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IHosicHUTEJLHAA 3aAIIHCKA



Paszgea 1. Jluneiinas anredpa

Tema 1.1. MaTpuubl u onpeneanTesn (6 yacos)

Onpenenenue. Matpuieil Ha3bIBaeTCsA NPAMOYToyIbHas Ta0IMLA, coeprKalas M CTpoK

U N CTOJIOIIOB.

Yucna M 1 N onpeAesstoT pa3Mep MaTpHIlbl, KOTOPBIN 3amucbiBaeTcss M X N. 1 coKpaleHus
3aIlIMCU MaTPUIbI UCITIOJB3YIOTCS 3arJIaBHBIC 6yKBBI.

[Ipumep:

ERE

23 |5 7 B

B 0011ieM BUaE 3aniucbIBacTC:
By B - T,

A= Gy T3 . g

a a

m2 i

i A = (ajj), rJ1e 9ucia ajj — SJIEMEHTHI MaTPHIBL, IPHYEM i=3m g i=1r - HHIEKCHI CTPOKH U
CTOJI0Ia COOTBETCTBEHHO.
Buael maTpun
1. IIpsimoyToNBbHAS MaTpULA, €CIIA M Fn
2. KBagparnas matpuia, ecnu ™=, Yycio N Ha3bIBAETCS MOPSIKOM KBaJIpaTHOM MATPHUIIBI.
3. Marpuna pazmepa 1x N Ha3bIBa€TCA MATPUIIEH-CTPOKOM.
4. Matpuua pazmepa M x1 Ha3pIBaeTCSI MATPULIEH-CTOIOOM.
5. KBagpaTHas maTpuiia, y KOTOPOH 3J€MEHTHI C pa3HbIMU MHJeKcamu paBHbl 0 (aij= 0 mpu i#7), a
C OJIMHAKOBBIMHU MHJICKCAMH paBHbI 1 (&jj= 1 mpu | = ]), Ha3bIBACTCS CAMHUYHON MATPULICH U
ob0o3Havaercs E.
6. Marpuua, Bce 371eMEHTbI KOTOPOH PaBHBI HYJIIO, Ha3bIBAETCS HYJIEBOM MaTpuLEH.
7. Matpulipl Ha3bIBalOTCS PaBHBIMU, €CJIM OHU UMEIOT OJIMHAKOBBIE pa3Mephl U UX
COOTBETCTBYIOIIUE 3JIEMEHTHI PABHBI.
8. JlnaroHajapbHOW MaTpULIEH HA3bIBAETCS KBAJApaTHas MaTpULa, Yy KOTOPOW JIEMEHTHI ¢ Pa3HbIMU
uHaekcami aij= 0 mpu .
9. CxansspHOM MaTpHILIEl HAa3bIBAETCs JUaroHalbHas MaTPUIA, y KOTOPOM TUaroHalbHbIE
AJIEMEHTHI * paBHBI OJHOMY U TOMY K€ YHCITY.
JIuneiinble onepanyuy HajJ MaTpUIlAMU
1. Cymmoii matpuir A u B HaspiBaercst marpuna C, KaXXIbIid 2IEMEHT KOTOPOI MPeICTaBIIsET COOOi
CYMMY COOTBETCTBYIONIUX dJIeMeHTOB Marpuil A u B, To ectp “/ =% by

-1 2 3 (1 -2 3, (00 8
Hampuwmep: |5 7 6 }* |_n 4z ,|' |_5 i 8 ,|
Cknaovisaromes mampuybl 00H020 pasmepa!
2. IIpn yMHOKE€HMU MaTpPUILbl HA YUCIIO KaKbIA 2JIEMEHT MaTPULIbl YMHOKA€TCsl Ha 3TO YUCIIO, TO

i-d=|2-n, iR

ecTh
e (2 F2-|=|--1|:| i |
Hampumep: 2 7/ L& 35)
CBOIACTBA ONEPAIMHU CIIOKEHHS MATPHIL
1. A+B=B+4

2. (A+B)+C=A+(B+C)

3. k(A+B)=kA+kB
Ecmu CTPOKH MaTpUIbI A OMEHATHL MECTAMHU CO CTOJ‘I6I_IaMI/I, HpI/I‘-IéM KaXXAYHO0 CTPOKY 3aMCHUTD
CTOJIOIIOM C TE€M e HOMEPOM, TO MOJTydyeHHasi MaTprlla Ha3bIBAaeTCsl TPAHCIIOHMPOBAHHOM K
MaTpune A 1 0003HavaeTcs AT, TO €CTb IJId MAaTpHUILbL

Iy @ - G, Oy oy .. Oy
AT T2 7 O AT = Ip On v Oy
mxn "=

Tt Tz - T Ty T o Oy

TpaHCTIOHUpOBaHHAs MaTpuua. Onepanus mepexona oT A k AT Ha3bIBaeTCS TPaHCIOHUPOBAHUEM.



YMHO)KEeHUue MaTpuIl
Omnpenenenue. [Ipoussenennem matpuilsl A = (aij) pazmepa mxn (, ) na matpuiy B = (bjk) pasmepa
T =A-B=( o | o
nxp (, ¥=1#) naseiBaerca marpuna © =4 &=l pasmepa mxp, kax i sneMent ' KOTOPOI paBeH
CyMMe TIOMapHbIX MPOMU3BEICHHU SJIEMEHTOB i-0f CTPOKH MATPHIIbI A Ha COOTBETCTBYIOIINE UM
]
Cg =a4 bﬂ-. +ap 'bEJ\: +.. . +ag 'brzk = Eﬂgb_ﬂ_‘
3JIEMEHTHI K-T0 cTos011a MaTpuilsl B, To ecTh i= :
11! [TepeMHOKAFOTCSI TOJIBKO TAKKE JIBE MATPHUIIBI, Y KOTOPBIX YUCIIO CTOJIOIIOB MIEPBOI paBHO YUCITY
CTPOK BTOPOM.
B Ba a, b, +a_ b, +a, b, a, b.+a_ b_+a, b,

1 1z 13 b b —
., dn Ay b-.l b"" a. by, +a,. b, 42 by, a,-b.+a.-bo+4a, b

Hanpuwmep:
[Tpumep:

5 -2)f0 -1 (30+-2)0 3(-1+H-2).27 (o -7
11t 4 Jlo = | 1-0+4-0 1-1+42 ||lo 7|

ke

-

1y f
[1 ] 12
L& he CYIIECTBYET, TaK KaK YUCIIO CTOJIOIOB MaTPHUIIbl A paBHO 2, a YUCIIO
CTpOK MaTpuilbl B paBHa 3.
3ameuanus

3 4 B=

1. a) Eciu Ipon3Be IcHIe MaTPHLL CYLECTBYET, TO IPOM3BELCHHE MATPHL © “* MOxeT U He

cyuiectBoBaTh. Hanpumep 22 Bacymecrsyer, a B3 3 ne cymecrByer, Tak Kak 4uciio CTOIOLOB
HIEPBOM MATPHUIIbI HE COBIIAACT C YUCIOM CTPOK BTOPOI MaTPHIIbI;

0) ecnu 00a npousseaenus 4 & u B 4 cymectByror, To OHM MOTYT OBITH MATPUIIAMHU PA3HbIX
pa3MepoB, HaIIpUMED &g Bo=0Ge ,a Erz fa=Dha ,TO €CTh 4 B=B.A;

B) ecil A ¥ B — KBaJIpaTHEIE MATPHIBI OIHOTO 1 TOTO 3Ke MOpsIKa, TO 00a mpom3senerns
CYIIECTBYIOT, HO TIEPEMECTUTENbHBIA 3aKOH YMHOKEHUS , BOOOIIIE TOBOPSI, HE BBIIOJIHAETCS, TO
eCTh ;

2. YMHOX€eHHUe MaTpull He 00J1a1aeT NepecTaHOBOUYHBIM CBOMCTBOM, BOOOIIE roBOpsl A B=E A,
3. Ecnu4 B=B-A | TO TaKHe MaTPUIIbI HA3BIBAIOTCS MIEPECTAHOBOYHBIMH HITH KOMMYTATHBHBIMH.
CBoiicTBa OlepaIy TPAHCIIOHUPOBAHUS

1. 14 =4

2. [Ad)" =447

3. |A+E =4 + B

4 (AB) =B &

CBoiicTBa onepanuy yMHOKEHUS MaTPUIL
1. (4Bl.c=A(BC|-
. 1

2. wlABl=lo-Al BE=A (e-B) -
3, [4+Bl.C=AC+E.C,C-[A+E|=C-A+C-B-
. )

4, A-E=E-A=4 rne E — enuHuyHas MaTpuia, A — KBaJpaTHas MaTpHIia TOTo ke Topsiika uto u E.
5. A D=D-Arne D - ckansipHast MmaTpuiia, 4 — KBaJjpaTHas MaTpHUIla TOTO K€ Mmopsiaka 4to u D.
Onpepeanreann-ronopsiika H UX CBOicTBA

Kaxxtoi1 kBaspaTHON MaTpHIle MOPSAAKA N IO ONPENEIEHHOMY 3aKOHY CTABUTCS B COOTBETCTBUE

HEKOTOPOE YHCIIO M, HaspiBaemoe OTIpeNIeNIUTENIEM MAaTPHIIBI A WIIM TIPOCTO ONpeAeanTenaeM N-Tro
nopsiika 1 0003HavaeTCs:

T Tz e B
A=deta=[2 92 7 G
A T o T |lgH 4= F'

DNEeMEeHTHI C OAMHAKOBBIMU MHAEKCAMH 00pa3yIoT TJIaBHYIO IUaroHajb ONPeAeIUTeNs, APYTyIo
JUaroHAJIb OTPEICIIUTENS Ha3bIBAIOT TOOOYHOM.



Onpenenenue. MunopoM Mjj anemeHTa aij onpenenuTesis N-ro Nopsi/ika Ha3bIBaeTCsl ONPEAETUTENb
(n-1)-ro nmopsaKa, NOTYYEHHBIH U3 JAHHOTO ONPEACITUTENS MYyTEM BRIYEPKUBAHUS SJIEMEHTOB 1-01

CTPOKH U j-OFO CTOHGHa, Ha NEPECCYCHUH KOTOPBIX CTOUT 3JICMCHT aij.
1 2 -5

) 8 1 -
2 T : O R
[Ipumep: s
Onpenenenue. Anredpandeckium J0NOJHEHUEM 3JIEMEHTA aij ONIPENEIUTENS N-T'0 NOpsAIKa
HasbiBaercs uucno =M
3ameuannue. Ecii cyMMa HOMEPOB CTPOKH 1 cTonbua i + j - uncno uétaoe, 10 =M ecnm i +j -

YUCII0 HEYETHOE, TO A =M,

Hanpumep: 4 =M A==,
Onpenenenue. OnpenenureneM N-ro NOpsAIKa WM JeTEPMUHAHTOM Ha3bIBAIOT YHUCIIO, PABHOE

CyMMe IIONapHBIX IPOU3BEIECHUI 3JIEMEHTOB IIEPBOM CTPOKH ONPEIEIIUTENS HA COOTBETCTBYIOIINE
detd=a A4 +a, 4.+ +aq, 4

5001 anre6pa1/1qec1<ﬂe JOIIOJIHCHHUA, TO €CTh
B cooTBeTcTBUU C 3 TUM OIIPpCACIICHUCM PACCMOTPUM IIPAaBUJId BEIYUCIICHUS ONpeACIUTEIICH:

v = = 2=
1. lns onpenenuTenel NepBoro MopsKa: ful=au H=5 }-2=-2
2. [Ins onpenenuTeieil BTOPOro mopsika:

a. )
E" E" =, A 0 A =0, Gt -0y =0, G — a0
L

t _2‘=3-|j-1n_|=13

[Tpumep:

3. Jlyist onipeAenuTenield TpeThbero mopsiika:
U Fr 9
a0 @ a;|Tay Ay +ap Ap oA =

1 Tz 91

2 93 i ]
=ay - +a33

2 933 T3 I3 31 9z

=ap ap 033 +ay Op 93 0 05 0y —H3 cTp Ty -

—dp 3@y — @y Oy W3-

Cxema BBIYUCIICHHS OMPEICIUTENS 3-TO OPSJIKa 0 MPaBUITy TPEYTOJIbHUKA:
+

A= -

TH 93 _

—ay

4. YauBepcajibHOE MpaBuiio Jlammaca BEIUUCIEHUS ONIPEIeTUTENCH.
Onpenenurens paBeH CyMME MOMAPHBIX MPOU3BEIEHUHN 2IEMEHTOB JTHO00M CTPOKU Ha MX
anreOpanvecKue JOMOTHEHUS, TO €CTh
A=ay Ay ta, - Ap+.ta, A= ia Ay
= -pa3noKeHue ONpeIeTUTeNs 10 AIEMEHTaM 1-0i CTPOKH;

-_‘|.=|T:I-..4._.+ﬂ‘_,l-ﬂ_,l+...+ﬂ‘ﬂl-ﬂhl=£.|T_I =" .
=l - Pa3JIOKCHUC OIMPCACIIUTECIIA 11O 3JICMCHTAM J-FO CTOJ'IGI_Ia.

