[leproapl TPUrOHOMETPUUYECKUX (PYHKIIHH.
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IIpumeps! ynpoeHns TPUroHOMETPUUECKUX BBIPaKEHUH.

= ® n = 3.
& 0 6 | 4 3 2 " 2 %
‘ (0°) (30°) | (45°) | (60°) (90°) (180°) (270°) (360°)
1
sin o 0 2 % % 1 0 -1 0
cos @ 1 ‘[z—g J?é % 0 -1 0 1
1 He cyme- He cyme-
g a 0 J_:';‘ 1 ﬁ cTByer 0 CTBYeT 0
He cyme- i_ He cyme- He cyme-
cix @ CTBYeT V3 1 J3 0 CTBYET ¥ CTBYeT

Tabnuiia HEeKOTOPBIX 3HAYCHUH TPUTOHOMETPUYECKUX (YHKIIUIL:

VA

e,

cosa

w5

e

Ry

3HaKM TPUTOHOMETPUUYECKUX (QYHKLUH 110 YeTBEPTAM

[TPUMEP. Onpenenure 3HaK BbIpasKeHUS

c0s75°tg® 305°sin 95°

ctg293°c0s269°

CBoiicTBa TPUTOHOMETPUYECKUX (PYHKIIUH

COS(— o ) = COS¢ - yerHas GyHKIUSA

sin (— 0!) = —SIN & - neverHas PyHKIUSA

tg(— a ) = —1{g o - neuernas Qpyukius

ctg(— a ) = —Clg o - neuernas gpynkuus, N € Z

ITPUMEP. Brruucnure

1) sin(— 377[) +cos(— )+ tg(—27)




PEIIEHME:

sin(— 37”)+cos(— 7)+tg(—27) = —sin 37”+ cosz—tg27r =—(-1)+(-1)-0=1-1=0

sin(a + 272!’]) =sina,neZ - nepuouieckas GyHKIHS C HAUMEHBIIUM IOJIOKUTEbHBIM

nepuogom 277 = 360°

COS(O( + 27Zn) =C0Sax,nhe’Z - nepuoanyeckast QyHKIUS ¢ HAUMEHBIIIUM ITOJI0KUTEIbHBIM

nepuogom 277 = 360°

tg(a + 7zn) =1ga, N € Z - nepuoauueckas GyHKIUS ¢ HANMEHBLIAM MOJIOKUTEIBHBIM EPHOIOM

7 =180°

Ctg(a + ﬂn) =Ctga, N € Z - nepuoanyeckas GyHKIHUs ¢ HAMMEHBIIMM IT0JI0KUTEIBLHBIM TIEPHOIOM
m=180°

[TPUMEP. Beruuciure
1)c0s3660° = cos(3660° —360°-10) = c0s60° = %

3AJIAUU.

prOCTI/ITe TPUTOHOMCTPUUICCKHUC BI)Ipa)KeHI/Iﬂ:
. T T T
1) 4sin—++/3cos——-tg—
6 6 4

T T T
2) | 2tg——tg— |:cos—
)( 9% ggj 5
3) 2ta? % —cto? Z —sinZcos”
) 219 3 g 6 6 3

4) 2c0s?Z —sin?Z + g% ctg
) 6 3 g6 g3

9 cof5)-ea- ) on )
0 | 5]z rseod )

7) c0s7230°
8) ctg4,57

JIEKIIH A 3. OcHOBHBIE TPUTOHOMETPUYECKUE TOXKISCTBA

e OCHOBHBIE TPUTOHOMETPHUECKUE TOXKAeCTBA. DOPMYITBI OHOTO U TOTO Ke apryMeHTa.
e CuHYC, KOCUHYC M TAHT€HC CyMMBI U Pa3HOCTH JIBYX YTJIOB.
o HpI/IMepLI pEeUICHUA 3a4a4 U YIIPOIICHUA TPUTOHOMETPUUCCKHUX BI)Ipa)KeHI/Iﬁ C IOMOIIBKO 3TUX
dhopmy.
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OOPMVIJIBI OHOT'O 1 TOI'O ’)KE APTYMEHTA

sin 2 a+ COS2 & =1 — 0CHOBHOE TPHIOHOMETPHUECKOE TOKIECTBO.
sina =1-cos’ cos’a =1-sin‘a

sina =++vJ1-cos? o cosa =+v1-sin’a

3HaK + WIK — COBIIAJAET CO 3HAKOM CHHYCa UM KOCUHYCA B TOM YE€TBEPTH, B KOTOPOI1 JIEXKUT yros & .

sina COS
cosax sina
tga - ctga =1
tga:i 1
ctga ctgaa=——
g
1+tg%a = >
COos” o
1 2 L
+Cl0" o =——
sin“«a

) . -5 3r
ITPUMEP. Beruuciuty COSx ; SIN & tga ,ecuSIN o = E ; 7 <a<?2r

2
PELLIEHUE: COSar = ++/1—sin’ « ; o € IV uersepru, T0 COSX = +, /1— (— %j 2%

_sina 512 5

tga = —_— =
COSc 13 13 12
1 12
clga=—=——
tga 3)

[IPUMEP. Yrpoctuts Sin ‘a—costa+costa.
. . 2 2
PELIEHME. sin* o — cos® & + o’ ar = sin® &) —(cos? a’ +cos? a =
= (sin2 a — C0s° aXsin2 a + Cos® a)+ cos® o = (sin2 a — C0s? a)-1+ cos’ a =sin’«
3AJIAUM.

HOKa?»aTI) TOXIOCCTBO
. 2 R .

1) (sm2 o — C0S? a) +2c0s? asin®a =sin* a +cos* «
sina N l+cosa 2

2) 1+cosa  sina  sina

3) tg? o —sina =tg? asin’a
2 (L+19% a)cos’ o —1=0

5) (1+ cosa)ctg® a(l—cosar) = cos® o

YIpOCTUTH BBIpaKEHHUE:

1) sin*a+cos*a+2sin®acos’ a



2y cos’a—costa+sinta
1-2cos’ a

3)  cosa +sina

2 (sin? o + tg? arsin® o Jetgar

DPOPMVIJIBI CJIOKEHUA

cos(a — B)=cosacosf +sinasin
os(a + B)=cosacos B —sinasin
in(a — B)=sinacosB —cosasin
osla + B)=sinacosB +cosasin
) ga+tgf
1-tgatgp
tga —tgp
l1+tgatgp

O 9 O

tg(a +

tg(a — B)=
ITPUMEPBI:

1) sin105°:sin(60° + 45 ) sin60° cos45 +sin45 cos60 =

ol
S

V6 ++/2
4

. 1 V4
2) Haiitu COS(60° +0£), ecu SNa=—=un0<a<—

J3 2

o . o 1
PEILIEHUE: c0S(60° + & )=c0s60 cos -sin 60 sina = ECOSO{

V31
2 3
cosa =+v1—sin®a, yron a €1l versepru, snaunt COSO{—W/l—— \E

a):;_fﬁlff
2 J3 2 3 23

cos(60° +
3ATIAUN

1. Beraucnurs:
1) cos75
2) sin210°
tg29° +1tg31°
1-tg29 tg31

( 7[) 1l =«
4)cos| ad—— |,ecmucoSx =——u —<aA<TT
4 3 2

( ﬂj 3 3
5sinfa+—|,ecmucosax=——uT<a&<—
6 5 2

10
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6) sin 73" cos13” —sin13 cos73’
2.YTIpOCTHUTE:

1) sin(a + B)+sin(— a)cos(— B3)
2)cos(a — ) —cos(a + )

3) cos| —+a [CO§ ——a |+—=SIN"
4 4 2

JIEKIIM A 4. Tpuronomerpudeckue HOpMYJIbL.

e  DopMyIibl IPUBEACHHUS.

e CuHyC, KOCUHYC M TaHI'€HC JBOITHOTO yrJa.

e  ®opMyIibl TOJIOBUHHOTO apryMEHTA.

e [Ipumeps! penienus 3a1a4 ¢ MOMOIIBIO ATHX (HOPMYIL.

OOPMVIJIBI ITPUBEJIEHUA

T
3T GOpMYITBI TO3BOJISIOT MPEOOPA30BaTh TPUTOHOMETPUYECKHE (DYHKIIMU apryMEHTa (E 3 == 0{)

K TPUTOHOMETPHUYECKUM (DYHKIUSM apryMeHTa ! .
Hampuwmep, Sin(ﬂ' + 0{) =-Sinc.
31ech B JIeBOM YacTH PaBEHCTBA 3amucana npuBoguMasi GyHKIus ( /7 - TpaHULla YETBEPTH: X

CUMUTAETCS YIJIOM | 4eTBepTH),a B IPaBOM YaCTH — MpUBEICHHAS (PYHKIIHSL.
IMPABWJIO ITPUBEJIEHNW .

3HaK nMpuBeIeHHON ()YHKIIUU COBIAAEeT CO 3HAKOM MPUBOAUMOMN (YHKIIMH B TOI YE€TBEPTH, B
KOTOPOI1 JIEXKHUT yron « .

Ecnmu yron & otknaapiBaetcs ot ocu OX, To Ha3BaHUE (YHKIIUU HE MEHSETCSI.

Ecnmu yron & otknaapiBaercst ot ocu OY, To Ha3BaHHe QYHKIIMKU MEHSIETCS CXOTHOE (CHHYC —
Ha KOCHHYC, TAHT€HC — Ha KOTAaHT'€HC U HA00O0pOT).

3
[TPUMEP. Yupoctuts 1Q 7 +a

T
PEINEHMUE .Onpenenum 3Hak NpuBOAUMON (PyHKIIMHU: AyTra 7 + (X OKaH4YMBAETCS B YETBEPTOU

YETBEPTH, IJI€ TAHT€HC OTPULIATEIIbHBIN, 3HAYUT, CTABUM 3HAK MUHYC.
OrnpenenyumM Ha3BaHUE NMPUBEIEHHON QYHKIIMU: YTOJ & OTKJIaabiBaeTcst oT ocu OY, 3HaYUT, HA3BaHHE
MEHSIETCA Ha KOTAHT€HC.

tg(?’?” + aj =—ctga
[IPUMEPBIL.

sin135° =sin (90° +45° ): +c0s45” = %

c05240° = cos{180° + 60" )= —C0s60° = _%

c0s120° = cos{180° — 60" )=—cos60° = —%

11



. ( 37[) . ( 3z j
SNfaa—— |=SIN| —4+x |=+CO0Sx
2 2

3AJIAUM
Beruucnuth
{5 ol ) onlG e el 5 )5
1) co§ —+a gl ——a |-SIN| ——«a |+Clg| ——a |-Clg| ——«
2 2 2 2 2
- 2 _
g N (z-a) —cos(27 —a)
. (37
1+sinf —+a«a
)
3) 1Octg3—7r-sin5—7r-cos7—7z
4 4 4
4) ctg240°
Y1
5) Sin—
3

®OPMYVJIbI IBOMHOI'O APTYMEHTA

Sin2a =2Sin ¢ Cosa

cos2a =cos’ a —sina=1-2sin?a=2cos® a —1
20

1—tgza

tg2a =

. . V4
[TPUMEP. Haiitu SIN 2 u cos2a, ecin SN =0,8 u E <2a<r.

PELLIEHME. c0s2a =1—2sina=1-2-0.82=-0.28
Sin 2a = 2SIN ¢ COS& ; cos & -?

cosa =+1-sina
%< 2o <7 :>%<a<%; I werepts, COS@ = 1—Sin2 @ =+/1— 0,82 =0,6

sin2a=2-0,8-0,6=0,96
IIPUMEP. Vpocrurs 1—8sin® ¢ - cos® o
PEIIEHKE.1—8sin® & - cos? @ =1—2-(2sin cosar )’ =1— 2sin? 2a = cos4a

[TPUMEP. Boruncnuts Sin120 ’

V3

1_3
2

2.*/§. =
2

PEILIEHKE. sin120° =sin(60° - 2)=2sin 60" cos60” = -

3AJIAUN

1. JMano:Sinax =0,6;0< ax < % Haiitu SIN 2¢¢;C0S2a;tg2cx .

2. YHpOCTI/ITL HJIN BBIYUCJIUTD:
1) sin15°-cos15°

2) 1-4sin®acos’a

12



2tg15°
1—-tg?15°
4) 1-2sin’ o +cos2a
5) cosda +2sin? 2«

®OPMVIJIBI TTIOJIOBUHHOI'O APT'YMEHTA (®opMmyJibl IOHUKEHUS CTEIICHH)

>,a 1-—cosa
sin? ==~
2 2
20 1+ Ccosx
coS _—
2
2 a _1-cosa
tg _
2 1+cosa

o sina 1—cosa
tg—= -
2 1+cosa SIn o

. T a
[TPUMEP. Yipocturs 2SIN 2 (Z — Ej

1—00{”—05)
PEIIIEHUE. Zsinz(%—%jzz- 2 ﬂ—co{%—ajﬂ—sina

3AIAYN
Ypoctuts
1-2sin®=
1)
o
2c0s” = -1
2

2) 2sin (” 305)_1
4 2
3) cos'a—sin® o —cos2a

1+ cos42°

4) ——
1-sin48°

JIEKIIUA 5. Tpuronomerpudeckue hopMyJibl (IPOAOILKEHUE).

e [IpeoOpa3oBanue cyMMbl TPUTOHOMETPHUUECKUX (DYHKIIMI B IPOU3BEICHUE.

e [IpeoOpa3oBanue MPOU3BEICHUS B CYMMY.

¢ BrlpaxxeHue TpUroHoMeTpuyecKux (PyHKINN Yepe3 TAHT€HC OJTOBUHHOIO apryMeHTa —
yYHHUBEpcajbHas MOJCTAHOBKA.

e [IpeoOpa3oBaHusi TPUTOHOMETPHUUECKUX BBIPAKEHUN C ITIOMOIIBIO Pa3IUYHBIX (HOPMYIIL.

13



DOOPMVIJIBI ITPEOBPA3OBAHNA CYMMBbI B [TPOU3BE/IEHUE

. . . o+ a—
sina +sin = 2sin 'Bcos P

2 2
sina—sinﬂ=23ina;’gcosa;’8
c05a+cos,8=2cosa;ﬂcosa;ﬂ
cosa —€0s 3 =—2sin a;ﬂsin a;ﬂ
gar +1gf = sin(a + )

COSx COoS 3
ga—tgfi = sin(a — B)
COSa COoS 3

®OPMYJIbI [IPEOBPA3OBAHUS [TPOU3BEEHUS B CYMMY
sinasin f = %(cos(a — B)—cos(a + B))
COSa COS [ = %(cos(a — B)+cosla + B))

sinacosf :%(sin(a — B)+sin(a + p))

. a
COOTHOWIEHUS MEXY SIN «,COSex u g 5

(YHUBEPCAJIBHAA ITOACTAHOBKA)

2tgg

sina = 205
1+tg2 >~

g 2
1-tg2%
cosa:—ozl
1+tg2 ™~

J 2

3AJIAUN

1. VYopocTuTs WK BBIYHUCITUTD:
C0S76° —c0s16°

1
) 1—2sin222°

5 ( 1 1 j . 1
sinae  Sin3a ) cosa + cosba
14



COoS2a cos3«x
sin3a —sina  cos2a + cosda
(sin 3¢ —sin o )(cos3cx + cosa)

1+ cosda
sina + Sin 3
COSa + C0S3x
tgar +tgB sin(a + B)
tga —tgB  sin(a - p)
7) sin®a +cos(60° + o )- cos(60° — o)
8) 2c0s(45° + a)-cos(45 - ax)
9) sin75°+sin15°

4)

5)

6)

Y4 b
10) COS— — COS—
12 12
11) sin15°- cos75°

12) sin45°-sin15°
13) Haiitu Sin o + 2C0Sex , ecnu tQ % =-2.

14) Haittu SIN 2 — C0S2cx, ecu tgax = 3.

. Sina +cosa o
15) Haiitin — ,ecm Clg —=2.
sina — cosa 2

Tema 2.2.®@yHKUIMH, NX CBOIiCTBA U TPaPUKH.

JIEKIIMA 1. CBoiicTBa 1 rpad KK TPUTOHOMETPUUECKHUX () VHKITHIA.

e Yucnonas ¢pyakuus. O0IacTh ONMpeaeIeHUs] 1 MHOKECTBO 3HAUCHUM; rpaduK PyHKITUH.
e Yucnosas pynkuus Y = SIN X, ee cBoiicTBa U rpaduk.

e UYucnoBas pynkius Y = COSX, ee CBONCTBaA U TpaduK.
e UYucnosas ¢pynkuus Y = {gX, ee coiicTBa u rpadux.

e UYmucnosas ¢pynknus Y = CtgX, ee coiicTBa u rpadux.