CBOICTBA ONPECTUTENICH.

1. Onpenenurens HE U3MEHUTCS, €CIIU BCE €T0 CTPOKU 3aMEHUTH CTOJIOIIAMU, IPHYEM KaXKyIO
CTPOKY 3aMEHHUTH CTOJIOIIOM C TEM K€ HOMEPOM.

2. Ilpu nepecTaHOBKE JIByX CTPOK (CTOJIOIIOB) ONpEeTUTENh MEHSET 3HAK.

3. OO0t MHOXKHTEIb 3JIEMEHTOB JIFOOOW CTPOKH WIJIH CTOJIOIIa MOXKET OBITh BRIHECEH 3a 3HAK
ONPEACIUTENS.

4. Ecnu onpenenuTenb COACPKUT CTPOKY WIIA CTONIOEI] HyJIel, TO OH paBeH HYIIO.

5. Ecnu Bce 371eMeHThI KaKOH-TM00 CTPOKH (CTOJIONA) MPEACTABIAIOT COO0H CYyMMY JIBYX
3JIEMEHTOB, TO TAKOW ONPEJEIUTENb PAaBEH CyMME ABYX OIpeAeauTeNeH, MepBblil U3 KOTOPHIX B
COOTBETCTBYIOLIEH CTpOKe (cTOO1IE) CONEPKUT MEPBBIE claraeMble, a BTOPOH — BTOpBIE
cliaraemble, OCTaIbHbBIE JIEMEHTHI COXPAHSIIOTCSI.
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6. Onpenenurens paBeH HYJIO, €CJIM OH COAEPXKUT JBE MPONOPLMOHATIBHBIE UJIN OJIUHAKOBBIE
CTPOKH (CcTOIO1IA).

7. Onpenenuresib He U3MEHUTCS, €CJIHM K 3JIEMEHTaM OJHOM CTpOKHU (CToJIO1a) MpuOaBUTh
COOTBETCTBYIOIIKE AJIEMEHTHI IPYroi CTPOKH (cTONO1a), YMHOXKEHHBIE HA OJJHO U TO %€ YHUCIIO.

11 @3 ... Je ay @3 W
i @ . | (@ bdEg @ +day |, +dmg
Ty @3 e By ) Ty @3 aQ,
Pl Ta2 Ton T T2 T

8. CyMMa nonapHbIX IPOU3BEJCHUI 3JIEMEHTOB Kakon-1100 0JITHON CTPOKH (cTosOIa) Ha

anreOpanyecKue JOMOTHEHNUS COOTBETCTBYIOIINX UM 3JIEMEHTOB APYrol CTPOKH (CTOJI01a) paBHA

HYJTIO.

9. M=l]

10. OnpenenuTenb NPOU3BEACHUS IBYX KBaJIpaTHBIX MAaTPUI] N-TO MOPsAKA PaBEH IPOU3BEICHUIO

UX OIpe/ieUTeNeH:

ecqu C=A'B, ™ derC=detA-deth

OOpatHas MmaTpuua

BBeném Heckonbko HE0OX0AUMBIX OHIATUH. [TycTh

o G e A,

A=l T2 T f2a
@ @@ - @m /- gBajpaTHas MaTpHIa N-ro mopsjaka.

Onpenenenue. Marpuia A Ha3bIBaeTCs BBIPOXKIEHHOMN, €CIIM ONPEAEIUTENb TON MaTPUILIbI paBeH

HYJII0; U HEBBIPOKJICHHOMU, €CIIN ONPEAEIUTENb 3TOW MaTPUILIbI HE PaBEH HYIIO.

A Az - AL
i Sy Am o Ay
Ay Ag . A

CocraBuM MaTpuUIly anreOpanvdecKux JOMOJHEHHUM 2JIEMEHTOB MATPHIIHI A: : N
rze Ajj — anrebpandeckoe JOMOJTHEHHUE dJIEMEHTa aij MaTPHUIIbI A.

Onpenenenne. CO03HOM MM MPUCOSTNHEHHOM MaTpHIlei A” MaTpuIsl A Ha3bIBaeTCA
TPaHCIOHUPOBAHHAS MaTpHIla alredpanyecKux JOMOJTHEHUN MaTpHLbl A, TO €CTb .

A, Ay, . A,
s B Ae o Aw
A, A, . A,

Onpenenerne. Matpuna 4! HassiBaeTcst 06paTHOM MO OTHOIIEHMIO K MaTpuIie A, ecin
BBITIOJTHSETCS] pABEHCTBO 4 '-4A=4-4"'=E rne E — eAMHUYHAS MATpPHUIIA TOTO XKe MOpPsIIKa, YTO U
MaTpuna A.
Teopema. Ecniu MaTpuira A HEBBIPOKIEHHAS], TO OHA UMEET OOPATHYIO MAaTPHILY M IPUTOM TOJIEKO
OJIHY.

A
JoxkazarenbcTBo. [Tokaskem, 9To BeIpakeHHE d=t4 urpaer posb 00paTHON MaTpHIlbl. Tak Kak 1o
ycioButo 4584=0 (A — HeBBIPOXKICHHAS MATPHUIIA), TO MOTYINM:

"q'.: "q'_': "q'ﬂll ﬁ‘:: ﬁ‘:_‘ ﬂ:ﬂ
47 A 1 Ap Ap - 4, By @iz v Oy
detd ~ detd ' -
"q:ﬂ A_'ﬂ Aﬂnl ﬁ‘|1I: E|1I. ﬂ‘|'||r|
det4 0 0 10 1
1 0 detd . 0 o1 1
= — = = _E * *
det A | . L ] A
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AHaJOTUYHO I0Ka3bIBaeTCs, uTo  det4 | [lokakeM eMMHCTBEHHOCTH OOpAaTHOW MATpPHUIIBL.

[Tycts y MaTpuiel A cyniecTBYIOT aBe oOpatHbie MaTpuilbl B u C Takue, yto E=C  A-C=E B-A=E

TOrJa
B-A=F | -A'cmpasa A-C=FE |-A'cwea
E-AA=E.4" Al Ac=A"FE
E-E=E-A" Ec=A"-E
B=4" c=a"
|
BE=C=4"

Teopema JtokasaHa.
CaoiicTBa 00paTHO MaTPHUIEI

\ L 1 i \
Vdetlat=——  2){a.B) =51 41
T e ’

3 (atf (a7 yayt-a

AJrOpUTM BBIUUCIIEHUS] 0OPAaTHON MaTpPHULLBI

1. Haxonuwm onpenenutens matpuiibl 4. Ecin detA=0, To matpuna 4 -BEIpOXXKICHHAS U OOpaTHOM
marpuilel 4 He cymectByeT. Eciu detA= 0, To MaTpuiia A- HEBBIPOXKICHHAS U OOpaTHAs
MaTpuia 4 CymecTBYeT.

2. Haxoaum Marpuiy 4 anreGpandecKux JOIMOJHEHUH MaTPHIBI A.

o il

3. HaxouM COI03HYIO MaTpHILy 4 , TPAaHCIOHUPYS MaTpUIly alredpanueckux gononHenuit 4 =14l
1 :A_+A 1

4. BerauciseM oOpaTHYO MaTPHILY detd

5. Jlemaem mpoBEpKY MPABIIIBHOCTH BBIYMCICHUSI OOPATHON MATPUIIBL.
Tema 1.2.Cuctembl JTUHEeHBIX YPABHEHUI U UX pemieHue (8 yacos)

CucreMbIMJINHEHHBIX ypaBHe}mﬁ cNHen3BeCTHbIMH. OCHOBHbIE MOHITHSA
OH[ZCQCJ’ICHI/IC. YPaBHeHI/IC Ha3bIBACTCA HHHeﬁHBIM, €CJIM OHO COACPIKUT HCU3BCCTHLIC B nepBoﬁ
CTCIICHU U HC COACPIKUT MPONU3BCACHUA HCU3BCCTHLIX.

OH[ZCQCJ’ICHI/IC. CucremMoii M TMHEHHBIX ypaBHCHI/Iﬁ C N HEM3BECTHBIMHU HA3bIBACTCA CHUCTEMa BUJA:

@y Hapx + . A = b,
ax M s 43 T,

i1)
Tg¥ %+ o x =h

,
TE X1, X2 ... Xn— HEM3BEeCTHBIE; “~= ¥ - koo puumentsr, , , *= - cBoGOAHBIE WIEHBL
Onpenenenue. Pemmennem cuctemsl (1) Ha3pIBaeTcs ynopsii04eHHast COBOKYITHOCTb N
neitcteutensrbX yncen (X190, x2© .. xn©), mpu noncranoske kKoTopEIX B cucTeMy KakI0e
ypaBHEHHE CUCTEMBI O0paIIaeTcsi B BEPHOE PAaBEHCTRBO.
Omnpenenenue. Cucrema (1) Ha3pIBaeTCS COBMECTHOM, €CITH OHA UMEET XOTs OBl OJTHO PEIICHUE; U
HECOBMECTHOM, €CJIM OHA HE UMEET PEIICHUM.
Bce coBmecTHBIE cUCTEMBI JENSTCS Ha JIBa BUAA: ONPEACIEHHBIE U HEONPEIeIEHHBIE.
Onpenenenrie. COBMECTHAsI CUCTEMA HA3bIBACTCSI ONPEACIEHHOM, €CIIM OHA UMEET €IMHCTBEHHOE
peleHne; U HeonpeIeIEHHOH, €CITM OHA UMeeM 0oJiee OJTHOTO PEIIeHHSI.
Omnpenenenne. Cucrema Ha3bIBACTCS KBAJAPATHOM, eciin M="
Onpenenenne. Cuctema (1) Ha3pIBaeTCS OJHOPOIHOM, €CITU BCE
HEOIHOPOIHOM, €ciu XOTs OBl 0HO % =P,

PaccMmoTpum 0JTHOpPOIHYIO cucTeMy N X N:
a x +a.x +... +a, x =0,

b =0(b =b,=.=b =0
,=01b, =b, =0y

@ X, K, +.o. +agx, =0,
(21

x, =x__ = ...=x" =0

OpnHOpoHAs cCTeMa BCer/la COBMECTHA, TaK KaK MMEET TPUBHAILHOE PEIICHHUE:
Taxoke cucremMa (2) MOXKET UMETh HEHYJICBBIC PEIICHHS.



Teopewma 1. /s Toro 4To0BI cucTema (2) UMela TOJIbKO HYJI€BOE PEIIeHHE, HE0OX0IUMO 1
JIOCTATOYHO, YTOOBI TJIABHBIN OMPENETUTENh ITONH CHCTEMBI ObLIT OTIIUYEH OT HYJIS.

Teopema 2. {7151 Toro uto6s! cucrema (2) umena HeHyJIeBbIe PEelIeHUs, HEOOXOAUMO U I0CTaTOYHO,
9TOOBI TJIABHBIA ONPEEITUTETh 3TON CUCTEMBI OBLIT paBEH HYJIIO.

Pemenne cucteMNJIMHEHHBIX YPABHEeHUI cNHen3BecTHLIMHU 10 popmyiaam Kpamepa
®opmynsl Kpamepa yno0HO IPUMEHSTh P PEIICHUN CUCTEM N JIMHEWHBIX ypaBHEHUN

¢ N HEM3BECTHBIMHU TIpH " =3.

X+ @X . ax, =h,
o, x% +a %, 4+, % =b,,

0%+ X e ax, =hg

st cucremsr (2) BBEJIEM JIONIOJHUTEILHBIC TOHSTHS.
ap a
Tan LY
A= == :
Onpenenurenb @2 o @m | CcOCTABJICHHBIA U3 KOA(P(GUIIMEHTOB ITPU HEU3BECTHBIX,
HAa3bIBACTCS 21AGHBIM.
by ay
by [
A, : :
. b, a

Omnpenenutens =1, IOTy4aeMblil U3 TIIABHOTO OIIPEIEIUTEIIS 3aMEHON K-TO
CTOJIOIIA CTOJIOLOM CBOOO/IHBIX YWICHOB, HA3bIBAaCTCs 6cnomocamenvioim (k=1,2,...n).

Teopema. Ecnu riaBHbIH onpeneanTeNb CUCTEMBI (2) HE paBeH HYIIO, TO cucTeMa (2) uMeer

I Ay —
x, =—;k=1Ln
CAUHCTBCHHOC PCUICHUEC, KOTOPOC HAXOJUTCA 110 (bopMynaM KpaMepa ' A

JamMeuaHusl.

1. Ecou B cucteme (2) #=0 | a X0oTsI 6BI OIMH U3 BCIIOMOTATENbHEIX ONpeienuTencii =0 10
cuctema (2) HECOBMECTHA.

2. Eciu 1 Bce BCIIOMOTaTelbHbIe onpeaenutens =7 1o cucTeMa uMeeT 6ECKOHEUHOE MHOKECTBO
pelieHui (B 3TOM cliydae Heo0X0JUMO JJOTIOTHUTEIbHOE UCCIIEJOBAHNE) WIIM HECOBMECTHA.
[Tpumep:Pemuts cucreMy ypaBHEHMI, 0Ab3ysACh popmynamu Kpamepa.

2% +3% =5 3 3 5
|2 +3% =5,
A= =_5 o =-14, A,= =1
A A N s

_%Zé, x3 Z%Z—lg. Omeem : [%a—;—]

Pemenne cucTeMNJIMHEHHBIX YPaBHEHUH CNHEN3BECTHLIMU MATPUYHBIM CIIOCOOOM
Paccmotpum cuctemy ypaBHeHwmit (2). CoctaBum Matpuily Kodh(UIIMEHTOB MPU HEM3BECTHBIX,
MaTpHILy-CTOJIOCI U3 HEM3BECTHBIX M MATPUILY-CTOJIOCI] CBOOOIHBIX UJICHOB:

TR Xy b

a a R i T X
P L w |y 2|2 g bz

Qg 2 - ., Xp b,

Cucrema (2) npumeT BU MaTPUYHOTO YPaBHEHUS AX =B

Iyctp 2t 4=0=3 oGparHas Matpuna AL, YMHOXHMB 06e yacTn ypaBHerus (3) Ha A cnesa, momyanm

peuienue ypaBHeHus (3):
A'AEX=4"H

EX=A"E

¥=4"E

3ameuanue.

PaccmoTpuM penienre MaTpuYHbIX YpaBHEHUN MHOTO BUJA.
1) X -A=B,det A=0,34" ZAX -B=C,detd=0,34" detBE=0,3E"

¥ A4A4a'=pa’ A AXBEBE'=4A"'CE'

¥-E=B-A"' E-X-E=A"-c-B"

¥=p.4" ¥r=4"'.c.B"'

Ecnu 4#t4=0. torga cucrema pemaercs IpyruM CriocoOOM.
[Ipumep. Pemnts MaTpuuHOE ypaBHEHHUE



1 2
1 3 Z2|E=|l-1 &
-2 -4 -1 2 -2 1

Pewenue
1 2 o
detd=|1 3 2|=-3-8+84+2=-120

R
~
I3
|
i
|
—

|z . N R IR
AEI__ 4 _1__" AEE_ - =T AEE__ ] _4_ N
0 o 2
H1=p o[t A=y o= ATy gt
E -3 2 E 7 4
d=|2 -1 0| & =[-3 -1 -z =
4 -2 1 o0 1

-5 -2 —43{3 1 0} =25 -5 -10

|-t & z|=|1 = =

2 0 -1ffz -z 1) |- 1 1
(-5 -5 -1
¥=|14 3 5 |
-8 1 -1

Pemienue cucreMMIIMHEHBIX YPABHEHUH CNHEM3BeCTHBIMHM MeToa0M I'aycca
ayxy +apxs +. Fagx, =h,
Ay +ampks +. Oy Xy =by,
(1)
Qy1X) +OyoXo +.. .+ QppXy =bgs
PaccmotpumMm cucremy Buaa: l
Merop ['aycca cOcTOMT B IOCIIEIOBATEIBHOM UCKIIOUEHUN HEN3BECTHBIX U B IIPUBEJICHUN CUCTEMBI
K CTYIEHYaTOMY BUJY YTEM 3JI€MEHTapHBIX NPEoOpa30BaHUMA.
DneMeHTapHbIMU [TPE0OPa30BaAHUSIMH CUCTEMBI HAa3bIBAIOT IPE0Opa3oBaHus BUA:
- IEPECTaHOBKA MECTAMH JIFOOBIX IBYX YpaBHEHHH CUCTEMBI;
- YMHOX€HHUE 00enX yacTell ypaBHEHUS Ha YUCIIO, OTIMYHOE OT HYIIS;
- mpubaBiieHUE K 00€UM YacTsSIM OJIHOTO YpaBHEHMs COOTBETCTBYIOIIMX YacTel Ipyroro ypaBHeHus,
YMHO>KEHHBIX Ha OJTHO M TO K€ YHUCJIO.
B pesynbrare ameMeHTapHBIX MpeoOpa3oBaHMi MOTyYaeTcsl CUCTEMA, IKBUBAIIEHTHASI HCXOIHOM.
Ecnu npu nipoBe/ieHUY 3J1eMEHTapHBIX TPeoOpa3oBaHuil OTy4YaeTcsl ypaBHEHHE

0o +0% 4+ 40x, =0

Buaa , TO TAaKOC YPABHCHUC BBI‘-IépKI/IBaCTCSI u3 cucteMsl. Eciin MoJIy4acTCs

ypasenue pua 0 % 0%t A0 % =b e b 20 16 cucrema HecoBMecTHa.

[Tepexon ot ncxoanoii cucreMsl (1) K paBHOCHIIBHOM CHCTEME CTYIIEHYaTOTO BHJIa Ha3bIBACTCA
IpsSIMBIM XO0ZIOM MeTona ['aycca, a Hax0KACHHE TIEPEMEHHBIX M3 CHCTEMBI CTYIIEHYaTOro BUA —
00paTHBIM XOJ/IOM.

Ipsmotii x00

B cucreme cpean ko3pPpUIIMEHTOB U HEU3BECTHOM X1 HAHAETCS XOTs ObI OJJMH HE PAaBHBIN HYIIIO.
VpaBHeHHE ¢ THM KOYPPUIMEHTOM 3aITUCHIBAETCS IEPBBIM. ! =0_ BeIyIIUH KOYPPUIUEHT ISt
NepBOro ypaBHeHus. Paznenum nepBoe ypaBHEHUE CHCTEMBI Ha ai1,

oo _ Ib]_
by =

i s I a4y =—
momyupm; Az K, X =47 (4 , T 11 Tt

[TpoBeném mepBbIii 1mIar npeodpa3oBaHUi, KOTOPBINA 3aKII0YAETCS B UCKIIOUEHUN

HEW3BECTHOM X1 U3 2-T0, 3-T0... ypaBHEHUH cUCTeMbI. Jj1s1 3TOTO Oy/IeM yMHOXAaTh ypaBHEeHUE (4)
Ha YKCclia —az1, —a31...—am1l U CKJIAJIbIBATh COOTBETCTBEHHO CO 2-M, 3-M,..., M-M ypaBHEHUSIMU
cucremsl (1).



n +ah % 4+l x, = RY,
E;E o e +EI31.'.~ n = béi : [51
1 T i
+. .+ =b_,
B pe3ynbTaTe NOQy4UM CHCTEMy: & "2 % fm% =0n
Bropoii mar Hpe06pa3013aH1/n?1.

Ipenmnonoxum % *°— Begymuit kosdduupent 2-ro ypaBHeHus cucreMsl (5). Pasxemnm o6e gactu
\ |12 |2 _ 4z
2-T0 ypaBHeHus crcTembl (5) Ha ® =0, momyuenHoe ypaBHeHHe *2 +05 %+ +aix, =b7 (6)
. . bl
@y :E'—I', b =—
riae Gn %2 C moMomnipIo ypaBHEHUs (6) UCKIIFOYMM HEM3BECTHYIO X2 U3 3-T0, 4-T0, ..., M-

ro ypaBHeHUU cucteMsl (5). It 3Toro yMHOKUM 00€ yacTu ypaBHeHUs (6) Ha
gypcma ~ % "% 7% g cJI05KKMM COOTBETCTBEHHO C 3-M, 4-M, ..., M-M YPaBHEHUAMH CHCTEMEL.
x +alx, +elx +. . 4+alx =B",
X o4al x4+ +anx =h,
. aix +. . . +ax =b*
B pe3ynbraTe moiny4um cuctemy: n o =B
[Tocnie KOHEYHOTO YMCITa TAKHUX IIIarOB BO3MOXHBI BAPHAHTEI.
1. Tlomydena cuctema TpEyroibHOTO BHA:
X ag; +ag xy+. bagx, =b',
l ) 3
My tap ¥y +totax =k,

"

x =b",
" " KOTOpass COBMECTHA U OIIPCACIICHHA. Ona umeer CIANHCTBCHHOC
pelieHue, KOTopoe HaXOAUTCSE OOPATHBIM XOJ0M.
2. Tlonmydena cuctema TpaneneunaaibHoro Bujaa. Toraa BEIOUparOTCs 0a3ucHbIe

HEM3BECTHBIEC *» *: %  KOTOPBIC BBIPAKAIOTCS Yepe3 CBOOOIHBIC HEM3BECTHBIC ™ = % i
3aIMCHIBAETCs 00IIEe PEIIEHUE CUCTEMBI. B 5TOM cllyuae cucreMa uMeeT OECKOHEUHOE
MHOKECTBO PEHICHUH B 3aBUCUMOCTH OT 3HAYEHUI CBOOOIHBIX HEU3BECTHEIX.
3. CucTeMa HECOBMECTHA, €CIIM OHA COIEPKUT ypaBHeHHe Buja o %+ 0 *:+ 40 =b 'p=n,
w g —ag =1,
2y +xy+5mg =2

v = Py =
[pumep. Pemuth cucTeMy ypaBHeHHH |\ ~% *=% 3 merozom I'aycca.

Pewenue

1 1 -1]1 11 -1|1

2 1 5|2 - o1 -7|0 -
-10 2 |3fESREo o1 1 4
11 -1]1 | | Hxy ==l |x|:1+1l|"2—'.'-'||'2:—2,
=01 =Tl = 2y =Ty =0, = i, =72

oo 8|4 | gx, =4 |"‘!:1.l'2

(=3}
Omeem: 22

Panr marpuusl. Teopema Kponexepa-Kanesaimn
Onpenenenne. PaHroM MaTpHIlbl Ha3bIBAETCS HAMBBICIINI TIOPSIIOK HE PABHOTO HYJTIO €€ MUHOPA.
MuHop nopsiKa paBHOTO PaHTy MaTPUILIbI ¥ OTIMYHBIN OT HYJISI Ha3bIBaeTCs 0a3UCHBIM (TaKUX
MHUHOPOB y MaTPHUIIBI MOXKET OBITh HECKOIIBKO).
[TpaBuiIO BBIYMCICHUS PAHTa MATPUIIBI
PaHr MaTpuIlpl paBeH MaKCHMaIEHOMY YHCITY HEHYJIEBBIX CTPOK TIOCIIE IPUBEACHUS e€ K
CTYNEHYaTOMY BUAY MYTEM 3JIEMEHTApHBIX MTPeoOpa3oBaHUi.
Onpenenenue. aeMeHTapHBIMU TPE0OPa30BaAHUSIMU MATPUIIBI HA3bIBAIOTCS MPEOOpa30BaHMsI BUIA:
1. mepecraHoBKa MecTaMH JIOOBIX ABYX CTPOK (CTOJIOLIOB) MAaTPHUIIBL;
2. YMHOXEHHE BCEX AJIIEMEHTOB CTPOKH (CTOJIOIA) HA YHCII0, OTIIMYHOE OT HYJIS;
3. mpubaBieHHE K PJIEMEHTaM OJTHOW CTPOKH (CTOJNOIa) COOTBETCTBYIOIINX 3JIEMEHTOB JAPYTOit
CTPOKH (CcTOJI011a), YMHOKEHHBIX Ha OJTHO M TO K€ YHCJIO;
4. TpaHCIOHMPOBAHME;
5. BBIYEPKHUBAHHE CTPOKH, BCE DJIIEMEHTHI KOTOPOI paBHbI HYIIIO.
Teopema. [Ipu seMeHTapHBIX IPEO0OPA30BAHUAX PAHT MATPHIIBI HE MEHSETCS.