Yucnosle GpyHKIMH, 3ananube popmyaamu Y =SIN X, Y =COSX, Y =1gX, ¥ = CtgX
Ha3BIBAIOTCS COOTBETCTBEHHO CHHYCOM, KOCHHYCOM, TAHI€HCOM U KOTaHI€HCOM.
OO6unacTh omnpezeneHus (Bce 3HAYCHHs HE3aBUCHMOM TEPEMEHHOM):

D(sin)=D(cos)=R
D(tg) = (—%wzn;%wzn); D(ctg) =(m;, 7 +m),neZ
MHOXecTBO 3HaYeHUH (BCE 3HAUEHUS 3aBUCUMOMN TIEPEMEHHOM ):
E(sin) = E(cos)=[-11]
E(tg) =E(ctg) =R.
YeTHOoCTh: COS(— X) = COSX (uerHas)
Sin(—X)=—sin X (acucrnas)
tg(— X) =—1g X (meuernas)
15



ctg(— X) = —Cltg X (ueuerHas)
[TepuoauuHOCTD:
sin(x +27zn)=sin x
cos(X +27mn) = COSX
tg(x +7n)=tg X
ctg(x+m)=ctgx, ne Z
[TocTpoum rpaduku TPUTOHOMETPUIECKUX (PYHKITHIA.

JIEKIIUA 2. TTpeobpazoBanus rpad)MKoB.

e [lapaynenbHbIA IEpeHOC BAOIL ocH OY .

e [lapannensHbli IepeHoOC BAOIb ocu OX.
e Pacrsoxenue B1oab ocu OY .

e (xarue BHoab ocu OY.

Cxxatue Bnonb ocu OX.

Pactsxenue Bosns ocu OX.

CuMMeTpHsi OTHOCUTEIBHO OCEH KOOpUHAT.
CuMMeTpHsi OTHOCUTEIBHO Hayajia KOOpAUHAT.
[Toctpoenue rpaduKoB GpyHKIHIA ¢ MOITYIIEM.

1. I'padux pysxuuu Y = T (X) +b nonyuaercs napannensueiv nepenocom rpapuxa Y = f(X)
BroJib ocu OY Ha ‘b‘ E€UHULL:

ecim b > 0, o BBepx; ecim b < 0, T0 BHM3.

ITPUMERP. IloctpouTts rpadux pyHkuuu Y = x> -2 JBYMSI CIIOCOOaMHM — MapajuieIbHBIM

2
nepeHocoM rpaguka Y = X~ Ha 2 eIMHUIIBI BHU3 U ApaJUICIIbHBIM IEPEHOCOM CUCTEMBI
KOOPJMHAT B IPOTHUBOMOJIOKHYIO CTOPOHY.

2. I'padux dpysxmuu Y = T (X + &) monyuaercs mapannensuev nepenocom rpapuxa Y = f(X)
B1oab oc OX Ha ‘a‘eI[I/IHI/IH:
eciu @ > 0, To B1eBo; ectn @ < 0, To BrIpago.

[MTPUMEP. Iloctpouts rpaduk pyHkuuu Yy = (X — 2)2 JBYMsI cTIocO0aMu — apauIeIbHbIM

2
nepeHocoM rpaguka Y = X~ Ha 2 elMHUIIBI BIPABO U MapalieIbHbIM IEPEHOCOM CHCTEMBI
KOOPJMHAT B MPOTUBOMOJIOKHYIO CTOPOHY.

3. I'padux dpynkmun Y = Kf (X), momyqaercs u3 rpaduxa Y = f(X):
npu K.>1 pactsoxeruem Broib ocu OY B K pas,

npu 0<k<1 cxxatuem Broab ocu OY B — pas.

ITPUMEDP. IToctponts rpaduk ¢pyaxmmu Y = 2SIN X pacrsxennem rpaduxa pynxmun Y = SIiN X
B1oJb ocu OY B 2 paza u

1 . .
rpaduk Qynkuuu Yy = ESII’] X cxartuem rpaduka yakiuu Y = SIN X Baons ocu OY B 2 paza.
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4. Tpadux pysxmun Y = T (KX), monywaercs us rpaduxa y = f(X):
mpu K.>1 cxaruem Broas ocu OX B K pas,

npu 0<k<1 pactsmkenuem Brois ocu OY B — pas.

[IPUMEP. IToctpouTts rpaduk pyakmuu Y = SIN 2X cxatuem rpaduka dpynkmuu Y = SIN X Broms
ocu OY B2 pazau

1. :
rpaduk pynkuuu Yy = ESII’] X pactspkenueM rpaguka ¢pynkuuu Y = SIN X Broas ocu OY B 2 pa3a.

5. Tpaduk ¢pysxmun Y = — T (X), cummerpuuen rpaguxy Y = f (X) orHocurensro ocu OX.

I[TPUMEP. Iloctpouts rpagux pyHkuuu Y = —x?

6. I'padux dynxmuu Y = f(—X), cummerpuuen rpapuxy Y = f (X) ornocurensno ocu OY.
I[TPUMEP. Iloctpouts rpagux pyHkuuu Y =/ — X

7. I'padpux pynxuum Yy = ‘ f (XX cTpost Tak: moctpouts rpaduk gynkmun Y = f(X), ocrasurs
gacTh rpaduka Hax ocbio OX, a yacts rpaduka Hmxke ocu OX 3aMEHUTH €€ CHUMMETpUEH B

BCPXHIOKO MMOJIYIINIOCKOCTD.

[TPUMEDP. TloctpouTs rpadgux pyHkuun Yy = ‘XZ — 2‘ .

8. I'padux pynkuuu Yy = f (JX‘) cTpost Tak: moctpouts rpaduk gynkmun Y = f(X), ocrasuts

yacTh rpaduxa a1 X > 0 (cnpasa ot ocu OY), a yacTs rpaduka ciepa ot ocu OY 3aMeHHUTH
CUMMETpHUEN IIPABOM YaCTH B JIEBYIO MOIYIIIOCKOCTb.

[TPUMEP. Iloctpouts rpadgux GpyHkuuu Y = \/M

JIEKIIM S 3. OcHOBHEBIE cBOMCTBA () VHKIIMHA.

e UYucnosas GyHkiusa. O6nacTb onpeieneHns 1 MHOXKECTBO 3HaUeHUH; rpaduk GpyHKIMH
(moBTOpEHUE).

Crioco0wl 3a1anust QyHKIUI.

Haxoxnaenue obnactu onpeesieHns 1 MHOYKECTBA 3HaUeHUI (DYHKIIUU, IPUMEPBI.
UYeTHble U HEYETHBIE PYHKIIUHU.

[lepuoanueckue pyHkumu. HanMeHbIINN TOJ0KUTENbHBIN TepHo] QYHKIUH.
Bozpacranue u yosiBanue @ynkuuu. [IpomexyTku Bo3pacTaHusi U yObIBaHUS.

Touku skcTpeMyma QyHKIHH.

DKCTpeMyMbl (PYHKIIUH.

Haubonpiiee n HauMeHbllee 3HaYeHNUS (QYHKIIHUH.

[Tpumeps! GyHKIIMOHATBHBIX 3aBUCUMOCTEN B peaIbHbIX Mpoleccax U SBICHUSX.
CrnoxHas QyHKIUS.

O6parsbie pynkmuu. O6IacTh onpeeaeHusT U 00JacTh 3HAUCHU 00paTHOHN ()YHKIIUH.
I'paduk obpaTHOI QyHKIUN.

OOpaTHble TPUTOHOMETpUYECKHE (PYHKIINH, UX CBOWCTBA U IPapUKU.
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[TonsiTre pyHKUIMYU SABISETCS LIEHTPATIBbHBIM MOHATHEM MAaTEMAaTUKU U HE TOJIBKO
MaTEeMaTHYECKOT0 aHaln3a. BCIOMHUM MIKOIBHOE ompeeneHne (yHKIIUH.
Ecnu xkaxaoMy 35ieMeHTy X MHOKecTBa D CTaBUTCA B COOTBETCTBUE €IMHCTBEHHBIN IJIEMEHT Y

MHOXecTBa E, To roBopsT, uto Ha MHOXecTBe D 3amana dynxuus y = f (X)

X — apryMEHT — He3aBUCHMasl IEPEMEHHAs; Y — 3aBUCHMasi; OHa HaXOJJUTCS 10 3aKOHY: f.
MuosxecTtBo D Ha3biBaeTcs o0macTeio onpenenenus GyHKIUU, MHOXECTBO E Ha3biBaeTcs
MHOKECTBOM 3HAYCHUU (YHKIUH.

MHOXeCTBO 3HAaUCHUH aprymeHTa — Bamm JU9HOCTH, MHOXKECTBO 3HaueHUH QyHKIuK — Bamm
¢damumun. BoT Tak MBI IPOIEMOHCTPUPOBAIN MOHATHE (PYHKIMH: KaXKAOMY 3HAUCHUIO apryMeHTa
COOTBETCTBYET €IMHCTBEHHOE 3HaUeHUE (YHKIUH, YEIIOBEK HE MOKET UMETh J1B€ (haMUIIHH.

Ho maTemaTtuka paccMaTpuBaeT YMCIIOBbIE PYHKINH, T.€. MHOKecTBa D u E — uncioBbie MHOXKECTBA.
[Ipu 5TOM MOXKHO AaTh U TaKOE OMpPEIEeIeHUE YUCIOBOM (DYHKIMU: YHCIOBast PYHKIIUS — 3TO
MHO’KECTBO Map (X,y), CPEAN KOTOPBIX HET Map C OJMHAKOBBIM IIEPBBIM AJIEMEHTOM. Brymaiitecs.
Kaxk onpenensiercs, 3amaercs Gyukmuus? [Ipexae Bcero GopMynoi, o KOTOPOH Mo 3aJaHHOMY X
Haxoautcs y. Hanpumep: f(X) = x? +x +3. [logcraBum X = 2 NoJIy4uM y = 9

@yHKIUA MOXKET 3aJ1aBaThCsl HE OJHUM aHATUTUYECKUM BBIPAKEHHUEM, a HECKOJIIbKUMU, HAIIPUMED:

X2, ecmux <0;

X, eciu x>0

OueHb 4acTO 3aBUCUMOCTb OJHON NIEPEMEHHOM BETMUYUHBI OT APYTro HEBO3MOXKHO BbIPA3UTh
aHAJIMTUYECKH, HO TaKasi 3aBUCUMOCTb CYIIIECTBYET O ONpPEAEISIETC OHA B BU/IE TAOIMILIBI.

X -3 -1 0 3 5 6 8 11 13

y 45 22 12 2 -4 3 13 25 34

B Takom cirydae roBopsT 0 TaOIUYHO 3aJaHHON (PYHKITUH.
W, HakoHell, KOT/[a He yIaeTcsl HATH aHATMTHIECKOTo BhipaxkeHus it Y = f (X), HalTH MHOXECTBO

nap (X;y), To QyHKIIHIO MOXKHO 3a/1aTh Tpaduyecku, T.e. ee rpadukoM. BcmoMHHTE CBOIO
KapIuOrpaMMy, TIEpO CaMOITUCIIEB B CAMBIX PAa3JIMYHBIX IPUOOpPAX.

PaccmoTpum mpakTuueckue 3ajaun Ha OThICKaHHE 00JaCTH OMpPEIeIeHNUsS HEKOTOPBIX
¢byHKIMH. 3aMeTUM, YTO MHOTOWICH OTpE/IeTICH Ha BCEM MHOKECTBE ICHCTBUTEILHBIX YHCE: D:
Xe R.TaKnnﬂq)yHKuI/II/IyZX2+6X—7 D:xeR.

Jlpo6HO — panrioHanbHast QyHKIIMS OompeieNieHa sl BCEX X, MPU KOTOPHIX €€ 3HaMeHaTellb OTINYEH OT
Hyns. Hanpumep:

2
X“—X—6
Yy = ———— 00nacrbio onpezeneHnst OyAeT BCe MHOKECTBO ACHCTBUTEIBHBIX YUCEIN, OTIMYHBIX OT
X -1
-1 u 1. Ha a3bixe untepBanos D: X € (— OO;—l)U (—1;1)U (1; OO) .
. . 1
Paccmorpum npyrue npumepst. Haiitu o6nacts onpenenenus pynkuuit 1) y = ﬁ
12— x—x

OLIGBI/I,Z[HO, qTo (I)YHKLII/IH CYHICCTBYCT TOJILKO IJIA TEX 3HAUYEeHUH X, KOTOPBIC YAOBJIICTBOPAIOT
HepaBeHCTBY: 12— X—X> >0 = x?+x-12<0 = (x—3)(x+4)<0

g'mu > Otget: X €(-4; 3). Bocnonb30Baiuch METO10M
—4

3 WUHTEPBAJIOB.
2)y= X—+15 OueBuaHO, YTO PYHKIUS

CYIIIECTBYET TOJILKO JIJISl TEX 3HAYCHHUH X, KOTOPHIE YIOBIETBOPSIIOT CUCTEME HEPABEHCTB
X+5>0
X—1#0 Ortkymax >-5u X# 1 O0benunss 5tu

HepaBeHCTBa, UMeeM oTBeT: X € [-5; 1) U (1; ).
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PaccMOTpUM MOHSTHS, BBRIPAXKAIOILIHE OCHOGHbLE (00wue) ceoticmea QyHKIUH.

Mornomonnocme. Ecnu uis X1, X2 , IPUHAAICKAIIUX UHTEPBaANY (8;0) U yI0BICTBOPSIONINX
YCIOBHIO X1, < X cienyeT f(x1) < f(x2), To, roBopsrt, uro Ha (a;b) ata pynkuus Bo3pacraer. Min, kak
TOBOPHJIM B IIKOJIE, €CITH OOJIBIIIEMY 3HAUYSHUIO apTyMEHTa COOTBETCTBYET OOJIbIIIee 3HAYCHHE
byHkuy, To GyHKIMs Bo3pacTaeT. CaMOCTOATENBHO cHOpMYIUPYHTE ONpeiesieHre YObIBatolei
¢dbyakun. Eciu pyHKIHS TOTBKO BO3pacTaeT WK TOJIBKO YOBIBACT B 00JIACTH OINPEICTICHHS, TO O
Takoi (yHKIIMH TOBOPST, YTO OHA MoHOMOHHA. Tak nuHelHas QyHKIUS, CTeIIEHHAs! C HEYETHBIM
[10Ka3aTelIeM SIBIISIFOTCS. MOHOTOHHBIMY, @ y = X° MOHOTOHHOII He SIBJISITCS, T.K. IIpH X < 0 OHa
yObIBaeT, a mpu x > 0 oHa BO3pacTaer.

Ozpanuuennocmo. Ilycts Ha D 3amana Gynkuus Y = f (X) Ecnu cymiecTByroT Takue yncia m u M,

uT0 It BceX X € D, ytom < f (X) <M, TO TOBOPAT, 4TO PYHKIIMSI OrpaHUYEHA B 00JIaCTH

ornpezaeneHus. Paznuuaior u Takue MOHATHUS, KAaK OTPAHUYEHHOCTh CHU3Y U OTPAaHUYEHHOCTh CBEPXY.
Tak, y = x> — HeorpaHuueHHast QYHKIHS, Y = X° — OPPAHAYEHA CHH3Y, T.K. OHA HEOTPHIIATEIbHA B
obmactu onpeaencuus. y = SinX u 'y = COSX — orpaHHYeHHbIC (PYHKIUH, T.K. OHH IPUHAMAIOT
3HAYEHHS TOJBKO U3 OTpe3ka [-1; 1] — 3TO MX MHOXKECTBO 3HAUCHHUH.

Haubonvwee u naumenvuee snavenus ¢hyukyuu — 310 caMmoe O0JIBIIOE U CaMOE MAJICHBKOE M3 BCEX

sHaueHnit GpyHkuun. Tak 1is cunyca u kocunyea Y, . -=1Yy, . =-1

Yemnocmo u neuémnocms. OYHKIUS HA3bIBAETCS YCTHOM, €CIIH €€ 06JIaCTh OIpe/IeIeHHs
cummerpuana otHocutenbHo X =0 n f (—x) = f (X);

DyHKISI HA3bIBACTCS HEUETHOM, €CITH €€ 00JIaCTh ONMPEICIICHHSI CHMMETPHYHA OTHOCHTEIEHO
x=0u f(—x)=—F(x).

I'paduk 4y€THOM QYHKIMH CAMMETPHYEH OTHOCUTEIHHO OCH OPMHAT, & HCYETHOU —
OTHOCHTEJIBHO Havayia KOOPIHHAT.
1
T
2

Spkue «peacTaBUTENN» YeTHBIX QYHKIUHN: y = x%,y=Cosx, y = HEYETHBIX Y = x>,

. 1 .
y=3inx, y=—, y= X . Mnst muorx (GyHKLUI HET CMbIC]Ia TOBOPUTH 00 MX YETHOCTH —
X

HEYETHOCTH. Tak (I)YHKI_[I/IH y= '\R HC OTHOCHUTCA HU K YE€THBIM, HU K HCUCTHBIM, IIOTOMY KaK €€

00J1acTh ONpe/IesIeHNs] HECCUMMETPUYHA OTHOCUTENBHO HYs. Takue QyHKIMN Ha3bIBalOT PYHKIMSIMU
o01ero Buaa.
KaxoBa MeTonrka onpe/ieneHnst 4eTHOCTH — HEYETHOCTH pyHKIMKU? PaccMOTpuM IpuUMeEpBHI.

f0 =X

X% +

f(-x) =

1; [ToncTaBuM B QYHKIIUIO BMECTO X -X, OyJIeM UMETb:
(_X)3 B _X3 B X3
(-x)*+1 x°+1  x*+1

(byHKILMS HEUeTHAS.