[Tpumep. HaitTu paHr MaTpulibl.

oz -4 1 -1 & 1
1 -1 & o 2 -4 a
A= o - -
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Omeem: rlA)=2.

[ T o T B
=]

a1 A%+ X, =h,
ay¥ +axka 4. ay, = by,

Ty ¥+ %+ %, =h

PaccmoTpum cucremy Bua: BBeném ocHOBHYIO MaTpuUIly
Oy G - Gy,
A | @ o Ty
mEA
CHCTEMBI Ot Gm2 - e | cOCTABIEHHYIO M3
KO3 (UIIMEHTOB MPU HEU3BECTHBIX U PACIIUPEHHYIO MATPUILy CUCTEMBbI
ay ap ... d, b
AfB = Gy G v @, b
Ty Gpz .. G by

Teopema Kponekepa-Kanennau. /{ist Toro 4ro0s! cucreMa M JIMHEHHBIX ypaBHEHUI
C N HEM3BECTHBIMU ObLIa COBMECTHA, HEOOXOAUMO H JOCTaTOYHO, YTOOBI PAaHT OCHOBHON MaTpHIIbI
CHCTEMBI ObLT PaBEH PAHTy PACIIMPEHHOM MATPUIIBI 3TOH CHCTEMBI, TO ecTh "4 =rl4/E)
3aMeuaHHue.
1. Ecom "4 <rl4/8) 1o cucrema HECOBMECTHA;
2. Ecin 4 =rl4fBl=r 10 cuctema onpesenéHHas;
3. Eciu "4 =rl4Bl<r 1o cuctema Heonpenenénnas. B 3ToM ciydae no 6a3UCHOMY MUHODPY
BBINKCBIBAIOT YPaBHEHHUS, B KOTOPBIX 0a3MCHBIE IEPEMEHHBIE BBIPAKAIOTCS Yyepe3 CBOOOIHBIE
HEHM3BECTHBIC U 3aIMCHIBACTCS 00IIee pelIeHNe CUCTEMbI YpaBHEHHIA.
OnHopoaHbie cUCTEMBI
PaccmoTpuM OTHOPOZIHYIO CHCTEMY JIMHEWHBIX YPABHEHMI:

@y ¥y + 0 X ..+, x, =0,

@y Xy + X+ +d,x, =0,

Qg% +0,0% +.. +a,,x, =0,

(6)
[Tockonpky rang A =rang(A | 0), To oJHOpOHAs CUCTEMA BCETa COBMECTHA, BCET/1a UMEET
HYJIeBOE (TPUBHAIBHOE) PEHICHHE X1=X2=...=Xn=0).

Koeoa oonopoonas cucmema umeem nenynegvie peuieHus?

Teopewma 1. JInst Toro, 4ToOBI OTHOPOIHAS cucTeMa (6) UMela HEeHYJIEBOE pelieHne, He00X0IUMO U
JIOCTaTOYHO, YTOOBI PAHT OCHOBHOM MaTPHIIBI CUCTEMBI ObLIT MEHBIIIE YKCIIa HEM3BECTHBIX: rang
A=r<n.

Teopema 2. /{51 Toro, 4To0ObI KBaJpaTHas OJTHOPOAHAS cucTema (6) ( mpu m=n) UMena HeHYyJIeBOe
pelieHre, HeoOX0AUMO U IOCTATOUYHO, YTOOBI OIPEAEIUTETh OCHOBHOW MaTPUIIBI CUCTEMBI ObLI
PaBEH HYIIIO.

Pemenne onHopoaHo# cuctemsl (6) OyzeM paccMaTpuBaTh Kak N-MEpPHBIM BEKTOD

X0=(x1°,x2°,. .., xn%).

Teopema 3. COBOKYITHOCTh BCEX PEIIEHUN OJHOPOIHON CHCTEMBI 00pa3yeT JIMHEHHOE
MPOCTPAHCTBO.

Teopema 4. Ecnu rang A=I, a YuCI0 HEU3BECTHBIX OJHOPOHOM CUCTEMBI PABHO N, TO Pa3MEPHOCTh
MIPOCTPAHCTBA PELICHUI OJHOPOJHON CUCTEMBI paBHa N-I.

Onpenenenne. COBOKYIMHOCTH (N-I') IMHEWHO HE3aBUCUMBIX PEIICHUI OJTHOPOIHON CHCTEMBI
Ha3bIBaeTCs PyHIAMEHTAIBHOW CHCTEMOM PEIICHUM.



X

4

Teopema 5. Ecin XX,

n—r 00pa3yoT (PyHIaMEHTAIbHYIO CUCTEMY PELICHUH, TO ob1ee
pemienre X OJHOPOIHOM cUCTEMBI MOKHO mpeAcTaBuTh B Bujae X = Ci1 X1+Co Xo+... +Chor Xnor, TG
Cy, Co,..., Chr—11pOU3BOJIbHBIC TTIOCTOSTHHBIC.

Paszgea 2. DiaeMeHThbl MATEMATHYECKOI0 aHAJIN3A

Tema 2.1 Indpepenuuaibuoe ucunciaeHue GyHKIUH OHOI MepeMeHHOM

1. IlpousBoanas pynkuun. OcHoBHBIe npaBuia AuddepeHunpoBanus

1.1. IlonsiTHE NPOU3BOIHOM

[Tycte pyHKIMSA y=J(x) oInpeJieeHa B OKPECTHOCTH TOUKHU %o, Ax=x—Xg_ IIpUpPALLECHHE

aprymenrta ¥ | Af (%)= S (o + Ax) — £ (x3). npupanienue GpyHKIUH.

Onpenenenune. [IpousBogHoii GpyHKN JF(x) B TOUKe D Ha3bIBACTCS KOHEUHBIil

i A (o)

npepen 3°  AX  ccnu on cymectsyer.

[TpousBoaHyI0 QYHKIMH JF(x) B TOUKEe 0 06O3HAYAOT (%) WIH

dy

& (x,)

wm @ 06o3HauatoT POU3BOIHYIO (D YHKIIMU y=J() B Touke X .

1.2. Tabauua npou3BOIHBIX

1) C'=0

2) (=)= ax™

5 @y=a'ha (€)=€

_—— 1
" (log,.x) —m’ (nx) T

5) (sinx)"=cosx

6) {cosx)'=—sinx

(gx)'= — G —
7) o8 X 8) sin” x
(x)'zé (mx)'z—#
9) m'l—Iz 10) 1-x*
(arctg)’=— (arccteny =
11) 1+x° 12) 1+x°

1.3. OcHoBHbIE NpaBuJIa JU(PepeHINPOBAHUS

ITycTh C_ MOCTOSTHHAS, f (I) u g(x) UMEIOT IPOM3BOHbIE B Touke * . Torpa:

dc UYepes Y



http://pandia.ru/text/category/differentciya/

LGy -ar®
, U@+ =f©2g(x)
5 F)-g(D) = F()-g(®) + f(0)-g(x)

[f(r)] _F® 2@ - f(®) £
4 L 2@ g2 2(x)=0.

5. Ilpoussoonas croxcrnou yukyuu. Ilycts GyHKIHS y=f@ UMeeT IPOU3BOIHYIO B TOUKE a

(byHKLMA u=g(x) MMeeT NIPOU3BOJHYIO B TOUKE X. Toraa cnokHast QyHKIUSA F(x)=7(z()
MMEET POU3BOIHYIO B TOUKe * | paBHYIO

F(x)=f@)-£(x)

6. [IpousBoaHas ¢pyHKIMH, 3aJaHHON MapameTpudecku. [lycTh QpyHkumu x =), y=yt)
3a/1al0T MapaMeTPUUYECKu (PYHKITHIO y=Jj() B OKPECTHOCTH TOYKH = g(t)’ byHKIUN 1)
u w(®) HUMEIOT TPOU3BOIHBIC ¢1)+0 u¥ (1) B Touke £.Torma Qpynkuus y=J(x) TaKKe

MMEET NPOM3BOHYIO B Touke * , v BepHa popMyna

0]
T®=Ce

7. IlpousBogHas pyHKIMH, 3aJaHHOU HesiBHO. Ecnu QpyHkuus 3a1ana B BUe F(I’y(x)) = ﬂ’ TO

MIPOU3BOTHYIO ¥'(x) MO>KHO HailTu 1o popmysre:

Y
y(x)= F

8. InddepennupoBanne nokazareinbHO-cTeneHHoH Gyrkun. s nuddepeHimpoBaHmst

— =(x)
MoKa3aTelIbHO-CTEeIICHHOMN q)yHKI_II/II/I y - U(I)) U(I) > “) , TIC f(I) n g(x) - UMCIOT

IPOM3BOHEIE B TOYKE * | MOYKHO IIPEICTABUTH €€ B BHIE:
U(I))sm = g=mf(x) |

3atem no npaBuity 1udGepeHITIPOBaHMS CIONKHOW (PYHKITUN TTOTyIaeM:

' =(emI) = g g0 1)) =

- [g'(x) Inf()+ MJ Ty
7@ |



IIpuMmepsl pelieHns TUIIOBBIX 3a1a4

Ipumep 1. Haiitu nponsBoaHyto GyHKIUN y=smx ., OIIPEACIICHUIO.

Pentenue. Umeewm:

m!b._].r=sil:(x+4.‘!4.x)—:n'l:lx=2t:|:1:?.(1:+%):ﬁ11E

2 .
Orcrona
A sin 2% Ax
A Zcu{x+—]sn lim cos J:+E - Ekm 2 _cosx-1=cosx
m~>Y —Bm — Ax30 2 J a0 Ax
A0 Ay Ax30 By
CrnenoBaTeiabHO, (sinx]' —eosX

y=9x5—%+@—3x+4

Ipumep 2. Halitn npou3BoaHyt0 QyHKIIUN

Pemenne. Bocnionp3yemcs npaBmiamu nuddepeHunpoBaHus U Ta0IULEH MTPON3BOIHBIX:

4 b T r ’ 4 ' 3] 7 ' ' :
y’=[915—F+\/x_—31+4] =(915) _[F] +(\/x_) —(3x) +(4) =
=9-5x“—4-(—3)x4+§x“=“-“'—3=45x“+12/x“+§4-';/'F—3.

£+2

y = —_
f 4
Ipumep 3. Haiitu mpon3BoHYIO: 2y1-x"

Pemenune. Bocnonb3yemcs npaBuiiamu 1uddepeHupoBaHus U Ta0InIEei MTPOU3BOAHBIX:

y’=[ 42 ]'=l (Iz+2)'ml'i— 4—(II+2X\||Ii—I4)' _
2.41— x* 2 (\h_f;)z

- _(+2)-(4x)
_ 2\."1 « _I(I—I4)+Ij(xl+2)_x—15+15+2f=

1-x -t Jo-oy

b | =

2 +x

Ja-xy

_ta® R
Ipumep 4. HaiiTi npou3BOAHYIO QYHKIUH y=tgx+2) 3I2.



Pemenne: Bocnons3yemcst mpaBuiamMu AudQepeHInpoBaHus:

y':(tgs(x+2)-m312) =5tg4(1+2)'ﬁ -arccos3x” +

+tg5(x+2)-[_ lgx ]_ﬁxzﬁtg4(x+2)-m312_tgs(x+2)-ﬁx

cos’(x +2) Ny

£1+3x

y=n
IIpumep 5. Haiitu npousBoHyto: 1-3x

Pemenue. [Tpu nuddepeHnrpoBaHii HEKOTOPHIX JOrapu(hMUYECKUX BBIPAKEHUN pallioHaTIbHEE
MpeBApUTENHLHO YIPOCTUTH MEPBOHAUATBHYIO (DYHKIIMIO 10 CBOKWCTBaM Jiorapudma:

1+3x llul +3x 1

y=Ins ZE(M+3I)_M_SI)).