=—Tf(x) Ionyuunu onpenencHre HeYeTHON (YHKIIUHU, BHIBOJI:

X
f(x)= ciLSl; [ToacraBuM B GYHKITHIO BMECTO X -X, OyJIeM HMETh:
X+
—X X X
F(ox) = Cos(4 ) _ C405 _ C40$
(—x)"+1 x"+1 x"+1
(GyHKIUS YeTHasl.

= f(x) Tlomyuwnnu onpeneeHue YeTHON (PYHKIIUHU, BHIBOJI:

Ilepuoouunocmo. Oynxuust Yy = f (X) Ha3bIBAETCSI IEPUOINYECKOMN, ECIIN CYLIECTBYET Takoe uncio T,

YTO JIUISE BCEX X U3 00JIaCTH ONpeIeeH s BBIIOIHAETCS paBeHCTBO: f (X +T) =f (X), coe T#0
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OueBUAHO, YTO €CIIH CYIIECTBYET Takoe yucio T, Ha3pIBaeMoe rnepuoaom, To yrucio nT, rae n — mnenoe
YHCII0, TAKXKE SBIISIETCS IEPHUOIOM 3TOH GYHKIMH. BaxkHelmme nmpeacTaBuTeNn NepruoanIecKuX
(GyHKIUN — TPUTOHOMETpUYECKHe (yHKIIUH.

TIpomedicymu 3HaKonoOCmoAHCMEa QyHKyu — 3HAYEHUs APTYMEHTA, IPU KOTOPHIX (QYHKIHUS
COXpaHseT NOCTOAHHbIN 3Hak: f (X)>O win f (X)(O.

Hynu ¢pyuxyuu - 3HaueHns apryMenTa, Ipu KoTopbix | (X) = 0. D10 abcuucchl TOUEK MepeceyeHus
rpaduka ¢ ocsto OX.

Touku, B KOTOPBIX BO3pacTaHue (PYHKLUU MEHSAETCS Ha yObIBAaHUE HA3bIBAIOTCS MOYKAMU MAKCUMYMA
- erax

Touku, B KOTOpBIX yObIBaHUE (PYHKIIMHM MEHSETCSA Ha BO3pacTaHUE HA3ZBIBAIOTCS MOYKAMU MUHUMYMA -
Xmmin

3HayeHre GyHKIUU B TOUKE MAaKCUMyMa Ha3bIBACTCA MAKCUMYMOM PYHKYuu, 3HaUeHne QYHKIIUH B
TOYKE MUHUMYMa Ha3bIBACTCS MUHUMYMOM QYHKYUL: frmx =f (Xmax ), fm-n =f (Xm-n )

Xirax » Ximin =~ Ha3bIBAIOTCS MOYKU IKCMPeMyMa QyHKyuu,

frmx =f (Xm ), fmin =f (Xm-n )- HA3BIBAIOTCS HKCMPeMyMbl (DYHKYUU.

DyHKIMSA HA3BIBAETCSA CLOJCHOL, €CITU €€ APTyMEHT TOXKe (GyHKums, Hapumep, Y = +/3X +1.

y= \/f - BHeIIHsAsA QyHKIusA, Y = 3X+1 - Buyrpennss.

Ilonsamue 06 obpamuoti pynkyuu.

[Tycth nana Gpynknms y = X~ BcImoMHUM, 9TO OHA MOHOTOHHAS: KQKJIOMY 3HAYCHHUIO apTryMEHTa
COOTBETCTBYET CIMHCTBEHHOE 3HAYCHUE aPTYMEHTA U HA00OPOT: KANCOOMY 3HAUEHUIO (PYHKYUU
coomeemcemayem eOuHCmeenHoe 3Hauenue apeymerma (TOIBKO JUIT MOHOTOHHBIX (yHKIHi!). Bynem
Jlaniee CUUTaTh HE3aBUCUMOM MEPEMEHHOH Y, a X — ero (hyHKIKEeH, BBIpa3uM X 4epes y.

X =3[y ¥ 3ameHHM, KaK TO IPUHATO 0003HAYATH aPI'YMEHT W (PYHKIIHIO, X HA Y U Y Ha X, TIOJIyIUM
3

ERES \3f X ¥ Ha3bIBAIOTCS 83AUMHO 06pamelMu.

[Toctpoum rpaduxu 3TUX QyHKUMNA 1
y0eauMcsi, YTO OHU CUMMETPUYHBI
OTHOCHTEIIEHO OMCCEKTPHCH 1-3
KOOPJMHATHBIX YIJIOB. 3aIIOMHUTE 3TO
CBOMCTBO TpaUKOB BCEX B3AaMMHO
oOpatHbIX QyHKIMH. B nanpHeimem
Brb1 Oyznere ctpouTh 00paTHbIe
(GYHKINU TIO Mepe UX U3YUEHUS.

y= Q/; Bor atu nBe pyHKIIMM Y = X

Ho xaxk ObITh, ecniu GyHKIHS, TS
KOTOPOM HaJI0 MOCTPOUTH OOPATHYIO
HE SIBJISIETCSI MOHOTOHHOM ?
Hanpumep, Heo6X0AMMO OCTPOUTH OOPATHYIO JIs y = X2, KOTOpast HEMOHOTOHHA. {1151 3TOrO
HE00XO0AMMO TakK 337aTh 00JIACTH ONPEACTICHU UCXOAHON (DYHKIIMU, HA KOTOPOH OHA cTana Obl
MOHOTOHHOH. Ecnu anst pynkuum y = x? monoxute X € [0; ), T Ha 3TOM Jy4ye OHa MOHOTOHHO

BO3PACTAET, a 3HAYUT UMeeT 00paTHYr0. OueBHIHO, 5T0 Y = +/X IlocTpouMm ux rpaduky u yoeaumcs,
YTO OHU CHMMETPUYHBI OTHOCUTEIBHO OMCCEKTPHUCHI 1-3 KOOPIMHATHBIX YIJIOB.
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Ay 3AJIAUM

41 1)ITocTpoiite 06paTHYIO QYHKIHIO
JUTSE MOHOTOHHOW JTMHEWHOHN (yHKIIHH
31 y = 3X, IOCTPOITE UX TpaduKU.

1
21 2)OmnpenenuB QyHKIHIO Y = el Ha

X €[0; 00), mocTpoiiTe ais Hee
o0paTHyI0 (YHKIIHIO.

¥

Tema 2.3. Tpuronomerpuyeckue ypapHeHHsl 1 HEPaBeHCTBA

JIEKIIM S 1. O6paTHble TPUTOHOMETPUYECKUE (DYHKIIMU.
e (OOpaTHbBIC TPUTOHOMETPHYECKHE (DYHKIIUHU, KX CBOMCTBA U Ipa(UKH:
Omnpe/ieieHre U CBOMCTBA apKCUHYCA YHCIIA.

L4 OnpeﬂeneHI/Ie U CBOMCTBA APKKOCHHYCA YHncCia.

L4 OnpeﬂeneHI/Ie U CBOMCTBA ApPKTaHI'CHCA YucJia.

L4 OnpeﬂeneHHe M CBOMCTBA APKKOTAHI'CHCA YUCJIa.
1) y=arcsin x

®Oynkius Y =SiNX, rue Xe(—oo;+oo) HE SBJISETCSI MOHOTOHHOW Ha 3TOM mpoMexyTtke. [loatomy,

9TOOBl TOBOPUTH 00 OOpaTHON (DYHKIMH, HAJO BBIAEIUTH Y4aCTOK MOHOTOHHOCTH. Jns (yHKuIMM

. V4 Vs
Yy =arcsin X sBJsieTcs OTPE30K —E <X< E .

Hrak: y =SinXx Xx=arcsiny y=arcsinx

Fy
11421

CaoiicTBa GyHKIIMH Y = arcsin X
1) O6nacts onpenenenns X €[—1;1]

2) MHOXecTBO 3HaYeHUH Y € [—% ; %}
3) arcsin(—x)=—arcsin x , ,
-2 2
4) dyHKLMA MOHOTOHHO Bopactaet [—1;1]
Hamnpumep:
U | . .1 ' '
sin30" == = 30" =arcsin—
2 2
sin90° =1 = 90" =arcsinl arcsin0,72 = 46°03' S1der
arcsin 0,236 =1339’
arcsin ﬁ =45 uwm =
2 4
arcsin0=0
2) y=arccos X
y =CO0S X
Xx=arccosy IIpomexxyrok MOHOTOHHOCTH O < X <7
y = arccos x
x
+ —
21 -2 2
1.571 1




CaoiicTBa GyHKIIMHN Y = arccos X
1) O6nacts onpenencrns X €[-1;1]

2) MHOXeCTBO 3HAYCHUI Y € [O; 71]
3) arccos(—x) =z —arccos x

4) OyHKIMS MOHOTOHHO yOBIBAET [—1; 1]

Hanpumep:
arccos1 =60° I z
2 3

arccos0, 708 = 44°55’
arccos(-1)=180" wm 7«

- arccos0,112 =83°34'

arccos0=90° WA 5

3) y =arctgx i
T
HpOMe)KYTOK MOHOTOHHOCTH _E <X< E

y =tgx

= arct
X = arctgy w

CaoiicTBa ¢pyHKIHH Y = arctgx

1) O6nactpb onpeaeseHust X € (—oo; +oo)

2) MHOXeCTBO 3HaUCHUH Y € (—% ; %J

3) arctg (—x) =—arctgx

4) DyHKIWMA MOHOTOHHO BO3pacTaeT (—o;+00)

Hamnpumep:

arctgl=45 W arctg?2 = 63°26'

arctgy/3 =60" wm arctgld,7 =861

wW|N Ny

4) y = arcctgx

[IpomexxyTok MOHOTOHHOCTH O < X <77
y = ctgx &y
X = arcctgy y=arcetgx R R LTS
CaoiicTBa QpyHKIMH Y = arcctgx

1) O6nacts onpenenenns X € (—oo;+0)

157
2) MHOXeCTBO 3HaUYCHUU Y € (0; 7[) ¥
3) arcctg (—x) =z —arcctgx

2142 157 0 1.571 2142 471

4) ®yHKIUS MOHOTOHHO yObIBaeT (—oo; +oo)

Hamnpuwmep:
1571 1
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arcctgl=45" wm

arcctg4,7=12°

arcctg+/3 =30° wm arcctgl0,8 =517

oly &N

JIEKIIMA 2. TIpocTeiine TPUTOHOMETPUYECKIE YPABHEHUSL.

e Pemenue npocTeliero TPUroHOMETprUYECKoro ypasuenusi COSX = a. Ycinosus
CYIIIECTBOBAaHUA KOpHEHN ypaBHEHHS. DOPMYJIbI KOPHEH.

e Pemenue npocTeifiero TpUroHOMeTpHYECKOro ypasaenus SiN X = a. Yciosus
CYILIECTBOBaHUS KOpHEH ypaBHEeHUs. DOpMYIIbl KOPHEH.

e Pemenne mpocTelIero TpPUroHOMETPUIECKOTo ypaBHeHUs IgX = @. YciioBus CyIiecTBOBaHHs

KOpHe# ypaBHeHUs. POPMYIIbI KOPHEH.

e Pemenne mpocreimiero TpUroHOMeTpruIeckoro ypasHenust CtgxX = a. Ycmosus

CYLIECTBOBaHUSI KOpHEH ypaBHeHUs. DOPMYITbI KOPHEH.

e YacTHbIe ciydau.
e [Ipumeps! pemieHns ypaBHEHHN.

YpaBHeHUs  BUJA
TPUTOHOMETPUUYECKUMHU YPABHEHUSIMH.

Dsinx=a [|a<1
Ily. 180° —x =arcsina+360°-n

M
OTCrOaa

0 x =180° —arcsina+360° -n

ly. X=arcsina+360°-n

x=(-1)"arcsina+zn,nez

Hamnpumep:
sinx=0,437

x =(-1)"arcsin0,437 + zn;n e Z
x=(-1)" 25’54’ +180°-m;n e Z

sinx=a; cosx=a; tgx=a; ctgx=a

Ha3bIBAKOTCsA HpOCTeI}'IIHI/IMH

2)cosx=a |a|<1

X =arccosa+ 2zn

=
‘l —X =arccosa+2zn
W‘ |x +arccosa+2znneZ

Hampumep:
cos4x =-0,712
4x = tarccos(—0,72)+2z-n,neZ

4x =+135°24'+360°-n,ne Z

X=13351+90°-n,ne”Z

3) tgx=a; a— arboc 3HAUCHHE 4) ctgx=a; a— moboe
124 Hanpumep: 4 Hanpumep:
tg§:4 ctg3x=4,72
/ 2 ~ 3x=arcctg4, 72+zn,neZ
» X v
/ X E:arctg4+7zn,nez J X 3x=1157"+180°-n,ne Z
§=75°57'+180°-n,nez X=359'+60"-nnez

x=arctga+zn,neZ|

|x=arctga+zn,neZ|

23



x=151"54'+360"-n,ne Z

Pemnts ypaBHEeHMS:

1)sin 2x = 0,72 2)ctg G + 20°j - 0,34 3) cos% - 0,318

Aty (%—5xj=l 5)cos(2x —3,4) = 0,112

Pewenns ypaBHeHuU:

2)§+ 20° = arcctg0,34+180° -n,n e Z

1)2x =(-1)" arcsin(-0,72) + zn,n e Z

( +20° =713 +180°-n, neZ
2x = (-1)" arcsin (~46°03') +180° -n,n e Z
(

=51"13'+180°-n,ne Z

X
2
X
2x = (-1)"".46°03' +180° -n,ne Z 2
X

~102°26'+360° -0, ne Z
x=(-1)"".23°02'+90° nneZ TN e

24



3)- =+arccos(-0,318)+2zn,ne Z

@%—5X=deﬁﬂmnez

=+108°32'+360°-n,neZ %_5X:%+ﬂn,nez

BlIx Nx

X =+434°8' +1440° -n,ne Z sx=2_Zimmnez
4 6 ’

5) Pemaem B pasnanHO# Mepe U3MepeHus

-5x:£+nmnez
2Xx—3,4=+arccos0,112+zn, ne”Z 12
2x—3,4=%1,459+zn, neZ x=—15—zn,nez
2X =+1,459+3,4+ 7N, NeZ 60 5

pacruiieM JBa cirydas:
2%, =1,459+3,4+7zn, ne’Z

2X, =-1,459+3,4+7n, neZ
2%, =4,859+7zn, neZ HIIH

2X, =1,941+7n, ne”Z

X =2,4295+Z.n,nez
2

&:097+£4Lnez
2

% =2,43+Z.n, nez
2

Orger: x1:2,43+%~n, nez x2=0,97+%~n, nez.

Yacmmuvie cnyuau npocmetiuiux mpueoHoOMempu4eckux ypasHeHuil

Bcnomunaem cBoiictBa (QyHKIMH, TaOnuyHBIE 3HAYCHHsS (YHKUMH W OTMEYaeM YIJbI, B KOTOPBIX
(GyHKIIUM paBHBI HyIIO, -1, 1.

- sinx=1 sinx=-1
sinx=0
T T
X=znne”Z X=E+27m,nez X:—E+27zn,neZ
cosx=0
cosx=-1 cosx=1
x:%+ﬂmnez X=r+2zn,ne”Z X=2znnel
tgx=0
X=nn,neZ
ctgx=0
x:z+ﬂmnez
2

Pemrenne ypaBHeHUN:

25



1) sin2x=0 3) sin(4x+20°)=—1 5) cos5x=0
2) sin(3x—£j:1 4) cos > =-1 6) cos(Zx—z)zl
4 2 3
7) tg(x—%):O 8) ctg%x:l 9) tg4x =1
10)sin 4x-cos3x+cos4x-sin3x=0 11)cos?4x—sin®4x=0  12)2sin6x-cos6x =1
13)sin 4x-tg§:0 14)ctg§-(1+cosx):0 15)cos 7x-€0s3x +sin 7x-sin3x =0
16)sin(2x—3)=-1

Pemenus: B ypaBHeHunsax 1-9 npumMeHsroTcst GOpMysibl perieHus COOTBETCTBYIOIIMX YPaBHEHUH.

1) sin2x=0
) 4)§=72'+27rn,neZ 7)X—£=72'n,neZ
2X=7zn,ne”Z 2 6
T T
x:zn,nez \x=27z+47m,nez\ x:€+7zn,nez
T T
2)3X——=—+27n,ne”
) 2 Sl 5) 5x=£+7zn,nez 8)§x=%+7zn,nez
3x=2+Z 42 3 3
2 4 x=£+£n neZ X=—rw+—mn,ne”Z
3 ' 8 2
3X=—rx+27n
4
T 2 T T
X:Z+§7m’nez 6) 2x—§:27rn,nez 9)4x=—+an,neZ
3) 4x+20°=-90° +360°-n,neZ oy _F . 5 o
A% =—110° +360° 8 x=%+%n,nez
X=-27°30'+90° -n,ne Z x="4mnez
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[Ipu pemieHUM OCTANbHBIX YpaBHEHMH CIEAYeT HCIONB30BaTh M (OPMYNBI CYyMMBI JBYX YIJIOB, U
(bopMyIIbI IBOMHBIX YTJIOB.

10)sin 7x =0 11)cos8x =0 12)sin12x =1
IX=nn,ne’ 8X=%+7In,nez 12X=Z+27zn,nez
x=£n,neZ x=£+£n,nez x=£+zn,nez
7 16 8 24 6
tgX=0 14)ctg X = 0;
13)sin4x =0; gz— gz_ ’ 1+cosx=0
AX=rmn,ne’; X X cosx=-1
—=7n —=—+nnne”
2 2
x:%n,nez X=2zn,neZ \x:7z+27m,neZ| |x:7z+27zn,neZ
16)2x—3:—%+27m,nez
15)cos4x =0

T 2X = 3_£ +2zn,ne’Z
4X:E+7zn,neZ 2

X:6_—ﬂ+7rn,neZ
4

x:z+zmnez
8 4

x=0,71+7zn,neZ|

JIEKIIN A 3. Pemenre TPMrOHOMETPUYECKUX VPABHEHUNA Y HEPABEHCTB

YpaBHEHMS, TPUBOIUMBIE K KBaJAPATHBIM.
VYpaBHeHHs, periacMble Pa3iioKeHUEM Ha MHOKUTEIN
OAHOPOHBIE TPUTOHOMETPUYECKUE YPAaBHEHUSI.
YpaBHEHHUs1, IPUBOAUMBIE K OJTHOPOHBIM.

BBenenue BCIIoMOraTebHOro apryMeHTa.

Pemenue nmpocTelmmx TPUroHOMETPUYECKUX HEPABEHCTB C MOMOIIBIO €TUHUYHON
OKPY>KHOCTH.

Pemenne TpuroHOMeTpUYECKUX YPaBHEHUN:

1) 2sin® x+5cosx =4

ypaBHEHHE COJEPKUT (YHKIHUU OJUHAKOBOTO YIja, MOXKHO HMPHUBECTH K KBaJpaTHOMY YPaBHEHHUIO,
eciH 3aMeHnTh Sin X =1—c0s? X :

2(1—cos2 x)+5003x:4
2-2c0s’> Xx+5c0sX—4=0
—2¢0s? X+5c0sX—2=0

2c0s? x—5c0sX+2=0
[lycte COSX=t, Torga

2t* -5t+2=0 D=25-4.2.2=25-16=9
5+3 . : 1 .
b, =T; =2t =§ Y TOT/Ia UMEEM JIBA IMPOCTENIINX ypaBHEHUs SIN X =§ usinx=2

peliaeM ux, IpUMeHsist PopMyJTy pellieHHs ypaBHeHHs SIN X =a
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] . 1
SiN X # 2 ypaBHeHMWe He SInX=E

MMEET peLlleHnsa, T.K.
X

(-1)" arcsin1+7zn, neZz
[sinx| <1 2

X

(—1)n %+7zn, neZ

U Tornma, oTBET: X = (—1)n %+ n,ne’
. 5 . (3
2) 2sin“ x+5sin Eﬂ'—X -2=0
(YHKIMHM UMEIOT Pa3HbIE YIIIBI, IPUBEAEM K OJTHOMY YIITY, UCIIOJIB3Ys (POPMYIIbI IPUBEICHUS:
2sin® x—5c0sXx—2=0, T.k. Sin [gﬂ'— xj = —CO0S X

YYUTHIBAS], YTO sin® x =1—cos? X , nmeeM:
2(1—cos2 x)—5cosx—2=0 2c0s® X +5c0s X =0
2-2c0s’ x—5c0sXx—2=0 cosx(2cosx+5)=0

npousBeieHrne paBHo 0, eciii XOTst OBl OJIMH M3 COMHOXKHTENCH paBeH 0, uMeeM

cosx=0 2cosx+5=0
pa u 5 — ypaBHECHHE HE UMEET PEUICHUs, T.K. |COS X| <1
x:§+7rn,nez cosx¢—§

V3
OrTBer: X:E+7zn,neZ.

3) tg°x =tgx
tg3x —tgx =0
tgx(tgzx—l) =0=>
tgx=0

u tg’x—1=0;tg’°x =1 n Torma tgx =+1 x=rk+Z keZ
X=nnne”Z 4

OtBer: X=7N,neZ; Xzﬂki%,kez.

4) sin7x+sin2x=0
JIEBYIO YaCTh YPaBHEHUs MOKHO MPeoOpa3oBarh B MPOU3BEICHUE, HCTIONB3Ys Gpopmyiay Sina +Sin f =
o+ o—
s -C0S P
2
TX+2X 7X—2X%
n -C0S 7 -

=2sin

2si 0

25in2x~cos§x=0 H TOTIa
2 2

singx:o 1581051 COS§X:O
2 2
gX:m’l,l‘\eZ §X:£+72'k,keZ
2 2 2
X:gﬂn,neZ X:£+Eﬂ'k,kez
9 5 5
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OTBerT: X:gﬂn,neZ X=£+gﬂk,kez.
9 5 5

5) 4cos® x+4c0s® x—3cosx—3=0
JIEBYIO YaCTh MOYKHO MPe0Opa30BaTh B IPOU3BEICHHUE, HCIONB3Ys CIOCO0 IPYIITUPOBKH:

(40053 X + 4 cos? x)—(3cosx+3) =0
4cos” x(cosx+1)—3(cosx+1)=0

(cosx+1)(4cos2 x—3) =0

U TOr/1a
2 _
cosx+1=0 4cos”x-3=0
WIn 3
cosx=-1 cos? x =2
4
X=rw+27n,ne”Z COSX=i\/§=i£
4 2
X:ﬂkiz,kez
3
Orser: Xzﬁki%,kez X=rw+2zn,neZ.

6) Paccmotpum ypaBrenue sin® X —10sin X-cos X+ 21cos? x =0

3ameuaeM, 4TO JieBas YacTh yPaBHEHHsI €CTh OJHOPOIHBIN MHOTOYWICH OTHOCUTEIBHO (DYHKIIHH Sin X

u COS X, a mpaBasl 4aCTb paBHA HYJIIO.

Takue ypaBHEHHS Ha3bIBAIOTCS OIHOPOJHBIMH TPUTOHOMETPHUYCCKUMH ypaBHeHHsAMH. [l ux

pEIICHUST HAaI0 KaXIbl YICH YpaBHCHHS Pas3ae/iuTh Ha COSX WM SINX B TOH CTENCHH, KaKoBa

CTEIEHb YPaBHECHHS:

sinx  10sinx-cosx 21cos? x
2., 2 + > =0

COS™ X COoS™ X COS™ X

tg?x —10tgx + 21 =0,

peliiaeM KBaJIpaTHOE YpaBHEHHE OTHOCUTEIbHO (PYHKIIMHU tgX .

[Tycts tgx =t, Torna

t?-10t +21=0

D=100-84=16

t, =1OTi4; =7 =3

torma tgx =7 tgx =3
X=arctg7+zn,ne”Z x=arctg3+zn,ne”Z
x=81"52"+180°n,ne Z x=71'33+180°n,ne Z

OtBet: X=8152"+180°n,neZ X=71"33'+180°n,ne Z .

7) 3sin® x —4sin X-€os X +5c0s° X = 2
HaHHoe ypaBHeHI/Ie HpI/IBO}II/ITCﬂ K O]IHOpO)IHOMy TpI/IFOHOMeTpI/IquKOMy ypaBHeHI/IIO; JI1 OTOro

IIPE/ICTABUM 2 = 2(sin2 X + €0Ss? x) .

Nmeewm:

3sin? x—4sin x-cos X +5¢0s? X = 2(sin2 X +C0s® x)
3sin? x—4sin x-cos X +5¢0s% X —2sin® x—2co0s’ x =0
sin? x —4sin x-cos X +3cos’ x =0

paszenuM Ha COS° X
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tg°x —4tgx+3=0
tgx=t; t?—4t+3=0

D=16-12=4
+
b, :4;22; =31 =1
tgx =3
J tgx=1
Xx=arctg3+zn,ne”Z
x=71"33 +180°n,n e Z x=%+ﬁkkez

OtBet: X=71°"33'+180°n,neZ X:%+7zk,keZ.

Wtak, MBI paccCMOTpeNu ypaBHEHHUS, MPUBOAUMBIE K OJTHOMY apryMEHTY, KBaJpaTHOMY YPaBHEHHIO;
JieBasg 4YacTh KOTOPBIX pasjlaraeTcsi Ha MHOXKUTENW, a I[paBas paBHA HYIIO0 — OJHOPOIHBIC
TPUTOHOMETPUYECKHE YPaBHEHUS.

A celiuac pacCMOTPHM YpaBHCHHE TUHEHHOE OTHOCUTEIILHO SiN X U COS X, KOTOPOE UMEET BU]T
asinx+bcosx=c. Hago moMHUTb, YTO ypaBHEHHWE HWMEET pEIICHUE, €CIlU c?<a’+b?%. Ao

. X
ypaBHEHHE MOXKHO pemiath: 1) BbIpazuB SINX u COSX uepe3 th, MPUBOJIUM ypaBHEHHE K

X
KBaJPaTHOMY OTHOCUTENBHO (g E; 2) BBEJIECHUEM BCIIOMOT'aTEIbHOIO yIJia.

PaccmoTpuM Ha KOHKPETHOM IIpUMEpE:
1) 8sinx+3cosx=5

npoBepnM yciosre 2 < a? +b?; neficTBuTenBHO 25 < 64 + 9 = ypaBHEHHE HMEET pElIICHHE.
[epBbiii cioco6.
X X
2tg > 1-tg? > y X X
X+3 X=5 16tg —+3-3tg° —=5+5tg° —
1+tg® 5 2 > 2 2 2

8.

X X X X
8tg? = —16tg=+2=0 4tg?> = —-8tg = +1=0
g 2 g2 g 2 gz

tg%:tmz—&+1=0

D=64-16=48
+ +
t12:8_m=8_4\/§:1¢l\/§
’ 8 8 2
t, =1,87 t, =0,134
HUMEEM:
X X
tg—=187 u tg—=0,134
J 2 J 2
gzarctgl,87+7m,nez gzarctgo,134+180°k,kez
X o ’ ) X o ’ o
E=6152+180 nneZ E=738+180 k,keZz
x=123°44"+360°n,ne Z x=15°16"+360°k,k € Z

Ortser: X=123°44'+360°n,neZ; x=15"16'+360°k,k € Z .
Bropoii crmocob.
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8sinx+3cosx =5
25<64+9 — ypaBHEHUE UMEET PEILICHUS

Haiinem vJa2 +b? =+/82 +32 =73

Pa3z[enHM Kax(z[mﬁ 4jleH ypaBHEHHUS Ha /73

5
J73
<1, aBor i + %+3=1.
J73 73 73

b
=COS @, \/7_8'”(0 r71€ ¢ — BCIOMOrareiabHbId yrou. [lms

Sin X+ —==C0SX =

N

3amerum, uT0 —— <1 1

J73

U3 sToro CJIeayeT, 4To

)
T‘m 4{7‘“0\)
+

o w

N

. 3 3
; sing =—— oTcroma ¢ = arcsin —— .

73’ J73°

HaIIero ypaBHCHUA COS @ =

<;T"oo
w

Harme ypaBHeHne npuHUMaeT BU:

5
J73

JICBas 4aCThb YPAaBHCHMS — 3TO sin (X + (p) M 3HAYMUT NOJIy4acM

COS@-SiN X+SiN@-COSX =

sin(x+¢):%

x+¢p=(-1)" arcsiniwm, neZ

NE

(-1)" arcsin i—go+7zn, nezZ

J73

x=(-1)" arcsini—arcsiniwm, neZz

Vi3I’

X

Haiinem yriel

x=(-1)"3549'-20°33' +180°n,n e Z
Ecmu nath 3Hauenust N=0,1,2,3..., TO moIy4uM T€ e yIJIbl, YTO ¥ B IEPBOM CiIydae.
Bare xenanue, kakoMmy Crioco0y OTAaTh NPEANOYTECHHUE.

PemmwM emé: 2) J3sinx—cosx =1 npoBepuM ycioBue: 1< 3+1
Ja?+b? =3+1=2; cowzg; Sin¢=%:>go=30°
3

. 1
—sSinX——cosx=1
2 2

c0s30°-sinx—sin30°-cosx =1

sin (X + 30°) =1 — yacTHbI# ciiyyail =

X+30°=90°+360°n,ne”Z

Xx=60"+360°n,neZ

I/ITaK, YTO MOXHO CKa3aTh O pCIJ_ICHI/II/I TpI/IFOHOMCTpI/I‘{CCKI/IX ypaBHeHHﬁ?

Haunbonee npuMeHUMBI Ba METO1A:

1) MMPUBCCTH TPUT'OHOMCTPHUYCCKOC YPABHCHHUC K anre6pa1/1quKOMy pas3siinYHbIMHU MCTOdAaMH, B
3aBUCUMOCTH OT YCJIOBHUHI.

2) Merton pa3iioKeHHsT Ha MHOXKHTEIM, 3TO OOLIMI METOJ pelleHHs MHOTHX ypaBHeHUWH. CyTb
€ro B TOM, YTO IEpeHecs BCE WIECHbl B OJHY 4YacTb, HAJI0 MOCTApaThCs Pa3lIokKHUTh €€ Ha
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MHOXHTEIH. TakuM 00pa3oM pelIeHHWE YpPaBHEHHS CBOJIUTCS K PEIICHUIO COBOKYITHOCTH
MPOCTEUIIINX YPABHEHHUIA.

IIponomxum pereHue TPUroHOMETPUIECKUX YPABHEHUN Pa3INYHBIX BUOB.

3) cos15x =sin5x

cos15x—sin5x =0

c0s15x —cos (90" - 5x) =0

npuMensieM Gopmyiy COS —COS 3

. 15x+90°-5x . 15x—-90°+5x

n -sin -

—25i 0

2
_Zsin10x+90° sin 20x —90° 0

2

—23in(5x+45°)-sin(10x—45"):0
H TOoraa.
sin (5x+45°) =0 sin(10x—45°) =0
5x+45°=180°-n,neZ 10x—45°=180°-k,ke Z
5x=-45"+180"-n,neZ 10x =45 +180° -k, k e Z
Xx=-9"+36"n,neZ x=4°30"+18"-k,k e Z

Oteer: X=-9"+36n,neZ; x=4°30'+18" -k, ke Z.

. X
4) 1-cosx =2sin 2 JIeBas 4acTh ypaBHEHUS 3TO popmyia

2sin? X Z2sin X
2 2

2sin? %—Zsing= 0 = Zsing(sing—lj =0

sini—lzo
singzo i
sin—=1
5:7zn,neZ 2
2 5=£+27zk,keZ
2 2
Xx=2zn,ne”Z X=rw+4rk,keZ
OtBer: X=27n,ne”Z X=rw+4rk,keZ.

5) sin(30° + x)+sin (30" - x) =%

npumeHuM Gopmyiy Sina +Sin f K 1eBoii 4aCTH ypaBHEHUS:
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2 2

. 30°+x+30°—x 30°+x-30°+x 1
2sin -COS =

23in30°-cosx:%
2-1-cosx=1
2 2
1 1
cosx:E; x:iarccosE+27rk,keZ
X:i%+27rk,kez

Orser: i%+27tk,k el.

6) cos(x—70°)=sin(x+70°)
cos(x—70°)—sin(x+70°):0
YuuteiBas, 4TO c05a=sin(90°—a) 3aMEHHUM sin(x+70°) Ha cos(90°—x—70°)=cos(20°—x),
Torza cos(x—70°)—cos(20° —x)=0.

[Tpumensiem popmyny COScr —COS £ 1 OTYIHM

x—70°+20°—x.sinx—70°—20°+x: . =70 .n2x—90°:

0 -2sIn -Si
2 2 2

2sin35° -sin(x—45°) =0

-2sin

2sin35° 0, To sin(x—45°)=o
Xx—45°=180°n,ne”Z

x=45"+180°n,ne”Z
7) cos3x+sin2x-sinx=0

cos3x—%(c053x—cosx):0 %0033x+%cosx:0
1 1 1
cosBx—50033x+Ecosx:0 E(c053x+cosx):0
cos3x+cosx=0 2c0s2x-cosx=0 cos2x-cosx=0
cos2x=0
cosx=0

2x:%+7zn,nez

x:£+zn,nez x=£+7rn,nez
4 2 2

8) 2cos’ (%—x)+3005(7r—x)—2:0

elé pas BCIIOMHHUM, KaK peliaTh Takue ypaBHeHus. [IpuMeHuM GopMyIIbl PUBEIEHHS
2sin® x—3cosx—2=0

MPUBEIEM K OJIMHAKOBON (PYHKIINH sin? x =1—c0s? X u3 3HAuMT

2(l—cos2 x)—SCosx—Z:O 2c0s? x+3cosx =0
2-2c0s” x—3c0sx—2=0 cosx(2cosx+3)=0
OTCrO1a

cosx=0 u 2cosx+3=0
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>1,

T
X= E +7zNn,Ne Z COS X = _E , KaK BUJIHUM 3TO YPpAaBHCHHUC HC UMCCT PCIICHUA, T.K.

T
a |COS X| <1 nostomy OoTBeT: X=—+7N,N€E”Z .

MBI paccMOTpeNny pelieHus pa3aIndyHblX YPAaBHEHUH U BUJHUM, YTO B KaXIOM CIlydae HaJo
TBOPYECKHU MOAXOAUTH K HAXOXKAECHUIO METOA PELIEHHUs, YTO BO3MOKHO IIPU XOPOLIEM 3HAHUH
(bopMysT TPUTOHOMETPHH, aNTreOpandecKux Mpeodpa3oBaHUAX.