1-3x 6 1-3x

1 - B _1 (l+3x)'_(l—3:)’ _1f 3 3
y’-ﬁ(lr(1+3x)) (ol -35))) 6[ 1+3x 1—3::) 6[1+3x 1—3xJ

1f 1 1 1(1-3x+1+3x) 1
= — + = — = -
201+43x 1-3x) 2 1-9x° 1-9x*

_ L o
IIpumep 6. Haiitu npousBoaHyto GyHKIUK ¥y= (OI:BI) .

Pemenue. [To popmyrne

¥ = () = [g'(r) nf (o) + £ L (‘)] G

HNMEEM

¥ =(cosx)™ [ﬂ‘ﬁthﬁx + g(mﬁx)') —(cosx)™ " (cosxIncosx — sin xtgx)

IIpumep 7. Ucnons3ys meron norapudmuyeckoro auddepeHunpoBaHusi, BBIYUCIUT

g Uxesy

- z
POU3BOJIHYIO (DYHKIHH E-DG+ 3)5 .

Pemenue. [Ipumenum meron morapudmudeckoro auddepenimpoBanus. s 3Toro
npeBapuTeNbHO posiorapudMupyem ode 4acTi TaHHOTO BBIPAKEHHS U UCTIOJb3Ysl CBOWCTBA
Jorapudma rmpeodpasyeM NpaByro 4acThb.

Iny =gh:(x+5)— 2in(x—1) - 5in(x +3)



[Mpomuddepernrpyem 06e 4acTu paBEHCTBA, YUUTHIBASI, UTO Y cnoxwmas byHKIISA

(h:l_].f)‘r = [gh(x +5)-2In{x-1)-SIn(x + 3)) .

i_ 6 B 2 B 5
y T(x+5 x-1 x+3

Bripakas mpou3BOIHYI0 HCKOMOM (PYHKITUS, TIOJTYIHM
¥—y- 6 2 5
Tx+5) x-1 x+3

- z
VYuuTeiBas, 4to (x-D(x+ 3)5 , OKOHYATEIIHbHO

y- (x+5)° [ 6 2 5]

(x-D*(x+3) L 7(x+5) x-1 x+3

IIOJIyYUM

Ble

IMpumep 8. Ins pyHKIINM, 33 JaHHON MMapaMeTpUIECKH, HANTH
{x —=3sinf +sin3t,

¥ =3cost + cos3t.

Pemenne. Haxooum IMPONU3BOJHBIC OT x n oT y 110 TTapaMeTpy )

x = §=3ﬂﬂt+3ﬁﬂ3t y;'zg =—3sinf — 3sin3¢

HckoMyr0 MPOU3BOJHYIO OT Y o x HaxOJIMM:

dy pnl T3 o 3

dy F  3(sint+sin3t) SIS siny

d d%  3{cost+cos3d) t+31  1-31 ¢ th_tgﬂ
2 (cost + f) 2coS . mﬁT

IIpumep 9. Haiitn npousBoanHyro y’I, eciu x +}’3 —3xy=0 :
Pemenue.

1 cnoco6. IpoxuddepeHpyeM ypaBHeHNE, CUMTas IIEpeMEHHYI0 ®* aprymeHTom, a
MIEPEMEHHYIO y byHKIIHEH y=y(x) . [omyuum 35" + 3},2 ) y; —3(y+ Iy;) =0 . Pemmaem

ypaBHEHHE OTHOCUTEILHO yrI:



x'-y

y;:I_yz-

2 crmoco0. F(x, y(x)) = x +y3 —3xy . Bocrionbs3yemcs popmyiioit 1t HaX 0K ICHHS
POM3BOIHON (DYHKIIMH, 3alaHHON HESIBHO

Fz_(f+f—3w)'1=_3xz—3y_ 3Gt-y) -y

—__'x

- F, (xs+y3_3xy)', 3_}-2—31_—3(}'1—1)_1—}'2

2. Ilpou3BoiHbIE BHICIIMX MOPSIIKOB

HYCTB (1)YHKI_[I/IH y = f(x) HUMECT NPOU3BOJHYIO f'(x) B Ka)XJOM TOUKE x HCKOTOPOI'O
MHOXXCECTBA D . Torma ee IMPpON3BOJHYIO f'(x) MOJKHO paCcCMaTpuBaTb KaK (1)YHKI_II/IIO,

x
OIIPCACIICHHYO Ha MHOKCCTBC D . B cBoro oucpcab (I)YHKI_[I/ISI f'( ) MOJKCT B HCKOTOPBIX TOYKAX

mHOxecTBa 42 nMers MIPOU3BOJHYI0. B 3TOM ciyyae mpon3BOAHON BTOPOTro nopsiika (BTOpoit
IIPOM3BOIHON) Ha3bIBa€TCs MPOU3BOIHAS OT IIPOU3BOIHOM f (x))' Jns1 BTOpo# pou3BOAHON

(bYHKI_II/II/I y - f(I) B TOYKC XIIPUMCHAKOTCA 0003HaYEHHUS:

v @ v, %.

AHamoruuHo ONPCACIIAAOTCA ITPOU3BOAHLBIC 3'FO, 4'FO, U T. . IOPAJAKOB.

o o o x
HpOI/I3BO,[[HOI/I IIEpBOro nopsiaka (I/IJ'II/I nepsoun HpOI/ISBOI[HOI/I) CUHUTACTCA f'( )

IIpumeps! peleHns TUIIOBBIX 3a1a4

X

f@=—"—
IIpumep 1. Haiitu BTOpyI0 MpoU3BOIHYIO PYHKIIMH —X

. X
Pemenne. Cravana Haitgem F®) 1 00s13aTeILHO YIIPOCTUM MOJTYyUYEHHOE BBIPAKECHUE:

. 2 (—2x)
x ]zx'ﬁ—f—(ﬁ—f)'xz 1-x *2 1-x* _
x

N a-x) a-x7)

x
N)
! +;.ii—x1 _ (l—Iz)"'Iz _ 1 =(1_Iz)—5f1-

-5y a-H-£ G-

f‘(I)=[

3x

Va-=y

S =(@-2Y*) =02 = -



Ipumep 2. HaifTu mpou3BOAHYIO BTOPOTO MOPSAKA _}’:I OT (PyHKITUH, 3aJaHHOI

x=\/’f,

MmapaMCTpUICCKHU: “

Pemenune. Haliiem npou3BOIHYIO IEPBOTO MOPSIIKA:

[(H)_i] -la-nra-y

Gty 1
2t

y.= =—t(1-8) 2D =~t1-5) 2

[,

| %]

a-n?

Vo= ("') (y;), (Ni(L- t)*) =Y Q- )*+J((1 t)*)— EXE

1 . 3Vt
2L 2q-)°

:[ 1 +3\E]_1:1+3t:1+21‘
Wa-o' 2Ja-o° )2t Ja-o Ja-o° Ja-o°

—%v’fa—t)‘ia—t)e

IIpumep 3. Haiitu npou3BoHyI0 N-TO MOpsIKa: Y= .

Pemenne. Haliiem nmocienoBaTrenbHO HECKOIBKO IIPOU3BOIHBIX BBICIIUX IOPSIKOB:

Y-y 55

2”'2

2

o

¥ =[[ET JF] =G] (ﬁ)’{%}gﬁ |

2

U tak nanee. BoiBeneM ¢opmyity A N-Tro wieHa MOTydrBLISHCS
(n)
5 Srid
(2] e
IIOCJIEI0BATEIbHOCTH 2 .

3.I'eoMeTpruecKkuii CMbICI POM3BOAHOM. KacaTenbHas u HOpMallb K KpUBOi



[Tycth y=f(x)_ UMEET MPOU3BOJIHYIO B TOUKE %o, M, TOUYKa Ha rpaduke 3Toi PyHKUIUU C

KOOpJAMHATAMU *o 4 Yo =f (xﬂ), k=1gp YII0BOM KOAPGUIIUEHT KacaTeIbHOM,
= — =
NPOBEIEHHON K TpaduKy QyHKIUU y=J(x) B TOUKE Mﬂ, i ( Z[2<p<x/ 2) - yroiu

HaKJIOHA KacaTelbHON K ocH abcumcce (cM. puc 1. a).
['eoMeTpHUYECKHI CMBICI TPOU3BOHON COCTOHUT B TOM, YTO f(x)= .

YpaBHeHUe KacaTeNbHOU K TpapuKy QyHKINN y=J() B TOUKE M, UMEET BUJL
y=F(xXx—x)+ f(x)

IIpsiMast, nepneHuKyIsIpHast K KacaTeJIbHOM U IPOXOAAIIas Yepe3 TOUKY KaCaHus,

Ha3bIBACTCS] HOPMANBIO K rpaduKy QyHKINU y=J() B 9TOM TOYKE.

YpaBHeHre HOpMaH K TpaduKy QyHKIIHH y=J(x) B TOUKE M(x5.0) UMeeT BUJI

1
Iz

y=- (x—x)+¥,
3ameuanue. [Tyctb S(x) =<0 (v S(x)=—0 ). Torna xacarenpHas K rpauKy
byHKIIUN y=Jf(x) B TOYKE MﬂnapannenLHa ocHu @, a ypaBHEHME KacaTeIbHON UMEET

Bug X 0 (puc 1. 6).

3ameuanue. Eciin f(x)=0 , TO KacaTelbHas K rpaduky QyHKIUU y=J(x) B TOUKE M,

napajuiebHa OCH Ox (puc 1. B).

ya
1 y=Jjlx)
o | e e ——
47 (%) | '
ldy =Aax O Xg <
1
M ! 6) f (=400
JE) - = % '
! : i |
e | | }
| |
[ [
/".{/ — - i . \/
- [, N X Tatix

- \ X i
HACAMENbHAA :
o X xr

a) Af(xo)=Aaxvasr. f(%)=tgy &) J (%)=0

Puc, 1

IIpuMmepsl pelleHrs TUIIOBBIX 3a1a4



o o =X+ '*~\||I
IIpumep 1. CocTaBuTh ypaBHEHNE HOPMAJIM U yPaBHEHUE KACATEIbHON K KPUBOM ¥y B

. =1
TOYKE ¢ abcuuccoun *g .

Pemienue. YpaBHeHue kacaTeabHOM K KPUBOU y=Jj(x) B TOUKE Mﬂ(xﬂ’y ﬂ) UMEeT

Y= =—l(I—Iu)

pux: ¥ Yo Yolx—x)) . YpaBHeHHE HOPMAIX UMEET BHL: yrﬂ

Haiinem mpon3BoHy0 GYHKIIUHA B TOYKE C aOCITUCCOM o=
. ’ 3 - un_.. 31 5.
y—(x+\fg) _1+i X y(l)—1+ixfl-—i, y(1)=1+\lil?=2.

y L Y=X4+x . X =
3anuiieM ypaBHEHHUS KacaTelIbHOM K KPUBOI y B TOUKe ¢ abeuuccoil X0 1

5 5 1
y-2=2G-D  y-lx--
; 2 WIIN 2 2 | YpaBHeHue HOPMAIIH B 9TOI Xke
y—2=—g(x—1) y=—3x+2‘.E
TOYKE: 5 WIIN 5 5.
2 2
IMpumep 2. CocTaBUTh YpaBHEHHUS KacaTeIbHON U HOPMAIH K SILTHIICY 18 3 B
TOYKE Mﬂ(3;1).
e 2
Pemenne. Haxonum npon3BoaHy0 HESBHON (YHKIUH 13 3
2x 2 r 4-3 2
Yo  y@--5 y'(xu) y@)=--—=-=
13 3 , OTKyz1a 2-9 3 Moncrasmss
_ _ y’ (Iu) ===
3HAYeHHS 0 3 , Yo = 2, 38 (bopMyITBl ypaBHEHUH
1
Y-—Yo=——(x-x)
KacatenbHoit ¥ Y0 Yolx — %) ¥ HOpMaJI ¥o :

2
y-2=—3(=3) 5ii3y_12-0

MOoJIy4YuM 50)05 — YpaBHCHUC

3
y=2=5G-3) 3x 3y 5-0

KacaTeNbHOM; WIH — ypaBHEHHUE HOPMaJIH.