1. PemeHue TpUroHOMETPUUECKUX HEPABEHCTB

[Ipocreimmmy TPUrOHOMETPUYECKUMH HEPABEHCTBAMU HA3bIBAIOTCS HEPABEHCTBA BHUJIA
sinx<m cosx<m tgx<m ctgx<m

sinx>m cosx>m tgx>m ctgx>m
rae M — JaHHOE YUCII0

Pemmth HpOCTeﬁHICC TPUTOHOMETPUUECKOC HEPAaBCHCTBO — 3HAYUT HalTH MHO>KECTBO BCEX

3HAYeHUH apryMeHTa, KOTOpbIe 00PaIaloT JAHHOE HEPABEHCTBO B BEPHOE YHCIOBOE HEPABEHCTRBO.
PaccmoTpum Ha npumepax

. 1 .
1) sinx <2, T.K. lsinx|<1, To maHHOE HEPABEHCTBO MOXKHO 3aIlHCATh

A _1<sinx<t
2
M
o uAm, =2
6
A UAMZZ—E—ZZ—Zﬂ'
6 6
¥ 3HAYAT HEPABEHCTBY Sin X < % YIIOBJIETBOPSAIOT JYTH M3 MPOMEXKYTKA

7 Vg .
_€”<X<E' T.x. GyHKIMS Sin@ UMeEeT mepuoj 27, TO PEHICHUE 3TOTO

HEpaBEHCTBA OY/IET MPOMEKYTOK —%ﬂ' + 27k < x< % + 27K .

1
2) COSX>—=
2
TleperuiemM HEPaBEHCTBO B CHITy TOTO, 4TO [COSX| <1
1
1 —=<cosx<1
N, 2
1 2 2
A  HEPaBEHCTBY COSX > 5 YIOBJIETBOPSIOT AYTH U3 MPOMEKYTKa —37 <X Sg]l’.
X 2 2
OO6mmM pereHrneM CITy>KUT MHOXKECTBO YT BUA —gﬂ' + 27k < x < En + 27K .
NZ
3) sinx>——, aHaJIOTUYHO IS SiN X >—— yIOBJIETBOPSET
A
N2

T T
Zax<m-=
4

V4 3
—<X<—1x
4 4

z+27zk<x<§7z+27rk
4 4
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4) tgx >3, T.e. MOXHO 3amucars /3 <tgx<oo, T.K. QyHKIMS tg HEOrpaHWYEHHAs. DTO HEPABEHCTBO

T T T Vs
BBIIIOJIHSIETCS TIPU 3 <Xx< 5 ; Iepro/l GYHKIIMK TaHTeHCA PaBEH 7 , 3HAUUT — + 7K < X <=+ 7k

CaMOCTOSITEILHO:
5) ctgx>1

1< ctgx <oo 3TOMY HEPABEHCTBY yJIOBJICTBOPSIOT 3HAYCHUSI X U3 MPOMEXKYTKA A

0<x<z
4

0+7rk<x<%+7rk 0

Ob6mee pemeHue: 7k < X < % +k

Pa3gen 3. Hauaja MaTeMaTH4eCKOIr0 aHAJIHN3a
Tema3.1.IlocaenoBaTeJLHOCTH

JIEKIIUS 1. IMocnenoBaTeIbHOCTH .

e OmnpenencHue nocienoBaTeabHOCTH. CIIOCOOBI 3a1aHUS M CBOWCTBA YHCIIOBBIX
OCJIEJ0BAaTEILHOCTEH.

e [lonsATHE O Mpenene nocae10BaTeNbHOCTH
e CymecTBoBaHUE NpeJiesla MOHOTOHHON OrpaHUUYEHHOH 110CIIE10BaTEIbHOCTH.
e Teopemsl 0 mpenenax noCIeq0BATEIBHOCTEH.
e HaxoxxaeHue npeeoB Mocae10BaTeIbHOCTEH.
e beckoHEeYHO yObIBarOIIasi TeOMETPHUECKas IPOTPECCUs U €€ CyMMa.
YucnoBass MOCIENOBAaTEIBHOCTh — 3TO YHUCIOBOE MHOXECTBO, IIOCTAaBICHHOE B COOTBETCTBHE

MHOKECTBY HATypaJIbHBIX 4ucesl. Kaxaplid 4iIeH NOCIEeA0BaTEIbHOCTH HMMEET CBOW MOPSIKOBBIN
HOoMep. Miu, KpacuBO M KOPOTKO: YHCIIOBAas MOCIEIOBATENbHOCTh — 3TO (PYHKIIHSI HATypalIbHOTO
aprymenTa. YucaoBbIe MOCIEN0BATENLHOCTH 33/1at0TCs OPMYIION 00IIEero ujeHa, HalpuMmep:
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@ an=1: 1;3;3;1;1;.
n 2’3’4’5
) q =N . 1.2 3.4,
" n+1 2’3’4’5
3 a,=2n-1: 1,3;5;7;9;11,
@  a-t. 11111
"Ton' 2'4°8'16°327
J— n_l JR— J— J—
() an=—( 1)2 S e e e 0
n 4916 3264
" n?2+1’ 2°'5'10'17°26 "
(7) anzi; 1;3;1; 1; 1 ; 1
! 2'6'24°120° 720

Kax BUOUTEC, IIOCJIC Ka)KHOﬁ (bOpMy.]'IBI 06Iuer0 YyJjIeHa YHCJIOBOU IIOCJIICAOBATCIBbHOCTH BBIYMCICHO
HCECKOJIBKO IMEPBLIX YWICHOB COOTBCTCTBYIOIIUX HOCHGHOBaTGHLHOCTGﬁ, IMPOBEPHTC MMPABUIIBHOCTD.
Yucnosbie MMOCJICAOBATCIIbHOCTU MOXKHO OIIPCACIIATh 3addHHCM HCCKOJBbKHUX IICPBBLIX YJICHOB,

HarpuMmep:
B a: 1;-1;1;-1;1;-1;...
(9) an: 1; 1;2; 3;5;8; 13... -3Ta mociaenoBareilbHOCTh HOCUT HasBaHue «Hucia OuboHaUUnY,

YJIeHbl ATOW IOCJIENOBATEILHOCTH TOJYYalOT MO PEKyppeHTHOH Qopmyne a, = apq + app, OpH
YCJIOBHUH, UTO 81 = a2 = 1

MOHOTOHHOCTbD. YucnoBas nocieaoBaTeIbHOCTh 8, HA3bIBACTCS 803pacmaroweti, €Ciu sl Bcex
N a) < ap+1. Pa3inyaiiTe MOHATHS «BO3pACTAMOINAs IOCIEAOBATEIHPHOCTEY H  «HEYOBIBAIOIIIAS
MOCIIeA0BATENBHOCTEY. Tak MocieqoBaTelbHOCTh (2) Bo3pacTarolias, a nocienoareabHocTh (10) an:
1; 1; 2; 2; 3; 3;... HeyObIBaromIasl.

AHaJOTHYHO, YHCIIOBAs MOCIEI0BATEIFHOCTD &, HA3bIBAETCS YOBIBAIOIIEH, €CII AT BCeX N 8y > an+1.
Paznuyaiite TTOHSITHSI «yOBIBaromas MOCIIE0BATEITHHOCTE) " «HEBO3PACTAOIIAS
MOCIeA0BaTeNbHOCThY. Tak mocnenoBaTenbHOCTh (1) yObIBaromas, a mocnegoBarenbHocTh (11) an: 1;
1;0,2; 0,2; 0,1; 0,1;... HEBo3pacTaroras.

Wrak, yObIBaromue, BO3pacTaiollie, HEyOBbIBAlOIINE, HEBO3PACTAIONINE IOCIEI0BATEILHOCTH
HaszsiBatoTcs MOHOTOHHBIMU.

Tak, mocnmemoBarensHOcTH (1); (2); (3); (4); (7); (9); (10); (11) sBnAIOTCS MOHOTOHHBIMH, a
nocneaoBarenbHoOCTH (5); (6); (8) MOHOTOHHBIMU HE SBIISIOTCS, OHU Ha3bIBAIOTCS KOAEOIIOUWUMUCS.
OI'PAHUYEHHOCTD. Ecnu cymectByroT Takue yncna M u M, gto s Bcex N m < a, < M, 1o
TOBOPSIT, YTO TIOCTICIOBATEIBHOCTh @, OrpaHudYeHHas. [IpuaeM M — HkHSS TpaHuia, M — BepxHss
rpanunia. ToIbKO MOCIEA0BATEILHOCTH, OTPAaHUUEHHBIE M CBEPXY U CHU3Y HA3BIBAIOTCS COOCTBEHHO
OTpaHUYEHHBIMH.

Tak, nocnenoBatenbHOCTH (1) orpannueHHa: cau3y uuciom 0, ceepxy — uuciom 1. B camom fgerne, Bce
€¢ YWICHBI IIPUHAIICKAT IPOMEKYTKY:

(0; 1]. IlocnmemoBaTenbHOCTH (2) Takke OrpaHMYEHa, BCE UIEHBI OSTOW MOCIEIOBATEIHLHOCTH

YIOBJIETBOPSIIOT HEPABEHCTBY E <a, <1. A Bor nocnenoBarenbHOCTH (3) XOTS M OTPaHMYEHA CHU3Y

YHUCIOM 1, HO OHa HECOTpaHWYCHHA CBEPXY, IOOTOMY OHA ABJIACTCA HeOFpaHI/I'-IeHHOI\/’I.
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Yb6enurechr CaMOCTOSITENILHO, 4YTO mocienoBaTenbHOCTH (4) — (7) SBISIOTCS OTPAaHUYCHHBIMH H
HaWJUTEe HWKHIOIO W BEPXHIOI rpaHunbl. Tak, uisi mocienoBaTenbHOCTH (6) Bce €€ UJIeHBI

12
NIPUHAIEKAT OTPE3KY [7 : g] .

CXOAUMOCTD. [nst ycBOEHHUSI ITOrO IOHSATUS HEOOXOIUMO BBECTH IOHSTHE npedend
yucnogou nociedogamenviocmu. OHO, 3TO TIOHSATHE, - BAKHEHIIEE B Kypce MaTeMaTHYECKOTO
ananu3a! PaccMoTpuM mocienoBaTenbHOCTh

n 1234
2 a=—— —;—3;—;—;... Kak yxe oTMe4anoch, 3Ta mociea0BaTeIbHOCTh OTPAHIYCHA U

" n+l 2'3'4'57
MOHOTOHHA. OHa OFpaHI/I‘IeHa CBepxy YUCIOM 1, T.K. BCC €€ YJICHBI MCHBLBIIIC 1, B TO K¢ BpeMﬂ OHa
Bo3pactaer. Takum oOpa3oM, HA WHTYUTUBHOM YpPOBHE, MOXKHO CHENaTh BBIBOJ, YTO WICHBI ITOH
nocjenoBarenbHoCTH cmpemsimes K 1. Kak nmonumaercs nocnennuii rmaron? Ecim a — b, To 310
03HAy4aeT, YTO PACCTOSHUE HAa YUCJIOBOM IMPSAMOM MEXIy 3THUMH 4YHCIaMH OYyJEeT MEHbIIE JII000ro

CKOJIb YTOJHO MAaJIOrO IMOJOKUTCIIBHOIO Yuciaa &, T.C. |a—b| < &.

B sTOoM ciydae MOXXHO CKa3aTh, YTO MPEACIIOM 3TOW IMOCIICIOBATEIBHOCTH MPU N —» 0O SBJISETCS
yucino 1. U 3anmuceIBarOT 3TO Tak:

. n
lim——=1, u uwuraor: mpemen 4YMCIOBOH mMOCIENOBATENHHOCTH @, =—— paBeH | mpu N

n>on 41
CTpeMsIINMCS K 0€CKOHEYHOCTH.

Jamum ompeneneHue TIpenena YHCIOBOM IOCIEAOBAaTENbHOCTH B OOIIEM BHUAE, €r0
chopmynupoBan ¢ppanysckuit Marematuk O. Komu.
Yucno b HaspiBaeTcst mpenesioM YMCIOBOH TOCIEAOBATEIBHOCTH &p, €CJIM IO JII000OMYy Hamepen
3aJJaHHOMY CKOJIb YIOJHO MaJOMy IIOJIOXKHUTEIbHOMY YHUCIY & HaWJeTcsd Takol HOMEp YJieHa

nocnenosareiabHocTu N, uTo uist Becex N > N, OyAeT BHIIOJIHATHCS HEPABEHCTBO |an - b| <g.

kA

e e

il
. . ' y y . y y ; y y . . . . . . . . . . .
2 1 0 1 2 3 4 5 B Y 8B 9 10 1 12 13 14 15 16 17 18 13 20

Puc. 1
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Wnu (Ha s13bIKE MHTEPBAIOB) ... 11 BceX N > N BCe WiICHBI MOCIEA0BATSIBHOCTH OYIyT MPUHAUICKATD
unrepany (b - £;b+ &).
Ha pucyHke BHAHO, YTO BCE WICHBI MOCIIEIOBATEIBHOCTH ¢ HOMEPOM Oosblire 9 ormiuyarorcs ot b
MEHBIIIE, YeM Ha & .

OOpatum  ocoboe  BHMMaHue Ha TO, uto B mHTepBayie (b - &; b + &) comepxurcs
OECKOHEYHOE YKCIIO YWICHOB MOCIIEI0BATEIFHOCTH, & BHE €r0 — KOHEYHOE.

I[Tocie10BaTeIbHOCTH, KOTOPbIE UMEIOT HPE/Ie, Ha3bIBAKOTCS CXOOSUUMUCS.
I[Mepeuncnum Ge3 0Ka3aTebCTBA HEKOTOPBIE CBOMCTBA MPEIEIOB MOCIEA0BATEIFHOCTEH, 3aMICaB HX
Ha CHMBOJIMYECKOM s3bIKe Maremartuku. [locTapaiitech cHOpMyTHpOBaTH MX CIOBECHO, BHECTH B
KOHCIICKT.

1) lim kap=klimap

N—o0 N—00

2) I|m(a +b )_Ilma +limb,

N—00

3) r!i_r)rgo(an -bn):r!i_r)goa -lim b,

nN—o0

a, lima, _
4) lim L=022—" ecau limb, #0
n—>oob limb n—0
nN—oo

5) Ecau nociaenoBaTenbHOCTH UMEET npeacii, TO OH €TUHCTBEHHBIN.

Bossparumcs k nonsitusim «MOHOTOHHOCTDB, OT'PAHUYEHHOCTDB, CXOIAMMOCTDb».
3agyMaiTech: U3 4ero, 4To CIIeyeT, OTBETHTE Ha BOIIPOCHI, TAKHE KaK.
Ecnm mocnenoBaTeIbHOCTD CXOAUTCS, OHA OrpaHuYeHA?
Ecnu mocnenoBaTennbHOCT MOHOTOHHA, OHA OTpaHUYeHA?
Ecnm mocnenoBaTelbHOCTh OrpaHUYEHA, OHA MOHOTOHHA?
Ecnu mocnenoBaTenbHOCTh OrpaHnuyeHa, ona cxoaurcsi? U 1.1.
L{eHTpanbHBIM K€ BOIIPOCOM SIBIIIETCS CIEAYHOLIUI:
[Ipn kakux YyCIOBHSIX TMOCJIEIOBATENBHOCTh CXOauTcsA? OTBET MPOCT U OYECBUACH: MOHOMOHHASA
o2paHudenHas nociedosamenvHocms cxooumcsi. 910 Teopema K.Beitepmitpacca.

PaCCMOTpI/IM HEKOTOPBIC IPUMEPBI IPUMEHCHUSA TCOPUHU ITPEACIIOB.

UsBectHo, uto lim|q"|=0(*), eciu |q|< 1. Bocronb3yemcst 3TUM KJIIOUOM JUIs BbIBOJA (POPMYJIBI
nN—oo

CYyMMBbI 4YJIeHOB OecKOHe4YHO YObIBawllell reoMeTpu4eckoil mporpeccun. Bbl 3Haere 3Ty
(¢popmy.ry, HO Kak ee MOIYyUUTh?