4. Tuddepennman. [TpubnmkeHHbIC BHIYUCICHUS C TOMOIIBHIO
muddepenipana



Ecnu mist mr060ro 4OCTaTOYHO MAaJIoro AX ppinonusercs PaBEHCTBO ‘ﬁf (xﬂ) =4-Ax+a- M,

X
rae 4 - nocrosunas, @ - GeckoneuHo Manas QYHKIMS IPH Ax —>0 , TO QYHKIIHS JF(x)
HazbIBaeTcs nuddepeHupyemMoii B TOUKe X0 . I'nasuas nuueiinas 9acts MpHUpaIIeHUs

Ha3bIBaIOT AU PepeHnnanom GyHKIUN B TOUKE *0 11 06osHavaror B BuIE

dy=AAx

y Ax
[ToguepkHem, uto quddepeHran — 3To JuHeHas GyHKIUsA OT , OeCKOHEUHO Masas

Ax—0
pH .

Teopema. /{51 TOro 4T00BI HYHKITHS y=5(x) MMeJIa MPOU3BOJHYIO f (xﬂ) , HEOOXO0IUMO U

JOCTaTO4HO, YTOOBI 9Ta PyHKIMS OblIa TU(GEpEeHITIPYEMOii B TOUKE *o, pu

srom Y =S (xg)dx

Ha puc. 2 uzo6paxen rpaduk HekoTOpol auddepeHuupyemoit pyHKunn y=Jj(x) B TOuKe 0.

Touxu B u I na rpaduxe byHKIME HMEIOT COOTBETCTBEHHO KOOPAMHATHI (x5, f(x5))

o (ot Ax, fx+Ax)

Beipaxxenust Ax, f(xo), S +Ax), Ay=fxg + Ax)~ f(xp) reOMETPUUYECKU 03HAYAIOT
AC, AB_ DC, DF

JUIMHBI CIEAYIOIHUX OTPE3KOB: . TpeyroybHUK BEF OTpaHUYEH
TOPU30HTAILHON JIMHUEN BF BEPTUKAIBHON JTMHUEH EF y acarensnoit BE rpaduky
(GYyHKLINU B TOUKE B B CUJIy TEOMETPUYECKOTO CMBICIIA IIPOU3BOIHON

HUMECM. f'(xn) =IgiFBE , HO TOraa fr(xﬂ)ﬁx: d'y €CTh UINHA OTPEC3Ka EF . Takum

00pa3oMm, ¢ TeoMeTpUYECKOi TOUKH 3peHus quddepeHiran paBeH MpUpaIeHUIO OPAUHATHI

. +Ax
KacaTCJbHOU OT TOUYKHU ID 0 TOYKU ID .

3aMeTHM, 4TO pa3zeieHHue NpupalieHus QyHKIUN Ay Ha JIBE YaCTH: Ay= f(x)Ax+o(Ax)
cOOTBETCTBYET pasaenennio orpeska LA ; DF = FE+EI} Jinyua otpeska EF | kax yxe

OTMEYaJIOCh, paBHa 3HaYeHUIO Muddepenuana, a JJIMHa 0TPe3Ka ED _ geckoneuno manas Goiee



Ax o ED DF
BBICOKOI'O ITopsgaKa, 4eM . I[eI/ICTBI/ITeJ'IBHO, N3 pUCYHKA BUAHO, YTO OOJIA B OTPE3KCE

Ax—0
CTPEMUTCS K HYJIIO TIPH .

A(x)=A-Ax+a-Ax

B paBenctse bynxuus & gpnsercs 6. M. Gosiee BBICOKOrO MOPSIKA,

Ax

4CM , CJICAOBATCIIbHO, NMECT CMBICII TOBOPUTH O HpI/I6J'II/I)I(eHHBIX PaBCHCTBAX (HpI/I

|Ax])

MaJIbIX

Flp+An)= f(x)+ f()Ax | F(X)=f(x)+ [ (xNx—x)

Dopmyna (@)= )+ f1(6)Nx—x,) Ba)KHA B 33/1a4aX, KOI1a U3BECTHBI 3HAUCHM S

byHKIIUN F(x) U €€ IIPOU3BOJAHOU f(x) B TOUKe 0 n TpeOyeTcs BHIYMCIUTh 3HAaUEHUE

byHKIIUN J(x) B HEKOTOPOM OJIM3KOM K X0 rouke X .

[IprMepsI peIICHUSI THITOBBIX 337134
Icosx
— gpHcosr
IMpumep 1. Haiitn nuddepeniman pyHakimm J(x)=e .

Pemenne. CHauana HaiifieM epBYyIO IPOU3BOAHYIO UCXOJHOW QYHKIUU:

f.(x)zeixi_[l—x] _ i (1—008x)(L+00sx)— (1+00sx) (1 —cosx) _
1+cosx (1+cosx)’
_ o sinx(l+cosx)+sinx(l—cosx) _ g 2sinx
AL+ cosz)’ Trooss)?
TSI 2sinx
— gHcosx dc
Jlanee B cuily paBeHCTBa df (x) = f(x)dx MOy IUM Yx)=e (1+ cosx)? .
ey +xyt=1

IIpumep 2. Haittu nuddepenuman GpyHKINH, 3a1aHHON HEIBHO

Pemenue. Haitnem muddepenunan obenx yacteid paBeHCTBA.

2xck + 2ydy + 25y dc + X 2ydy = 0

[Tomyuum . Orcrona Beipazum auddepeHiman dy :

2¢1:::ﬂt+2.7;_}.r1dlt__:t1+y1mT

dy = - 2y+ 2%y ;1+x2 _

- o
Mpumep 3. Beraucuts npubimkenno sHavenne SAN32”

Pemenue. Bocrionb3yemcst hopmyioit fx)=f (IU) +f (IUII_ xﬂ). nst aTorO onpenenum
32x x
=

GYHKIIUIO JF(x)=sinx v nonoxum ¥ = 32“, X, =30 WJIU B paJiiaHax 130 , 6

(sinx) =cosx

Torga, yauThiBasi, 9TO , TIOTYYUM



SHL X = SH1 X;, + COS X, -(x—xu)’ _—

1 -

1B ox o LT3
2 2 92 20
=0.5+0,03 =0,53.

sin32° =0,5299

I[J'ISI CpaBHCHHA: UMECT MECTO PaBEHCTBO C YCTBIPpbMs BCPHBIMU 3HAKAMMH.

Ipumep 4. Berunciuts npuémmkenao 24,89 .

Pemenue. PaccMoTpum dyHKIIMIO fx)= V{; 1 BBIOEpEM *0 = 25, = 24539. Hatinewm:

1 1
f‘(x)=m, flx)=~25=5, f(xu)=ﬁ=n,1.

Torna  (24:39)= 24,89 =5+ 0,1-(-0,11)=5-0,011=4,989
24,89 — 4,988987873

. Jluist cpaBHEHUS:

HpI/I6J'II/I)KeHHO C TOYHOCTBIO A0 9-ro 3HaKa 1mocJie 3amsIToM.

Tema 1.2 UnTerpajbHoe ucunciaeHue GyHKIUM 0OHOI nepeMeHHOH (8 yacoB)
«IlepBooOpa3nasi. HeonpeneeHHbIN HHTErpaJl.

MeToabl BLIYHCJIEHUS

[IepBooOpasHas GVHKIMSL.

Omnpenenenue: Oynkiust F(X) HazpiBaeTcss mepBoodpa3Hoii pyukuueii pynkuuu f(X) Ha

otpeske [a, b], ecnu B 110001 TOUKE 3TOTO OTPE3Ka BEPHO PABEHCTBO:

F'(x) = f(x).

Hazno ormetuTh, 4T0 1epBOOOPA3HBIX 711 OJJHOU U TOU ke PYHKIIMU MOXKET ObITh
6eckoHeuHO MHOTO. OHM OyAYT OTIMYATHCS IPYT OT Jpyra Ha HEKOTOPOE MOCTOSIHHOE YHCIIO.

F1(x) = F2(x) + C.



HeonpeneneHHplii HHTErPall.

Omnpenenenue: HeonpeneaeHHbiM nHTerpaiom ¢yukuuu f(X) HazpiBaeTCs COBOKYITHOCTh

nepBOoOOpa3HBIX PYHKIIUNA, KOTOPHIE OMPEICTICHBI COOTHOIIICHUEM:
F(x) + C.

3aIHChIBAIOT: J. Sf(x)dx = F(x)+C;

YcnoBueM CylmecTBOBAHMS HEOIPEAEICHHOIO MHTErPajla Ha HEKOTOPOM OTPE3KE SIBISCTCA
HETPEPBIBHOCTH (PYHKITUH HA 3TOM OTPE3KE.

CaoiicTBa:
 ([rea) =+ oy = o
o Al Fdx)= fxpax;
3.IdT(x)=}Kx)+(k

—w)dx = | ud dx — | wdx;
4 I(”+v w)dx .[” x+J.VX J.W > Ie U, V, W — HeKoTopbie (yHKIIUHU OT X.

L [C fxdx=C-[ f(x)dx;

J.(x2 —2sin x + 1)dx =J.x2dx—2jsin xa’x+ja’x=lx3 +2cosx+x+C;
[Tpumep: 3

Haxoxaenne 3HaueHUS HEOMPEIETICHHOTO HHTETpalla CBSA3aHO TJIaBHBIM 00pa30M ¢ HaXOXKICHHEM
nepBooOpa3zHoit pyHKuH. 1711 HEKOTOPBIX (PYHKIIHI 9TO JOCTATOYHO CIOXKHAs 3a7ada. Hrioke
OyIyT pacCMOTPEHBI CIIOCOOBI HAXOXKICHHSI HEOTPEIEIEHHBIX HHTETPAJIOB /ISl OCHOBHBIX KJIACCOB
(GYHKIMI — palliOHANIBHBIX, UPPAIlOHATBHBIX, TPUTOHOMETPUUYECKUX, TOKA3aTeIbHBIX U JIP.

Jlnst ynoOcTBa 3HaUeHUsI HEONPESICHHBIX HHTETPAIOB OOJIBIIIMHCTBA 3JI€MEHTapHBIX
(byHKLUI coOpaHbI B CrieUabHbIE TA0JIUIBI HHTETPAIOB, KOTOpPBIE OBIBAIOT HHOTAA BeChbMa
00BbeMHBIMU. B HUX BKJIIOUEHBI pa3IyuHble HanOoJee YacTo BCTpeyaroIuecss KOMOMHAIIUT
¢byskuil. Ho O0NbIIMHCTBO MPEICTaBICHHBIX B 3TUX Ta0IULax GOpMYJ SIBISIOTCS CIEACTBUSIMU
JpyT Apyra, HO3TOMY HUXE IPUBEIEM TAaOJIUIy OCHOBHBIX HHTETPAIOB, C IOMOILBIO KOTOPOI
MOYKHO HOJY4YHUTh 3HAYEHUS] HEONPEAEICHHBIX HHTETPAJIOB Pa3IMYHbIX ()YHKIIHH.



Wurerpan 3HaueHue WNurerpan 3HaueHue
L] [rgrdx -In| cosx | +C 9 | fedx e+ C
2 Ictgxdx In|sinx|+C 10 Icosxdx sinx +C
3 x x 11 ; -cosx + C
Ia dx a_+C Ism xdx
Ina
4 dx 1 x 12 1 tgx +C
—arctg—+C dx
J.az+x2 PR '[coszx
5 d 13 1 -ctgx + C
J~2x2 L ulEral o _[-zdx 9
x"—a 2a |x—a sin © x
6 J' dx ‘x+ /xz iaz +C 14 J~ dx £
x* +a’ In a’ —x* arcsind +C
7 a a+l 15 1
Ix dx +C,a#-1 J dx e ~+ 2 |+ C
o+l cosx 2 4
8 d 16 1
dx In[x| +C [ Ijtg X[+ C
X s x 2

MeTo1bl MHTETPUPOBAHMS.

PaCCMOTpI/IM TPU OCHOBHBLIX METO/Ia UHTCTPUPOBAHUA.