[Ton cymmoii uneHOB OECKOHEYHO YOBIBalOIIEW TIeOMETPUYECKOW Iporpeccuu OyaeM NOHMMATh
Ipesied NOCIeA0BaTENbHOCTH YaCTUUHBIX CYMM I'€OMETPHUYECKON MPOrpeccuy MpH HEOTPAHHMUEHHOM

yBEIIMYCHUH uncla ciaraemeix: S, =1imS, — (**)
i n—o
o b1 (1 —q ) ) k%
®opmyrna Ui CyMMBI WICHOB T'€OMETPHYECKOIl MPOrPEeCCHH: =————, moacTtaBuM ee B (**),
1-q
Oynem UMETh:
Sgen =lIMS, =1lim b1(1 ) = (1o b, u q koncmanmot, nomomy u Opodw % Max gkce A6AEMcs KOHCMAHMOU
N—w n—oo — q —

U ee MOJICHO BbIHECMU 3A3HAK Npedena) = % lim@-¢")=(no scuny (*) lim-¢")=1, nosmomy) = 1&
— q n—oo n—oo

—q

Urak, S, _b Hcnonb3yeMm nonydeHHyro (GopMymy JUIsl iepeBoja 6€CKOHEUHBIX ePUOTUIECKUX
—q
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npoOeit B 00bIkHOBeHHBIE. CHavajga pacCMOTPHUM T.H. YUCTBIE NEPUOANYECKHE APOOH, HApUMep, a =
0,27272727.... 3anuilieM 3TO YUCIIO B BUJIE CYMMBI Pa3psAHbIX €ANUHUIL:
27 27 27 27 21 27 27 27

+ + + fom——t——t——+——+
100 10000 1000000 100000000 100 100° 100° 100

Kak Bugure, momyywian OECKOHEYHO YOBIBAIOLIYIO T€OMETPHYECKYIO MpOrpeccuro ¢ by 2120—70 u
27 27
1 100 _100_27_3
=—— IloacraBuM B nmosrydueHHyro dhopmyny: a = 0,272727 = ===
9=T00" Y4CHHYIO (OpMyITy: 1 9 99 11
100 100

Jlerko BHIETH, 4TO (HOPMYJIOH MOXKHO M HE TOJIH30BATHCS, a (OPMAIBLHO TOJCTABUTh B YHCIIHUTENb
npobu UQpHI eproja, a B 3HAMEHATENh 3aliCcaTh CTOJIBKO JIEBITOK, CKOJBKO Iu(p B mepuone. Tax,
0,333333.. _3 1, 0,504504504504... :5;.4 :5—6

9 3 999 111

CamocrostensHo: 0,(72); 0,(2934); 0,(36) u T.a. U nmposepsiite Ha MK.

AHAJIOTUYHO, HO HECKOJIBKO CIIO)KHEE peIIaeTcsl Takas 3anava JUlsl CMewldaHHOU TEPUOINYeCKOM
npobu. ITo Takas apo0k, y KOTOPOH 710 MEeproa CyIIECTBYIOT APyTrue HuQpbl, HAIpUMED:
0,34545454545..., 0,5036363636..., 0,8106666666 u T.x.

CHoBa 3amnunieM Ipo0b B BUIE€ CyMMbI Pa3psIHbIX €AMHHUII:
3 45 45 3 45 45 1 45 1

0,3454545... +.. = —+ + . + . s =W
10 1000 100000 10 1000 1000 100 1000 100
KaK BUIUTC 6eCKOHe‘lHO 6BIBaIOI_I_IaSI TCOMETPHUUYCCKAaiA IIPOrpeccusa C b1 = ﬂ nu q = i
Y P porp 1000 100
Ha4YMHACTCs CO BTOPOI'O CJIaracmMoro, IpuMCHsACM BBIBeI[eHHYIO Q)OpMYJIy.
45 45
w = i+—1000 = 3 1000 i+ 4 _3 —+— 1 _311+5 ﬁzg . IIpoBepum Ha MK.
10 1- 1 10 99 10 990 10 22 110 110 55
100 100

JleiicTBUTENBHO % =0,345454545..... Bce BepHo.

Z[J'IH 3aKpCIVICHUA paCCMOTPUM CIIC OJJUH IIPUMEP:

= 0,8106666666= -0 © , 6 , 80,6 6 1,6 1,
1000 10000 100000 " 1000 10000 10000 10 10000 10

3necs b, = ﬁ u gq= % [Tpumenss popmyiy, OyaemM UMETb:
6 6

_ 810+10000_ 810 10000 81 0+ 6 810 1 3-810+2 2432 304
1000 4 _ 1 1000 9 1000 9000 1000 1500 3000 3000 375

10 10
VYo6enurecs ¢ momoinpbio MK, 4To pacdyersl mpoBeAEHbI BEPHO.

IIPUMEPBI. Beruucnure:

5n+2
1) lim
n—>003n 1
2) lim 5n% +2n-3

n>w 3n2 —n+4
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Tema3.2.1lpou3BoaHAs U ee NIPUMEHEHH

JIEKIIMA 1. TTpousBoaHas ¢ VHKIINM.

e [Ipupamenue aprymeHTa u npupamnieHue QyHKIuH.

3amada Ha JBMKEHUE, TPUBOISIIAS K IIOHSATHIO TPOU3BOIHOM.

Cpenusisi CKOPOCTh IBHMYKCHHUS.

MrHoBeHHass CKOPOCTb.

[TonsiTHE TPOU3BOIHOM.

HuddepennupoBanne. Auddepennpyemas GyHKIuS.

BriBo Heckonbkux Gopmyit auddepeHnnpoBaHus Mo ONpeaeICHHIO TPOU3BOIHOM.
[TpousBoaHas cTeneHHON QYHKITUH.

e [Ipou3BomHas U HEMPEPHIBHOCTD.

Ipupawenue apzymenma u npupawenue QyHKyuu.
Iycrts 3amana Gysxmms Y = f (X). Ipu x = xo oHa npuHHMaeT 3Hadenne Y, = f (X).

v Xo - Ha ocu OX B Touke A, yo — Ha ocu OV B touke N. Jlagum
' / X npupamenue Ax = AB, nonyuuM HOBOE HpHpalleHHOE
E 3HaueHue aprymenTa (B Touke B) x = xg + Ax

Berancnum MIPUPAIICHHOE 3HAYCHHE byHKIIUU
N y=f(X +Ax) Ha ocu OY — Touka M, T.e. [iMHA OTpe3Ka
i BE.

EcrectBenno, uro orpesok DE wu Oynmer sBiasThCH
npupawenuem QYHKyuu 6 mouKe Xo, eciu HnpupaujeHue
apaymenma pasHo Ax.

— — T.e. Af(xo) = f (X +Ax)- f(X,)

Wrak, mnpupamenue (QyHKIMM €CTh Pa3HOCTb  MEXIY
MpUPAIIEHHBIM 3Ha4YeHWeM (YHKIUM W TepBOHAYAIBHBIM
(otpeszok DE).

OOpaTtuTte BHMMaHue, 4yTo A Bo3pacratoueil pynkuun DE > 0, a qyig yowiBatomen ¢pyHkiun AC
oynet 6onbie DE, moatomy pasaocts DE — AC < 0 u Af(Xg) < 0.

CrenaiiTe CaMOCTOSTEIILHO CXEMAaTHUCCKHI YepTex yobIBaromer GyHkiuu u ykaxute Af(Xo).
Berancnum npupamnienue pyakuun f(X) = X2 +2x 45 mpuXo=2uAx=0,1 Xo+Ax=21

ITo popmyne Af(xg) = f (X +Ax)- f(X,) = (Gymem nmers) = f(2,1)- f(2) =

2,12+ 2*2,1 + 5 — (2% + 2%2 +5 ) = (mpuMeHsIeM MHKpOKaIbKysTop) = 0,61

ITocTaBuM 3a1auy OTHICKATh MpUpalieHne GyHKIUN HEe B KOHKPETHON TOUKE Xg, @ B IPOU3BOJIBHOM X,
T.€. BBIBEJIEM (POpMYJTy pUpPALLEHUS B OOIIEM BUJIE:

Af(X) = f(X+AX)- f(X) =X+ AX)?+2(x + AX) +5 - X* - 2x -5 = X* + 2% AX + (AX)? +2x AX +5 - X
22X -5 = 2x AX + (AX)? +2 AX = 2x AX + 2 AX + (AX)? = 2(x + 1)AX + (AX)? — 570 U ecTb npHpanicHue
dyskimu B o6mem Buge: Af(X) = 2(x + 1)AX + (Ax)2 IoxcraBum x = 2, AX = 0,1 moxyuanm Af(x) =
0,61 — Bce BepHO.

¥

N3ydeHne pa3nuuHbIX MIPOLECCOB ( MEXAaHUYECKOTO IBUKEHUS, XUMUYECKUX PEAKIUH, pacIlipEHHE
KHUJIKOCTU IIPU HAarpEeBaHUU, TEUEHUS SJIEKTPUUECKOT0 TOKA) TpeOyeT BBIUNCIEHHS CKOPOCTH
M3MEHEHHS Pa3JInYHbIX BEJIMYMH.

3aoaua na osuxcenue. Cpeonss ckopocms NPAMOIUHENHO20 O8UNHCEHUS MAMEPUATbHOU MOYKU.
IlycTh MaTepuanbHas Touka M aBuxeTcs 1o npamoii . B nayane nwkenus npu = 0 ona 3anumana

nonoxenue O. B MomeHT Bpemenu {; oHa 3aHsuIa monoxeHue |\/|1, B MOMEHT BpeMeHH 1, oHa 3aHsuIa

ITOJIOKCHHEC M 2- Ka>1<)10My MOMCHTY BPpCMCHU t COOTBETCTBYET OIIPCACIICHHAA KOOPpAHUHATA S TOUYKH
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M. TlosToMy nono)eHue ToUkyu ecTh GyHkius Bpemenn S = f ('[) Ty QYHKIMIO Ha3bIBAIOT 3aKOHOM

NBUKCHUSA TOYKHU M.
Jnst XapaKTepuCTUKU U3MEHEHUSI ITYTH CITYXKUT MOHATUE CKOpOoCcTU. CpeaHsis CKOPOCTh
JBKEHUS TOYKH PaBHA OTHOIIEHHUIO MPOMJACHHOTO IyTH KO BPEMEHH €ro MpoxoxacHus. Ecim

s, =f(t) s, =f(t,) 1o
s, f(t)

Ha ygactke OM: V,=—=—"""

1 1
Ha yuyactke OM,: Ve, :S_2: f(tZ) ;
t, t,
Ha yuyactke MM, : v, = S =5 _ f(tz)_ f(ti)

IIycts At - npuparenne Bpemenn, a AS - npupaietrne nyru . To Ha yaacrke MM, :

As _ f(t)-f(t)

cp DV
Ha npaktuke noe3na, camosieTsbl, KOpaOiau ABMXYTCS HepaBHOMEpHO. CpeiHsIsi CKOPOCTh He

Aa€T TOYHOI'O ITPCACTABJICHUA O 6LICTpOTe ABUIXKCHUS Ha OTACIIbHBIX YUACTKaX ITYTH. B cBs3u ¢ aTum

BO3HHKACT HCO6XOIII/IMOCTI) IMOHATHA CKOPOCTH B IIaHHI)If/'I MOMCHT BPEMCHH.,T.C. MTHOBEHHOM
CKOpPOCTH.

Ipu paBHOMEPHOM ABHKEHHH V., OCTOSHHO Ha J000M y4acTKe MyTH.

IlycTs MaTepuaibHas TOuka M IBMKETCS MPAMONMHEHHO 110 3akoHy S = f ('[) B momenT
Bpemenn t, ona sansna nonoxenne M u npomna myts S, = f (to)- Haiinem ckopocTh TOUKH B
MOMEHT BpeMeHH 1 .

IIycts 3a mpomeskyTok Bpemenu At, Haunnas ¢ Momenrta [, ona mposBuHynach Ha

paccrosaue AS u 3amsuta nonoxenne M, . Torma t; =t; + At, s, = f(tl) =S, +AS.
As = f(t)- f(ty)=f(t, +At)— f(t,).
As  f(t, +At)— f(t,)

Cpennsis ckopocTh jiBHskenus Ha yuactke MM, pasna v, = — = .pu At ,

At At

CTpeMSIIEeMCs K HyJIIO, CPEHSAS CKOPOCTh OyIeT IPUOIMKaThCs K CKOPOCTH B MOMEHT BpeMeHH {j).

MTrHOBEHHO! CKOPOCTBIO IPSMOJIMHEHHO IBIKYIIEHCS TOUKH B MOMEHT BpeMeHH |

Ha3bIBAETCS Mpejielt cpejiHeit ckopoctu ipu Al , ctpemsiemest K HyITiO:
. As o fltgr At )- (L)

,=1lmv = lim —=lim
At—0 P A0 At A0 At

V/l/l

Pt

OnpedeneHue. Ilycte dyaknna y = f(x) onpegenesa B HEKOTO-
pPOM HMHTEpPBaJe, COAEpPIKAIIEM BHYTPH cebA TOUKY X,. Haamm
apryMeHTy npupaliesue Ax Taxkoe, YTOOBI He BBIHTH M3 3TOro
HHTepBajia. HailileM COOTBeTCTBYIOIlee NMpUpalneHue PYHKIHUA

Ay (upu nepexojie OT TOUKH X, K TO4YKe X, + AX) X COCTaBHUM OT-
A

HOIleHue Hy Ecanu cymecTByeT Npejes 3TOr0 OTHOIIEHUS IIPH

Ax — 0, To yKa3aHHBIH Ipe/ies HA3bIBAIOT NMPOH3IBOTHOM (DyHKIMH

Y = f(x) B Touxe x, 1 0603HAYAIOT ['(x,).

lim % =f'(xn)-

ax—0
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Omnepanus HaX0XXICHUS TPOU3BOIHON JaHHOM (DYHKIIMM HA3bIBACTCS Ougepenyuposanuem 3TON
¢Gynxuun, Eciin nponssonnas B Touke X, CyIIECTBYET, TO TOBOPAT, YTO GyHKUMS Ouphepenyupyema

B OTOM TOUKE.
DOyHKIMS, UMEIOTIAst TPOM3BOAHYIO B KAXKIOH TOUKE MPOMEIKYTKA, HA3bIBACTCS
oughghepenyupyemori Ha STOM IPOMEKYTKE.

/ AJNTOPUTM HAXOKIAEHHA IIPOM3BOJHOM }
byaxuuu y = f(x).

. 3aduKcupoBaTh 3HAYEHMNE X, HAUTH f(x).
JdaTts aprymMeHTy X npuapalgerue Ax, OepeiiTH B HOBYIO TOYKY
x + Ax, HaiTu f(x + Ax).
HaiiTin npupamenne pyaxnun: Ay = f(x + Ax) — f(x).
Ay

CocTraBUTh OTHOILIIEHUE Ax

o A ow NA

. A
Beruncaure lim =2 .
Ax—0 Ax

K I9ToT npeaen 1 ecTsb f(x).

_/

IIpumep 1. HaiiTi npousBoaHy mocToAHHOM dyHKuuM Yy = C.

Pemienne. 3aeck f(x) = C. Bocionb3dyeMcsi aJITOPDUTMOM HAXOMK-
IeHUsA MPOHU3BOAHOM.

1) Odna duMKCHPOBAHHOrO 3HaUYeHUA X umeeM: f(x) = C.
2) B Touke x + Ax umeem: f(x + Ax) = C.
3)Aay=C-C=0.

Ay _ 0

4 2 =ax =0

m Y _ _
5)&310& _AL@OO*O'

Omeem: (C) = 0.
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IIpumep 2. Haiiti npou3BogHYI0 QyHKIUN Y = %

1
Pemenmue. 3gech f(x) = x° BocnonsayemMca airopurMoM Haxox-

JeHus TPOU3BOIHOIA.
1) [Inxa ¢puKCHPOBAHHOrO 3HAYeHUA X (pasyMeeTcs, MEI I[IoJiaraem,

yro x # 0) umeem: f(x) = %

1
2) B Touke x + Ax umeeMm: f(x + Ax) = X+ Ax (npu TOM mpenmo-

jaraeM, 4To X ¥ X + AX — YHCJIa OAHOr'O 3HAKA, YTOOLI B IPOMEXKYT-
Ke Mexay x u x + Ax He oxasanack Touka 0).

1 1 x — (x + Ax) —Ax
3)Ay=f(x+Ax)—f(x)=m T x T x(x+Ax) T x(x + Ax)”

4 Ay —Ax -1
)A_x_x(x+Ax)Ax=x(x+Ax)'

oAy -1 1
5) lim 2y = Im i an =&
Omeem: (%) =——#.

AHaJOTUYHO MOXKHO BBIBECTH (opMyIbl quddepeHIINpOBaHUS IPYTHX QYHKIIUI:

(kx + m) =k.
B uacTHOCTH,
(x) =1.
, U ele:
(x?) =2x.

(x*) =nx""1,

3anuiieM TaOIMIy IPOU3BOIHBIX:

Tabnuia npou3BOJHBIX OYAET MOCTETIEHHO MOTMOIHATHCS HOBBIMU (POPMYJIaMHU.
Cy1ecTBoBaHUE MPON3BOAHON (QYHKIIMH B TOUKE CBSI3aHO HEMIPEPHIBHOCTHIO JTAaHHOW (DYHKIUU.
TEOPEMA. Ecnu GyHKIUA MMEET NPOU3BOIHYIO B TOUKE X, ,TO OHA HENPEPBIBHA B 3TOM TOUYKE.

OObpatHas Teopema HeBepHa. Tak, QyHKIus Y = ‘X‘ HEIpPEPBIBHA B TOYKE X = 0, no IIPOM3BOIHAS B
9TOU TOYKE HE CYILIECTBYET.
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JIEKIIMS 2. Tlpasuina nuddeperumnposannsa. Ta0mauna opon3BOAHBIX.

e [IpousBoaHBIC TPUTOHOMETPHUECKUX (PYHKITHH.
[TpousBoaHas cymmbl (pa3HOCTH) QYHKITUH.
[Ipou3BoHast IPOU3BEICHUS.

IIpousBoHas 4aCTHOTO.

[TpousBoHas CIIOKHON (YHKITUH.
[TpousBoaHas 0OpaTHOM QYHKIUH.

Jlo6aBuM B mabauyy npouzeooHulx HGOPMYIIBI 11 TPUTOHOMETPHYECKUX (PYHKITHI:

I
o
o
=
=
<
=
=]

——~0
>
5 &
Il

>
~—
Il
=)
>
>
AN

—_
<

S
1
‘H

(1 __ 1
x)  x?
(sin x)=cosx
(cosx)'=—sin x
)=
cos’ x
1
ctgx)=—
(etgx) sin’ X

J171s HaX 0 ACHUS TPOU3BOIHBIX BBIPAKEHUI, COCTABIICHHBIX U3 3TUX (PYHKIIMIA, JOKa3aHO HECKOJIBKO
TEOPEM, KOTOPBIE HA3bIBAIOTCS NPAGULAMU OUPDDepeHYUPOBAHUSL.

Ilpasuna ouppepenyuposarusi.
Ilycth U 1 V — pyHKIIMH, C — YHUCIIO.

ITPUMEPHBI:
(x? + sin x)’ = (x?)’ + (sin x)’ = 2x + cos x.
(5x2y = 5(x%) =5 - 2x = 10x;

(_co;x) _ _ﬂ% (cos x) = “% (~sin x) = % sin x.
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((2x + 3) sin x)’ = (2x + 3)" sin x + (2x + 3)(sin x)’ =
= 2 sinx + (2x + 3) cos x.

[ b3 j_(xzf'(5-4x)-x2(5-4xf_2x(5—4x)—x2(—4)_10x—4x2
S-4dx )~ 6 - 4y’ ) 6 - 4x) = 65—

DyHKIWUS HA3BIBAETCS CLOJICHOL, ECIIA €€ ApIYMEHT Toxke (GyHKIms, Hanpumep, Y =/ 3X +1.

y= \/E - BHeIIHsAsA QyHKuus, Y = 3X+1 - Buyrpennss.

[TpaBuiI0 A7 HAXOXKACHUS TIPOU3BOJHOM CIIOKHON (PYHKIUU:
ITpon3BosHas cOXKHOU (PYHKLIMU paBHA IPOU3BEICHUIO IPOU3BOAHOM BHEIIHEH (YHKIIMHU HA
IIPOU3BOJHYIO BHYTPEHHEM.

(f )=t (t)-t'(x)

ITPUMEP.

P |
y=( 3X+1)_2«/3x+1

IIlpouseoonas obpamnou ynxyuu.

3

(Bx+1)= —2
(X+) 2+/3x+1-

— _ g1
Ecnu dynkuus y=1 (X) u ee oOpaTHas GyHKIIUS x=f (y) UMEIOT POU3BOHbIE, TO
1

X (y)= v

y
[pumep. Haiinem nponssoanyio gyrkmun Y = arcsinX, roe X € [— 1;1] :
X=8Iny=X'=CosY;
1 1

cosy 1-sin?x +1-x2

, 1
AHaTOru4HO (arccosx) = T
1-x

y'= % = (arcsinx) =

JIEKIINA 3. [IpuMeHeHne Ipou3BOIHOM.

e [Ipou3BonHas U HENPEPHIBHOCTH (PYHKIUH.

[IpumeneHne HenpepbIBHOCTU. METO/1 MHTEPBAJIOB JIJIs1 pELICHUS! IPOOHO-PaIlMOHATBHBIX
HEPABEHCTB.

IIpaBmiio paccTaHOBKHM 3HAKOB.

IIpumepsl penieHns HEPaBEHCTB.

Cekymiast 1 KkacarenbHasl.

CymiecTBoBaHME KacaTeNbHON K TpaguKy QYHKIIMU B JaHHOU TOYKE.
VYr10Boi K03 HUIHEHT TPAMOH.

['eomeTpruecknii CMBICT MPOU3BOIHOM.

YpaBHEeHHE KacaTeIbHOM.

[TpuOnmxeHHbIE BBIYMCIEHUS C TIOMOILBIO TPOU3BOIHOM.

OU3NYECKUN CMBICT TPOU3BOIHOM.

Haxoxzaenue ckopocTu ams nporecca, 3aJaHHoro (Gpopmysnoi u rpadpukom.
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1. ®yukuusa f(x) HasbiBaercsi HempepLIBHON B TOUKE Xo, €CJAH
OHa onpejesneHa B HEKOTOPOIl OKPECTHOCTH 3TOi TOUKH M eClH mpeje
GYHKUMH NPH X — Xp paBeH 3HaueHHI0 QYHKUMH B 3TOH TOYKe, T. e.

fim F (5)=F (xo).

2. Qyukuns f (x), HempephBHAA B KaX /10 TOYKE 32aHHOTO NpoO-
MeXXyTKa, Ha3HBAETCA HeMpepLIBHOH HA BCEM MPOMEXYTKe.

3. Jliob6asa paunoHaabHas Qyuk- vi
IHS HenpephliBHA NpPH BCeX 3Haue-
HHAIX He3aBHCHMOH nepeMeHHOH,
NpH KOTOpPHIX OHa onpeneneHna. Jlo- 3¢
6as uppaunuoHanbHass QyHKUHS He-
npepsiBHa B J1000i Touke 06aacTH
onpeneJeHusi, Kpome KpaHHHX ToO-
yex, €CJH OHH CYILEeCTBYIOT.

Hanpumep, ¢yukuns y=x* He-
npepeiBHa B J06Gofl TOuKe YHCJIO- 0
BO# mpsiMOi#i, a GyHKuus y=-/x He- -1
npepriBHa B J06oH Touke x>0.

4, Ecnin  ¢yuxumsi, omnpepeneH-
Hasi B HEKOTOPOH OKPeCTHOCTH TOY-
KH Xo, B TOUKE Xo He onpejeseHa HiH Puc. 179
ee npefesl B TOUKE Xo HE paBeH
3HayeHHl0 QYHKUHH B 3TOH TOuke,

TO rOBOPAT, YTO (YHKUHUA HMeeT pa3pbiB B TOYKE Xo, @ TOYKY Xo Ha3bl-
BalOT TOUKOH pa3puiBa.

Hanpumep, ¢dynxknus y=% HenpepuiBHa B Ji00ofi Touke x=0,

=Y

a B TouKe x=0 TepnuT pasphulB.

Ecnun ua wHTepBane (a; b) ¢yuxnus [ HenpephBHA
n He o0pajaercsa B HyJb, TO OHA Ha 3TOM HHTepBaJe
coxXpaHfeT IIOCTOAHHBINM 3HaAK.

2. Meron untTepBasoB. Ha cBoiicTBe HenmpepuIBHBIX (DYHKILUIA,
pPacCMOTPEHHOM B 3TOM NIYHKTe (ero moJilHOe AOKAa3aTelhCTBO IIPUBO-
OUTCS B Kypcax MaTeMaTHYeCKOT0 aHAJNH3a), OCHOBAH METOJA pellleHUus
HEPABEHCTB ¢ OJIHOI nmepeMeHHOI (memod unmepaanog). OnuieM ero.

Ilyers dyHKINS [ HenpepbiBHA Ha uHTepBaJse | W obpaiaercs
B HYJIb B KOHEYHOM 4YHCJIe TOYeK 3Toro mHTepBajna. Ilo cdopmynupo-
BAHHOMY BBIIIe CBOKCTBY HEIIPEPBLIBHLIX (VHKIHI STHMH TOYKaMu [
pa36HBaeTCH Ha HHTEepBaJbi, B KaX»JOM H3 KOTOPBIX HeEIIPEPBIBHAA
GyHEMUA [ coxpaHAeT MOCTOSHHBIH 3HaAK. YToOB ONpeneuTh 3TOT
3HaK, [AOCTATOYHO BBIYHCINWTH 3HAYeHHMe PYHKIHH [ B Kakoii-nubo ofu-
HON TOYKE H3 KaxXJaoro Takoro HHTepBaJa.
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2-1
B Ipumep 1. Pemum HepaBeHCTBO X7 o
x2-5x+6

x2 -1

xz-—

obnactu onpegesienus (3To ApoGHO-pallOHaNbHAs (GYHKOUA) 1 obpa-

dyurnus f (x) = a HEIPepLIBHA B KajXKJIOM TOYKe CBOEH

maerca B HyJb B Toukax —1 u 1. O6nacTe onpefenesud aToil QyHK-
IIMH — BCHA UHCIOBad MpAMasi, 3a MCKIIOUeHHeM HyJiell 3HaMeHaTensd,
T.e. ToueK 2 M 3. 9TH TOuKM u Touku —1 m 1 pasbusarT obsiacThb
onpenenenusi [ Ha 5 npoMeskyTKoOB (puc. 90), B KaxXIOM H3 KOTOPBIX
¢yuaKnus f HenpepwslBHA U He oOpamaeTca B Hynb. Ha pucyHke orme-
yeH 3HAK [ B KAa)KAOM H3 COOTBETCTBYWOIIHX HHTEDPBAJOB, KOTOPBIH
omnpejfiesifgeM, HAWAa 3HAKY 3HAUYEHWI [ BO BHYTPEHHHMX TOUKAX WHTED-
Basios. HepaBeHcTBOo HecTporoe, noaromy umena -1 m 1 (Hynu ¢yHK-
nuu f) ABAAIOTCA pellleHMsiMM HepaBeHCTBa. PaccMaTpmBas PHCYHOK,
MOKHO 3alllHCAThE OTBET: MHOMECTBO PELIeHHi HepaBeHCTBa — 00b-
eUHEHHe NpOoMexxyTKoB (—oo; —1], [1; 2) u (3; o0).

- - + -+

O
=

-1 1 2 3

Y

TI'eomempuueckuii cmoicn

Mpoussonnas dynkmun Y = f(X) B
TOUKE Xg paBHAa YIJIOBOMY Ko3(h(dULUEHTY
KacaTelnpbHOW K rpaduky QyHKIHUH B TOYKE
Mo (Xo, F (X)), Te. T'(X,) =tgar, rae a -
yrojl HakJIOHAa KacaTelbHOW K Tpaduky
dynxmun Y = T (X) B Touxe Mp.

I'eomerpuueckuii cMbICT TPOU3BOAHOU
COCTOMT B TOM, YTO 3HA4Y€HHE IPOM3BOJHOM
¢GyHKIMH B TOYKE  PABHO  YIJIOBOMY
ko3 duIMeHTy KacareiapbHOW K  Trpaduky
(GyHKLIMU B 3TOM TOUKe.

y- f(X0)= f'(Xo)(X—XO) -

YpaBHEHHE KacaTeIbHOM.
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QDu3uuecKkuil cmuici.
Mpeamonoxum, uto Gpyakmus S = S(t) onmceiBaeT 3aKkoH ABMKEHHS MaTepUATbHON TOUKH

10 MPSIMOM JIMHUHU, T.€. S = S(t) — MyTh, IPONAEHHBIN 3TOM TOYKOM OT Hayaja oTcuera 3a Bpems L.
Torma 3a Bpems tp mpoijeH nytb S = S(to), a 3a Bpems t) — nytb S = S(tl). 3a IPOMEXKYTOK
Bpemenn At =t; —t, Touka npoiiner orpesok myrn AS = S(t, + At) —s(t,).

s(tg) s{to + At)
As

AS
OTHolIEHNE —— BBIPAXKAET CPEOHIOI0 CKOPOCMb IBUKEHUS MaTEpUAIbHOM TOUKHU 32 BpeMs
At
At.
AS

[Ipenen otHOIIEHUS A_ mpu At — 0 maswBaeTcss Meno6enHOll CKOPOCMbIO IBUKEHHUS

. . AS , 5
MaTEepUAIbHOM TOYKH B MOMEHT BpeMeHH fp. IIocKoIbKy lim A_t =S ('[0) , TO pusuyeckuti CMulci
At—0

nponsBoHoil Gyrxiuu S = S(t) — MrrOBeHHAs CKOPOCTH BIKEHHUS.

JIEKIIUA 4. TTpuMmeHeHne npou3BOAHON K UCCIEIOBAHUIO (DYHKIIUU.

JlocraTouHble PU3HAKK BO3pacTaHus U yObIBaHUS (PYHKIIHU.

Kpurnueckue TOUKH.

Heo6xonumelii mpu3Hak 3KkcTpeMyMa (pyHKIUH.

JlocTaTouHble NPU3HAKU CYIIECTBOBAHUS IKCTpEMyMa (PYHKLIUH.

[Tnan uccnenoBanus GyHKIHUU C TOMOIIBIO TPOU3BOIHOM.

HccnenoBanue GyHKIMM U mocTpoeHue rpaduka. [lpumep.

HaxosxneHne HauOobIIero HauMEHbLIETo 3HaYeHUH (YHKIIMU Ha OTpE3Ke.

YcaoBust Bo3pactanus u yObIBaHUS (PyHKIMIA.
Teopema 1. Jina Toro uto6s1 auddepenuupyemas Ha unrtepane (a,0) ¢ymxmus f(X)
ObuTa Heybvisarowel (Heso3pacmaiouell) Ha STOM HUHTEpBaJie, HEOOXOIMMO M JTIOCTATOYHO, YTOOBI
f'(x)>0 (f'(x)<0) gmaBcex X< (a,b).
Teopema 2. Eciu pynxmms T (X) muddepenmupyema na nntepsane (a,0) n f'(X) >0 (
f'(X) <0) mna Beex X € (a,0), o ora dynxums sospacmaem (y6visaem) na nnrepsane (a,0) .

Touku 3KcTpeMyma.
Touku MakcuMyma U MUHUMYMa (DYHKIIUU HA3BIBAIOTCS MOYKAMU IKCIMPeMyMd.

Teopema 3. (neobxooumoe ycnosue cywecmsosanus sxcmpemyma) Ecmn pynxmmsa T (X) B

TOYKE Xo UMEET SKCTPEMyM, TO npousBoaHas f '(XO) oOpariiaercst B HyJIb WJIM HE CYIIECTBYET.
Cnedcmeue. O6paTHOE yTBepKAeHUE HeBepHO. Ecnu nmpousBoaHas QyHKIIMM B HEKOTOPOI
TOUYKE paBHA HYJIO, TO 3TO €llle HE 3HAUUT, YTO B 3TOM TOUKE (QYHKIIHS UMEET IKCTPEMYM.
Kpumuueckumu mouxamu GyHKUIUU HA3bIBAIOTCS TOUYKH, B KOTOPBIX MPOU3BOHAS (PYHKIIUU
HE CYIIECTBYET WM PABHA HYIIIO.
Teopema 4. (Oocmamounoe ycnosue cywecmeoganusn sxcmpemyma) Ecnu mpu mepexone
yepes KpUTHYECKYIO TOUKY Xo ClieBa Hanpaso npousoaHas ¢pynkuun f'(X) menser 3nak ¢ “+” Ha
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113 (1313

, TO B TOUKE Xp (1)}’HKI.[PI$I f (X) HMECT MaKCcUmMym, a €CJIN MPOU3BOAHAA MCHACT 3HAK C Ha

“+” — 10 QYHKIUS UMEET MUHUMYM.

Ilpasuna naxoxcoenusn IKCMpemMymos QyHKyuu.
1) Haiity npou3BOIHYIO ()YHKIIHH.
2) HaiiTi KpUTHYECKUE TOYKH (DYHKIIUH.
3) HccrnenoBaTh 3HaK MPOU3BOIHON B MPOMEKYTKAX, HA KOTOPHIC HAMICHHBIE KPUTHYCCKUE
TOYKH JAETAT 00J7acTh onpeaesneHus PyHKIUH.
4) OmnpenenuTh CyIIECTBOBAHHE MAaKCHMYMOB ¥ MHHUMYMOB U HaiiTH 3HaueHHEe (DYHKIIUU
B THUX TOUYKAX.

Cxema ucciaenopanusi GyHkumi

[Tponecc nccnenoBanusi GyHKIMH COCTOUT U3 HECKOJIBKUX ATaroB. [ Hanboee mOIHOTro
MIPEJICTaBJICHUS O MOBEACHUHN (PYHKIIMH U XapakTepe ee rpaduka HeoOX0IMMO OTBICKATh:
1) Oo6nacte cyiiectBoBaHUs (YHKIUU (3TO MOHSATHE BKJIHOYAET B ceOs M 00J1acTh 3HAUCHHMA, W
obJyacTh onpeneneHus QyHKIM).
2) HUccnenoBath QyHKIUIO HAa YETHOCTh M IEPHOAUIHOCTD.
3) KoopauHatsl TOueK nepeceucHus rpaduka GyHKIMH C OCSIMUA KOOPAMHAT (€CIT OHU UMEIOTCS ).
4) HuTtepBaibl BO3pacTaHUs U YOBIBAHUSI.
5) Touku MaKCUMyMa ¥ MHHAMYMa.
6) Ilocrpoenwue rpaduka.

Haubospiee n HanMeHbIlee 3HAUCHHS HA OTPE3KE HETIPEpPBhIBHAS HA TOM OTpe3Ke (PyHKIUS
JIOCTUTaeT Ha KOHIaX HNPOMEXYTKAa WM B KPUTHYECKHUX TOYKAX 3TOro orpe3ka. UtoObl Hailtu
HanOoJpIlIee WM HauMEHbIee 3Ha4YeHWe (QYHKIMM Ha 33JaHHOM OTpe3Ke, HaJa0 HaUTH
KPUTUYECKHE TOUKU (PYHKLNH, IPUHAIJICKALINE ITOMY OTPE3KY, BEIUUCIUTh 3HaAUCHUs (PYHKIMH Ha
KOHIIaX OTPEe3Ka U B 3TUX KPUTHUYECKUX TOUYKAX M BEIOpaTh HanOOJIbIIee U HAUMEHbBIIIEE 3HAUCHHS.