HenocpencTseHHOE HHTETPUPOBAHHUE.

Meton HCIMOCPCACTBCHHOI'O UHTCTPUPOBAHNA OCHOBAH Ha ITPCATIOJIOKCHHUU O BO3MOKHOM

3HaYeHUHU NepBOOOpa3HON (PYHKIIMHU C JaibHENIIeN MPOBEpKOIl TOro 3HaUEHUs

muddepennrpoBanreM. BooOie, 3ametnm, 4to 1uddepeHunpoBanme ABIsSETCs] MOIIHBIM

WHCTPYMEHTOM IIPOBEPKHU PE3YJITATOB HHTETPUPOBAHMS.

PaCCMOTpI/IM MMPUMCHCHHUEC 3TOI'0 MCTOJa HAa IPUMEPC!:

Tpebyercs HaliTH 3HAUEHHE UHTETpalia

nuddepeHpoBanms

rae C — HeKOTOpoe MOCTOSIHHOE unciio. OHaKo, ¢ Ipyroi CTOPOHBI

dx

X . Ha ocHOBe u3BecTHOM popMyIIbI

(nx) =+

X MOXHO C/IeJIaTh BBIBOJI, YTO UCKOMBIM MHTETpajl paBEH nx+C ,

((-0)) ==~ (-h =1
X X

Takum O6p3.30M, OKOHYATCJIIbHO MOXXHO CACJIaTh BBIBO:

dx
X

—=hx+C




3ameTuM, 4TO B OTIANYKE OT qudHepeHIIMPOBAHUS, TAC ISl HAXOXKISHUS TPONU3BOIHON
HCIIOJIb30BAIMCH YETKHE TIPUEMbI U METO/IbI, TPABUIIa HAXO0XKICHUS TPOU3BOIHON, HAKOHEII
ompeseNieHue MPONU3BOAHOM, IIS1 HHTETPUPOBAHUS TaKHE METOIbI HENOCTYHBL. Eciiu ipu
HAXO0XJICHUY TIPOU3BOIHON MBI MTOJIb30BAIIUCH, TAK CKa3aTh, KOHCTPYKTUBHBIMU METOIaMH,
KOTOpBIE, 0a3UpysICh Ha ONPEACICHHBIX PAaBUIIaX, IPUBOAMIM K PE3yJIbTaTy, TO IPU HAXOXKICHUU
NepBOOOPA3HON MPUXOIUTCS B OCHOBHOM OIMPATHCS HA 3HAHUS TAOJIHII IPOU3BOIHBIX U
epBOOOPa3HBIX.

Uro KacaeTcst METO/1a HEMOCPEACTBEHHOI'O HHTETPUPOBAHUS, TO OH IPUMEHUM TOJIBKO JJIsI
HEKOTOPBIX BEChbMa OIPAaHUYEHHBIX KJIACCOB (PYHKIMMA. DYHKIMMA, 1711 KOTOPBIX MOXKHO C XOY
HalTH epBOOOpa3HyI0 oueHb Maio. [loaToMy B 60ONBIIMHCTBE CIIy4aeB MIPUMEHSIOTCS CIIOCOOBI,
OTHMCAaHHbIE HIKE.

Cnoco0 I1oACcTaHOBKHY (3aMEHbl HEPEMEHHBIX ).

I f(x)dx

IepBOOOPA3HYIO, TO € TIOMOIIIBIO 3aMeHbl X = @(t) u dX = ¢'(t)dt moay4gaercs:

Teopema: Ecnu TpeOyeTcst HaWTH HHTErpasl , HO CJIOKHO OTBICKATh

[ F)dx = [ £ @e)e'(t)dt

Joka3zarenbcTBo: [Ipoauddepernupyem npempiaraeMoe paBeHCTBO:

d[ fodx = d[ flo@Ne't)dr)
ITo paccmoTpeHHOMY BbIlIe CBONCTBY N2 HEONpeIeIeHHOTO UHTErpaa;

f(x)dx = fLp(D)] (D)t

qToO C yquOM BBCIACHHBIX O603Ha‘-IeHPII>i " ABJISICTCS UCXOAHBIM HpCJIHOJ'IO)KeHI/IeM. TeopeMa
JIOKa3aHa.

J.\/ sin x cos xdx

IIpumep. Haiitu HeonpeaeIeHHbIN HHTErPall

Cnaenaem 3ameny t = sinx, dt = cosxdt.

= =20 0= 2

J‘x(x2 +1)*" % dkx.

[Tpumep.
t=x"+1; dt=2xdx dxzﬁ;
3ameHa 2X  Tonyuaem:
5/2 2 5/2
jt“ﬁzljt“dt:l‘zt”+C=t—+C=—(x D e
2 2 25 5 5



Huxe OynyT paccMOTpeHbl Apyrue IpuMephl IPUMEHEHHsI METO/1a TTOJICTAHOBKY IS
Pa3IMYHbIX TUMOB (PYHKIUH.

HuTerprpoBaHue Mo 4acTsIM.

Crioco6 ocHOBaH Ha U3BECTHOM (hOpMyJie MPOU3BOAHOM MTPOU3BEICHUS:
(uv)' =u'v+v'u
rze U ¥ V — HeKOTopble (YHKIIUH OT X.

B muddepennnansroii popme: d(uv) = udv + vdu

IIpouHTErpUpOBaB, MOIYy4aEM: .[ () J.u V+J.v u

CBOMCTBaMH HCOMPCACIICHHOI'O MHTCTpajia:

, 4 B COOTBCTCTBHUU C IPUBCACHHBIMHU BbIIIC

uv:judv+_[vdu J.udv:uv—jvdu_

1581051
[Tonyunnu GopmMyny HHTETPUPOBAHUS IO YACTSIM, KOTOpas MO3BOJSIET HAXOUTh UHTErPajbl
MHOTHX 3JI€MEHTapHBIX (QYHKIIAMN.

u=x>; dv=sin xdx

Ixz sin xdx = =—x? cosx+_[cosx-2xdx=

Momve du =2xdx, v=-cosx

u=x; dv=-cosxdx 5 ) ) 5 )
= ] =—X cosx+2xsmx—jsmxdx:—x cosx+2xsin x+2cosx+C.
du=dx;, v=shnx

Kak BUJHO, MMOCJICAOBATCIIBHOC ITPUMCHCHHNC (I)OpMy.IIBI HUHTCIPUPOBAHUA 110 YaCTAM IMO3BOJISACT
IMOCTCIICHHO YIIPOCTHUTD (I)YHKI_II/IIO U MIPUBCCTH UHTETPAJ K Ta6J'IPI‘IHOMy.

2 2
u=e"; du=2e"dx

‘ :ez"sinx—.[sinxle“dx:
dv=cosxdx, v=snx

Ie“ cos xdx =
[Tpumep.

2x 2x
u=e’; du=2e"dx; . .
= a ’ :ez“smx—2—e2"cosx—j—cosx-2ezxdx = e sin x +
dv=smn xdx;, v=-cosx;

+2e** cosx — 4_[ cos xe* dx



BuaHo, uTo B pe3ynbTaTe MOBTOPHOTO MPUMEHEHHSI HHTETPUPOBAHHUS IO YACTAM (DYHKIIHIO HE
yIAJI0Ch YIPOCTUTH K TabnuyHOMY BUAY. OHAKO, TOCIEAHNN MOTy4YEeHHBI HHTErpajl HUUeM He
OTIIMYAETCS OT UCXOAHOr0. [T03TOMY nIepeHeceM €ero B JIEBYIO YaCTh PaBEHCTBA.

5je2x cos xdx = e** (sin x + 2 cos x)

2x
Ie“ cos xdx = e?(sin x+2cosx)+C.

Takum 006pa3om, MHTETpal HalJIeH BOoOIIIe Oe3 MPUMEHEHHUS TaOIUI] HHTETPAJIOB.

Hpex(z[e 4EM paCCMOTPECThb HOI[pO6HO MCTOJAbI UHTCI'PHUPOBAHHA PA3JINIHBIX KJIACCOB

q)YHKHHﬁ, IMPUBCIACM CIIC HCCKOJIbKO IIPUMEPOB HAXOKICHUA HCOIIPCACICHHBIX HHTCT'PAJIOB
MMPpUBCACHHUCM UX K TaOJIMYHBIM.

[Tpumep.
21 21
[ex+n?dx={x+1=1 dz=2dx;}=jr2°~ldr=it21~l+C=t—+C=M+C
27 21 2 42 42

[Ipumep.

\/2—x2+\/2+x2 \/2—x2+\/2+x2 dx dx
dx = dx = + :]n‘x—i-\/x2+2‘+
J 4—x* j V2 —x*2+x? J\/2+x2 J‘\/Z—x2

.oX
+arcsin — + C.

V2

IIpumep.
cos X . _ _ .
J.—dx=J.s1n 312 xcosxdx = {sinx = ¢; dt=cosxa’x}='|.t dt=-2t7"? +C =
sin® x
e 2
=-2sin " x+C=-—=+C.
sin x

[Ipumep.



szesxdx— e :lesxxz—j—esxbcdx:xe —%Ixesxdx—
du = 2xdx; v:?; 5 5
_ _5x g
u_xa dv—e dx’ 2 5x 2 xeSx 1 . x2e5x 2xe5x 2 .
— 1 — i _I_e dx | = — +— e dx=
du=dx; v=—e",; 5 51 5 5 5 25 25
x’e™ 2xe™ 2e™ es"( ,  2x 2)
= - + = - =
5 25 125 5 5 25
[Ipumep.
[—& x dv=d(x+n)= [LEED o)
J=x2=2x+8 A-x—2x-1+9 Jo— (x+1)>
:J‘L:arcsin£+C:arcsinx—+l+C.
V3T -2 3
IIpumep.
u=hx dv—de
In x o I In x 1 1 nx 1 ¢dx In x
_[_3dx: :——z—f——z'—d’c:— I R
X 1 1 2x 2x° x 2x 27 x 2x
du = —dbx; v=——7p;
X 2x
L +C=—]n—f—% C
21 2 2x 4x
[Ipumep.
u=hx;, dv=uxdx 5 { I { I
lenxa’x= 1 x2 =S mx-[tdv=2 x——J-xdx:x T ice=
du = —dbx; VIT' 2 2 x 2 2 4
X

2

=%(21nx—1)+C.

[Tpumep.
2 . 2 2 . . 2
Ie“’s *sin 2xdx = {f =e ", dt=-e""-2cosxsin x =—sin 2x-e*” "dx;}= —Idt =—t+C=
COSZX
=—e +C.

[Tpumep.

dx Jx dt 1 1 2tdt dt
————=\x=t, —=—+==—1¢= =2 = 2arctgt + C = 2arctgx +C.
I(x+1)J§ { dx 2dx Zt} J(t2 iy '[tz 11 & &



[Ipumep.

I d :j d :L L:—arct (x—_?’j+C
¥ —6x+25 J(x=3+16 16 (x_3j2 16 874 '
+

OnpenesieHHbIA MHTETPAJL.

Onpeodenenue.
BoluunciieHHe IUI0IATH KpUBoJMHeiiHo#i Tpanenuun. [Tycts Ha otpeske [a,b] (b>a) 3anana
HenpepbiBHas GyHkiws Y = f(X) , npuHUMaromas Ha ’TOM OTPEe3Ke HEOTPUIATEIbHBIC 3HAYCHUS

. flx)20 mpu * = [ 2] TpeGyercs onpeaenuTs IIIOMIAAL S KpuBoIuHeiHoi Tpaneuun ABCD,
OrpaHMYCHHOW CHU3Y OTpe3KoM [a,b], cieBa u cnipaBa - npsiMbiMu X = @ 1 X = b, cBepxy —
dynkiueit y = f(X).