JIEKIIU A 5. Bropas nmpon3BoaHasl.

e Bropas npousBoaHas.
e T'eomerpuueckuil u puU3NYECKUN CMBICI BTOPOH MPOU3BOTHOM.
e [Ipumeps! pemieHus 3agad.

ITycte  ¢yHKuIMA f(X) — nudpdepeHnupyeMa Ha HEKOTOpOM HHTepBaie. Torna,
TuddepeHupys ee, HoaydaeM NepBYIO POU3BOJHYIO
df (x
y! — f !(X) — ( )
dx

Ecnu wHaittu npoussoanyto ot ¢yakmuu (X)), monyunm emopyio npouszeoonyio dyaxuum

f(X).

d2f(x
y!!: f”(x): g )
dx
, , d? d(d
1e. Y' =(Y') um —3/ N
dx dx \ dx
DTOT MPOIeCC MOYKHO MPOJIOJKUTH U JJaJiee, HaXO/Is MTPOU3BOJIHBIC CTETICHH N.
d n y B d d n—ly

dx"  dx| dx"?
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Hccneoosanue (pynkyuu na yIkcmpemym ¢ ROMouibio RPOU3800HOI 6MOPO20 NOPAOKA.
!
Teopema 5. Ecru f'(X) =0, to ¢pynkmua f(X) B Touxe xo mmeer maxcumym, ecnu

f"(X) <0 umurnumym, ecmu "(X,) > 0.

/4 )
Ecmu f (Xo) =0, To xapakTep KPUTUYECKOH TOYKM HeM3BeCTeH. JIsi €ro ompeaelneHus
TpeOyeTcs JanbHellee ucciae10BaHue.

Boinyky10cTh M BOTHYTOCTH KpuBOii. Touku nepernda.
KpuBas oGpameHa ssinykiocmoio eésepx Ha unteppane (@,0), ecnu Bce ee Touku nmexar
HIDKE J1I000H ee KacaTesbHOM Ha 3TOM uHTepBasie. Kpuas, oOpallleHHas BBITYKJIOCTbIO BBEpX,
Ha3bIBACTCS 6bINYKIOU, & KPUBasi, 00paIlleHHAasl BBITYKIOCTBIO BHU3 — Ha3bIBACTCS 602HYMOII.
Teopema 6. Ecu ¢ynxmus T (X) umeer na untepsane (a,b) Bropyro mpomssommyio u

f"(x) >0 (f"(Xy) <0) Bo Bcex Toukax naHHOro MHTEpBama, TO rpaduk (QYHKIMH MMEET Ha

(a,b) BemyxnoCTH, HanpaBNEHHYIO BHUS (66€pX).

Touka, oTaensIOMAas BHITYKIYIO YaCTh KPUBOM OT BOIHYTOMW, HA3bIBACTCS MOYKOU nepe2uda.
Toukamu nepernba MOTYT CIIY>)KUTb TOJBKO Kpumuueckue mouKku 6mopo2o pood, T.e. TOUKH, B
KoTopbIx BTopas npoussonnas f "(X) ob6pamiaercs B HONb WM He CYIIECTBYET.

Teopema 7. Ilycte KpuBas omnpezensercsa ypaBHEeHHeM Y = f(X). Ecin  BTOpas
HNpOU3BOJHAS f"(X) =0 wm He cymecTByeT M NpH MEpEXoje 4epe3 TOuKy X = Xo f”(X)

MEHSET 3HAK, TO TOYKa KpUBOMH ¢ abcuuccoii X = X, ABIAETCA TOYKOH neperuoa.

Ilpasuna naxosxcoenun mouek nepezuoa.
1) Haiitu BTOpYIO MPOM3BOAHYIO (DYHKIIUH.
2) HaiiTi KpUTHYECKUE TOYKH BTOPOTO POJIa.
3) HccrenoBaTh 3HAK BTOPOM MPOW3BOIHON B MPOMEKYTKAX, Ha KOTOpPbIC HaWJICHHBIC
KPUTHYECKHE TOUKH JIENISIT 00JIacTh ornpeieiaeHus PyHKINU.
4) OrnpeaenuTh TOUKH Nepernba v HATH 3HaYeHUEe PYHKIMH B 3THX TOYKAX.

Dusuueckui cmuica npousBogHoi Gpynkmun S = S(t) — MrHOBeHHAs CKOPOCTH JIBUKEHHS.
COOTBETCTBEHHO, 8Mopas Npou3eo0Has pyHKYuu — yCKOPEHUE.

Tema3.3.IlepBooOpa3Has u HHTErpasa

JIEKIINA 1. TTepBooGpa3Hasi.
Ornpenenenne nepBooOpasHOM.
WNurterpupoBanue — onepaius, ooparHas nud@epeHInpoBaHuio.
[Tpu3Hak mocTostHCTBA (DYHKIINH.
OCHOBHOE CBOMCTBO MIEPBOOOPA3HBIX.
OO0uwmii Bua nepBooOpa3HbIX.
Tabnuua nepBooOpa3HbIX.
[TpaBuia HaX0XXIEeHUS TEPBOOOPA3HBIX.
[Tpumepbl HaX0XkIEHHS IEPBOOOPA3HBIX.

dynxmms F (X) massisaercs nepsoobpasnoii pynxyueii dysxmum f (X) ma orpeske [@,b],
€CJIA B JTF0OOW TOYKE ITOTO OTPE3Ka BEPHO PABEHCTBO:

F'(x)=f(x).
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Hamo oTmeTuTh, uTO TEepBOOOpaA3HBIX ISl OAHOW M TOH K€ (YHKIIUU MOXKET OBITh
6eckoHeuHo MHOTO. OHM OyayT OTIMYATHCS APYT OT Apyra Ha HEKOTOPOE MOCTOSHHOE YHCIIO, T.€.

F(X)=F,(X)+C.

Tabauya nepsooodpaznvix

No DOyHKIMS [TepBooOpaznHas
1 K kX+C
n+1
2 x" —+C,nx-1
n+1
3 1
X X
1
4 - 2+/x
Jx
5 sin x —cosx+C
6 COSX sinx+C
1
7 5 tgx+C
COos™ X
1
8 — —ctgx+C
SIn~ X
Ilpaeuna naxoscoenusn nepeoodopazHvix
Ne DyHKIUA IlepBooOpazHas
f+g F1G
2 k- f k-E
1
3 f (kx+b) E-F(kx+|o)
Heonpeoenennvim ~ unmeepanom  pyHkuuun f (x) Ha3bIBACTCSI  COBOKYITHOCTH

11epBOOOPa3HBIX (YHKIIMHI, KOTOPBIE ONPEIENIEHBl COOTHOIEHUEM:

F(x) + C.
3anuChIBaKOT: I f (X)dx = F(X) + C;3necp I — 3mak wumTerpana, f(X) — mombHTerpanmbHas
dynxmus, f(X) dx — mogsETerpansHOe BEIpaKeHUe.

Brrancienue HCOMPCACIICHHOI0  UMHTCTpajia OT SaﬂaHHOﬁ q)YHKHI/H/I Ha3bIBACTCs
UHmMmecpupoeaHuem.

JIEKIIN A 2 .KpusosuHetinas tpanenus. OnpeaeaeHHblil HHTErPalL.
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KpuBonuneiinas tpanenus.

[Tmomaas KpUBOJIMHEHHOW TpaIEIUu.
OnpeneneHHbli HHTErpal.

®dopmyna Herorona-JleiOnuiia.

e Briunciienne HHTETpaioB.

OnpenesieHHbIA MHTETPAJL.

Hycrs ¢ynkmus f(X) ompenenena ma orpeske [a@,b]. Paso6rem orpesox [@,b] ma n
MIPOU3BOJIbHBIX YACTEH TOUKaMU A = Xog <X <Xy <...<Xj1 <X <...<X, = b. Ha KaXXIOM M3
YaCTHYHBIX OTPE3KOB BBIOEPEM IIPOM3BOJIBHO IO OJHON Toyke: C; € [a, Xl], C, E[Xl,XZ], oo
Cn < [Xn—lv b] .

y=f(x)
fcy) \
fle)) .

al p % X[ b {

C, X, C, c

n

Beenem o6o3HaueHus: AX; = X; —a, AXy =X, — X, ..., AX, = b— X1 -

n
Cocrapum cymmy: o = f(C;)AX;, koropas HassiBaeTCA unmesparbHOl  CyMMOIl
i=1
dyskmun T (X) ma orpeske [a,b].
Teomempuueckuii cmvicn o: Kaxmoe crmaraeMoe HHTETpaibHOH CYMMBI MpeNCTaBIAET
ool TIomab NPAMOyToIbHIKa ¢ ocHoBanueM AX; u Boicotoit T (C;), mokpeiToro mrpuxoBkoii
Ha PUCYHKE.

O06o03naunm vepes A = max(Ax;), i =1, 2, ..., N — IIUHY HanOOJIBIIIETO YaCTHYHOTO OTPE3Ka.
Benuumnny A uHOTja HA3BIBAIOT nApAMEMPOM pa3oueHus.

PaccmoTpuM mporece, Mpu KOTOPOM YHCIIO TOYEK pa30MEHUs HeOrPaHUYEHHO BO3pacTaeT
TakUM 00pa3oM, YTO BETMYHUHA A CTPEMUTCS K HYJIIO.

Ecmu CYLISCTBYET Ipeaen I/IHTeraHLHOf/'I CYMMBI | =lim O, TO OH Ha3BIBaACTCA
A—0

onpedenennvim unmezpaiom ot Gyakuun | (X) na otpeske [@,D] u o6o3Hauaercsa

I:Tf(x)dx

B stoMm ciydae pyskmus T (X) waseiBaercs ummezpupyemoii na ompese [a,b]. Uncno a

Ha3bIBACTCS  HUJICHUM NpeoelomM uHmeepuposauus, a uqucio b —  eepxwum npedenom
UHMEeSPUPOBAHUSL.
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Eciu Takoif Tpeien CyMECTBYeT, TO OH HE 3aBHCHT OT IIEPBOHAYAJIBHOIO pa3OHEHHMS
otpeska [@,Db] u BEIGOpa Touek Ci. U3 onpenenenus onpeneneHHOro MHTErpana CleayeT, YTo ero

BEJIMYMHA 3aBHCHT TOMbko oT Bupa ¢ymkmmu f(X) m or umcen a m b. CrnemosarensHo, ecrn
samamel T (X) W mpesensl MHTErpuUpoOBaHHMS, TO HMHTErpal OMpENeNseTcss OAHO3HAYHO U
IPEACTABISET COO0M HEKOTOPOE YHCIIO.

Ay T'eomempuueckuit ~ cmvicn  onpedeneHHo20

unmeepana: Ecmu f(X)>0 ma orpeske [a,b], To
y=flx) N\

OTIpEICIICHHBI HMHTETpall jf(x)dx T€OMETPUUYECKH
a

NMpeACTaBIsIeT  CcoOOW  IUIomaAb  KPHBOJMHEWHON

Tpameuuu — (QUTYpPBI, OTPAHUYCHHOW  JIMHUSMU

y=f(x), x=a, x=b, y=0.

S
>
y <

b
Ecmu f(X) <0 na orpeske [a,b], 10 S = f(x)dx.

a

YA

f(x)dx =0;

no
D —

3. Ecmu C€[a,b], 1o tj) f(x)dx = T f (x)dx +? f (x)dx;

a

b b b
4. J[f(x)+ g()kx = [ £ (x)dx+ [ g(x)dx;
b b
5. jkf (X)dX = kj f (X)dX ,rae k — IIPOU3BOJILHOE YHCJIO.

®opmyaa Heorona-JleiiOHuna

Ecnn ¢ynxmus T (X) menpepeema ma otpeske [@,D] u dymxmua F(X) sBnsercsa ee
1epBOOOPa3HON HAa ITOM OTpE3KE, TO UMEET MecTO popmyna Hetomona-Jleiibnuya

71 (x)x = F(x)" = F(b)~ F(a).

a

TO €CTh ONpEJeNICHHBIII MHTErpajl paBeH Pa3HOCTH 3HAYEHUH MepBOOOpa3HOW NpU BEPXHEM U
HUKHEM Ipe/iesiaX HHTEerPUPOBaHUS.
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JIEKIIM A 3.Beiurcaenue miolaaei yepes HHTerpal.

e [lmomans KpUBOJIMHENHOW TPAIICLIMU YEPE3 UHTETPa.
e [Inomanu pa3nuyHbIX GUTyp, OrpaHUUEHHBIX rpaduKaMu QYHKITUI.
e [Ipumeps! pemeHus 3anad.

I'eomeTpryecKkue NPpUI0KEHHUS ONPeNeJIeHHOT0 HHTerpaJa.
Inowaos nnockoit gpuzypel.

a) TInommaas KpUBONMHEHHOH Tpanenuu, orpanudenHoii kpusoit Y = f(X), npamemvu X =a
b

u X =D u orpeskom [a, b] , BBIYHCIISIETCS 110 hopmyne S = I f (X)dX
a

Ecim rpaduk pacmonoxer mHmke ocu Ox, T.e. T(X) < 0, To mmomans nMeer 3HaK “—, eciu
rpaduk pacronoxen Boime ocu Ox, T.e. T (X) >0, To miomans nmeer 3uak “+”.

y

0l a \—/ Ih X

Taxum 00pa3oM, JUTst HAX0XKJICHHUSI CyMMapHOI! MJIOIIa i UCTIOb3yeTcst popMyIia

Szif(x)dx.

0) Ilnomans Gurypsl, orpannuennoii kpusbivu Y, = f,(X) u y, = f,(X) (fl(X) <f, (X))

v npameiMu X =a n X =D, maxomuTes mo popmyne
b
s = [[£,00- £,00kx
a

JIEKIIU S 4.1IpuMeHeHne HHTErpaia B TEOMETPUH U (HU3HKE.

Haxoxnenrne o005eMOB reOMETPUUECKUX Tell.
HaxosxieHne myT MaTepHabHOM TOYKH.
HaxoxneHue paboThl IepeMEHHOMN CUJIBI.
IIpuMepsl peleHns IPaKTUYECKUX 3a1a4.

C noMol1pI0 UHTETpasia MOKHO BBIYUCIIATH HE TOJIBKO IUIOMIAAN MIIOCKUX QUTYD, HO U
00BEMBI IPOCTPAHCTBEHHBIX TEII.

[TycTs 3amano Temo oobseMoM V, IpuyeM III0CKOCTh, TIEPIICHIUKYIsIpHAs BRIOpaHHOU ocn OX
U IIPOXOAsIIas Yepe3 TOUKY X, lepecekaeT 3To Teno. [lnomans ceuenus Tena 3Toi IIOCKOCTBIO

paBHa S(X). Ecnu @ynkuus S HenmpepbIiBHA Ha [a, 6], TO
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V= j)’S(x)dx

[TycTh KpuBONIMHENHAs TpaleLus ONUPAETCS HA OTPE30K [a, 6] ocu OX U orpaHuYeHa CBEpXy
rpapuxom pynkuun f (X), HEOTPULATENILHOM U HEMPEPBHIBHON Ha OTpE3Ke [a, 6]. [Tpu Bpamenuu

9TO# KPUBOJIMHEHHOW Tparneiu BOKpyr ocu OX MoIydrM TeJo BpalieHHst, 00beM KOTOPOTo
HAXOJUTCS 10 popmyse

b
V =z £3(x)dx

Ecnu ckopocTs MaTepuaIbHOW TOYKH IIPU NPSAMOIUHEHHOM JIBUKCHUH €CTh IIPOU3BOIHAS
NPOIICHHOTO ITYTH, TO ITyTh, IPOHACHHBIN TOUYKOII 32 MPOMEXKYTOK BpeMenu oT {; no 1,, MoxHO
HalTH 110 popmyne

t
S = [v(t)t,
Y

A CKOpPOCTb ABUKCHUS, 3HAA YCKOPCHUEC, HAXOAUM aHAJIOTMYIHO I10 (1)OpMy.]'Ie

t
v=[a(t)dt.
b

[Tycth Touka nBUkeTCs 1Mo ocu OX 1Mo IEHCTBUEM CHITBI, TPOSKIIHSI KOTOPOi Ha 0ch OX ecTh
ynkuus f (X) - HenipepbiBHas GyHkuus. [loa neiicTBueM 3Toi cuiibl MaTepraibHas TOUYKA

nepemectuiach u3 touku M (a) B Touxy M (6). TO paboTa STON CUJIbI paBHA
b
A= J' f (x)dx
a

I[TPUMEP.
Cuna ynpyroctH IpyKuHbI , pacTsHyToi Ha Sem, pasna 3H . Kakyro paboty Hazo
IPOM3BECTH, YTOOBI PACTAHYTH MPYXUHY Ha 5 cM?
PEIIIEHUE.
ITo 3akony I'yka cuna F, pacTsaruBaromiast py»KuHy Ha BETHYUHY X, BBIYHCIISCTCS TI0
dopmyne F=kx, 3naunt, 3=K - 0,05. Cnenosarensno, k=60 u cuna F=60X.
0,05

A= [60xdx =0.075(orc)
0
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