¥

/C ’ rz“'-'c

] A

2 yal

é / Ak

5 7 : AL

. 7 B oA ]

o AT P - ] T Tl
WP o a LTI L L 2
y ? — ' ot . ES
/Ilfrle?ﬂ /xatfx b=x7 x a=xq b=x14

& 2 & & & LG &

Jlnist perieHus 3Toi 3a/1aun pasiesuM NpoU3BOIBHBIM 00pa3zoM ocHoBaHue AD ¢urypsr

TOYKaMH Xo = @, X1, X2, ..., Xn-1 = @, Xn = b Ha N vacreit [Xo, X1], [X1, X2], ..., [Xi-1,Xi], ..., [Xn-1
, . My =x;-x i i=12,...1

, Xn];CHMBOJIOM focg Oynem 0003HAYaTh JJIMHY I-TO OTpe3Ka:  ° ! 4=l .Ha

KaXJIOM U3 OTPE3KOB [Xi-1 , Xi] BbIOEpeM MPOU3BOJIBHYIO TOUKY & , HaliIéM f (éf:', BBIUUCIIUM

IIPONU3BEICHIE Fiddixs —xz4) = fi)h; (3TO TIpOU3BEIEHNE PABHO TUIOIIAIN

npsiMoyroibHuKa Pi ¢ ocHoBaHueM [Xi-1 , Xi] 1 BbicoTOM S ) ¥ IPOCYMMHPYEM 3TH IPOU3BEACHUS
10 BCEM IPSIMOYroJibHUKaM. [loirydennyro cymmy
0003HAYUM S cryn:

N
Serym = f(Q) 01 + £ (&2)hxa +. + F(Cu-1)lxp -1 + F (Gn )xn = 2, F &1 )X

i=1

Seryn PABHO TUTOMIAIN CTYNIEHYATOM QUTYPBI, 00pa30BaHHON MPAMOYTrobHUKamMu Pi , I =
1,2,...,n; Ha JJEBOM PHUCYHKE 3Ta IUIOIIA/b 3aIITPUXOBAHA. Scryn HE paBHA UCKOMOH IUIOMIAAN S, OHA
TOJIBKO AT HEKOTOpoe mpudmmxenue K S. [1yig Toro, 4ToOb! yaydIIUuTh 3TO NpUOIMKEeHNE, Oyaem
YBEJIMYMBATH KOJHMYECTBO N OTPE3KOB TAKUM 00pa3oM, 4TOOBI MaKCUMaIbHAs JUTMHA dTHX
max g
otpeskop ¥ l:Z..®  crpemMmmach K HYMIO (Ha pUCYHKE CTyTeHUaTble QUTYphl H300pakKeHbI
max Ay — 0 (g — o)

npu N = 7 (cnesa) u npu N = 14 (cnpasa)). [pu =14 % paszHuIa



MEXIY Scryn M S OyZIET TOXKE CTPEMUTHCS K HYIIO, T.€.

/]

§=  lm > rEAy
A i%[lj=1
=28

Onpenenenue onpeaeaéHHoro uarerpasa. [lycrs Ha otpeske [a,b] 3agana pynkuus y = f(X).
Pa300bém oTpe3ok [a,b] mpousBoapHBEIM 00pa3zoM Ha N yacteit Toukamu [Xo, X1], [X1, X2], ..., [Xi-1
,ﬂxi i ﬂxi =Xy X i1 i= 1,2,...,.?! .

, Xil, ..., [Xn-1, Xn]; muny i-ro oTpe3ka 0003HaAUYNM
A= masx S
MaKCHUMaJIbHYIO U3 JUTUH OTPE3KOB 0003HAYMM =1.2...% Ha kaxmoM u3 oTpe3KoB [Xi-1

, Xi] BBIOEPEM MPOU3BOJIBHYIO TOUKY = U COCTaBUM

N
a= f(& )kt + F (& )0y + + f (Gat Mgt + f (Gn dixn = 2 F(E4) 00
CYyMMY. i=1
Cymma < Ha3bIBaeTCsl MHTErpajibHON cyMMOM. Eciu cymiecTByeT (KOHEUHBIN) Ipesen

TI0CIIEIOBATENLHOCTH HHTErPaNbHBIX cyMM & mpu 4 —# U | me 3aBucsammii vu ot cioco6a

pasouenus orpeskala,b] na yactu [Xi-1 , Xi], HU OT BEIOOpaA TOYEK = , To Gyukiwms f(X) Ha3pBaeTCst
UHTErPUPYEMOii 110 oTpe3Ky [a,b], a 3TOT mpezen Ha3bIBaeTCs ONPEAETEHHBIM HHTETPAIIOM OT

b
[£o0a
dynkimu f(X) mo orpesky [a,b] u o6o3HauaeTcs 2
Oynkuus f(X), Kak 1 B ciyyae HeONpeAeIEHHOTO HHTETpaa, Ha3bIBACTCs TOABIHTE PATTbHOM,
4pcna & u b - COOTBETCTBEHHO, HIYKHUM U BEPXHUM TpeIelIaMid HHTEIPHUPOBAHMUSI.

b ]
e = lirn T
£f(x) - ﬁxi_méﬂé;) ;

KpaTko omnpeneneHre HHOTa 3aITUCHIBAIOT TaK: i=l.2...n

B stom onpenenenuu npeanonaraercs, uto b> a. Jliis aApyrux ciydaeB mpuMeM, TOKE 10
OIIPEEIICHUIO:

] b a
[f oy =0 [ o) = = [£ (x)d
b .

Ecau b=a, To 2 ; ecii b<a, To 2
Teopema cylecTBOBAHHS ONPEIeIEHHOr0 HHTErpasa.

Ecmu ynkius f(X) HenpepsiBHa Ha oTpeske [@,b], To oHa nHTErpHUpyema mo 3ToMy OTpe3Ky.
[TpumeM 3T0 yTBEpXKICHHE 0€3 J0Ka3aTeIbCTBA, MOSICHUM TOJIBKO €r0 CMBICI.
WuaTerpupyeMocTh (QYHKIIUU O3HAYACT CYIIECTBOBAHUE KOHEUYHOTO MPEe/ielia MOCIe0BaTeIbHOCTH

b
F= I Fixdx
WHTETPAITBHBIX CyMM, T.€. TAKOTO YHCIIa @ , uro st modoro £ = U maiinéres takoe
max My

gpcno & 0 yro kak Tonpko pa3GueHme 0Tpe3Ka yHIOBICTBOPACT HEPABEHCTBY @ his-» i , TO,

n

> f (&b - <€
HE3aBHCHUMO OT BBIOOpA TOUEK & BBITIOJTHACTCS HEPABEHCTBO =1 . TpeGoBanme
uenpepbiBHOCTH T(X) 10CTATOYHO ISt HHTETPUPYEMOCTH, HO HE SIBJISIETCS HEOOXOAMMBIM.



HuTerpupyemsl QYHKIIUN, IMEIOIIHE KOHEYHOE WK JaKe CUETHOE YUCIIO TOYCK pa3phiBa

Ha [a,b] mpu ycioBuM Mx orpaHU4YeHHOCTH (T.€. BCE TOUYKH Pa3pbiBa JOKHBI OBITH TOUKAMH
paspbiBa nepBoro pona). Heorpannuennas GyHKIHS HE MOXKET ObITh HHTETPUPYEMOH (et
JI0Ka3aTeIbCTBA 3TOr0 yTBepkaeHus: eciu f(X) HeorpanuyeHa Ha [a,b], To oHa HeorpaHuueHa Ha

KakoM-J1n00 [Xi-1 , Xi], T.e. Ha 3TOM OTpPE3KEe MOYKHO HAUTH TaKYIO TOUKY éf, 4TO

YA
claraemoe Feq)hx; , @ CJIEIOBATENIbHO, U BCA MHTETpasibHAsA cyMMa, OyaeT Ooiblie JIto00ro
Hanepe/ 3aJaHHOI0 YKCIIa).
I'eomeTpuyeckmii cMbICI onpeneéHHOro nHTerpasa. Kak cienyer u3 BeIIIEpaCCMOTPEHHOTO,
b

[£ ()b
eciu f(X) >0 na otpeske [a,b], To 2 paBeH IUIOIIAaN KpUBOIMHEHHOM Tpaneun ABCD,
OrpaHMYCHHOW CHU3Y OTpe3KoM [a,b], cieBa u cnipaBa - npsiMbiMu X = @ 1 X = b, cBepxy —
dynkument y = f(X).

CBoiicTBa onpeeIéHHOr0 MHTErpaJa.

1. JIuneiitnoctb. Ecu dynkuuu y = f(X), y = g(X) uarerpupyems o orpesky [a,b] , o mo
3TOMY OTPE3Ky HHTEerpupyema ux JuHeinas komouHanus A f(X) + B g(x) (A, B = const), u

b b b
(147 (<) + Bgtx)ldx = A[ £ (x)dbc + B[ g(x)dx

Jlok-Bo: 11 1000T0 pazdueHus OTpe3Ka U J00ro BEIOOpa TOUYEK S

N n N
AY, £ (&b + BY, 8(&)txs = Y[ AF (&) + Be(&)lhx

BBITIONHsIeTCsT  E=1 i=1 i=1 . [lepeiinem B 3TOM
pasenctse K npefeny npu 4 —+ | Tak kak cymecTByIOT npe/essl HHTErpaTbHBIX CyMM, CTOSIIHNX B
JIeBOY YacTH PAaBEHCTBA, TO CYILECTBYET Npe/iell THHEHHOW KOMOUHAIIMU 3THX CYMM,
CIIEIOBATENBHO, CYIIECTBYET MPE/IEI MIPABOi HHTETPAIbHOM CYMMBI, OTKY/Ia CIIEAYET HCTUHHOCTh U
YTBEPIKICHHSI, H PABEHCTBA.

2. AjymnruBHocth. Eciin y = f(X) uaTerpupyema mo otpesky [a,b] u Touka C npuHAAISKUT
b ¢ b
[£Gode = [ () + [£ ()
3TOMY OTPE3KY, TO g g <

Jok-Bo. Ecnu f(X) y1oBieTBOpsieT yCIOBHSIM HHTETPUPYEMOCTH 110 OTpe3Ky [a,b], To ona
YJOBJICTBOPSIET YCIOBUSIM HHTETPUPYEMOCTH 110 oTpe3kam [a,C] u [C,b]. Bynem Opath Takue
paszouenus orpes3kala,b] , uTobsI TouKa C sIBISLIACH OHUM H3 Y370B Xi: C = Xi0, .

u I n
L FEhxy = F & dx; + 3 F (&b

Torma = i=l =g +1 . B aTOM paBeHCTBe mepBas cymma cripagpa -

c b
[ (o [ (o

UHTErpalibHAs CyMMa I 2 , BTOpas - s ¢ . Hepexomum k npexeny npu A =0,

b ¢ b

[ £ = [ flx)de + [f (x)dx

[Ipenensl nig Bcex TPEX CyMM CYILIECTBYIOT, U 2 g C

CBOWCTBO aITUTUBHOCTU OCTAETCsl BEPHBIM IPH JIFOOOM PaCIOIOKEHUU TOYEK, €CIIU TOIBKO



(GYHKIMS UHTErpHpyeMa Mo cCaMOMy IIMPOKOMY uHTepBaiy. [lycTs, Hanpumep, € < b < a,
a b a
[ £ = [£(x)dx + [ £(x)d
u f(X)uarerpupyema 1o [C, a]. Toraa, mo q0kazaHHOMY, € c b . Otcrona
U U3 OIIpEJIeTICHNs] MHTETpalla JUIs Cirydasi, KOT/1a HIKHHUI 1pesiest 00JIbIle BEpXHEro, CIeayeT,

a 1] b b c b b c b
[f(x)de= | flx)de - | flx)de= -] fx)de= - [ fx)de- [ fde= [ fx)de= | Fxde+ [ f(x)dx
yro & C c a i € a i <
IIpu popmyaupoBaHUM U 10KA3aTENbCTBE CJEAYIONUX CBOMCTB NMPeANoJaraem,
yto b > a.

3. Uurerpan ot exuanunoii pyukmuu ( f(x) = 1). Ecmu f(X) =

b B
1 [ £ Ce)de = [dx = b —a
, TO @ a

Joxk-Bo. Eciu f(X) =1, To s moboro
pazOueHust

N N n
D F Ay =D ey = > (X mxg ) =X X hXg X FX3 mXg F Xy |~ Xpog t Xy Xy =
i=1 i=1

i=1

=Xn-Xo = b— a, T.c mro0as HHTCIr'paJibHAsA CyMMa paBHA OJIMHE OTPE3KaA. Hpe):[en MOCTOSIHHOM paBCH
3TOM HOCTOHHHOﬁ, OTKYZa U CJICAYCT JOKA3BIBAEMOC YTBCPIKICHUC.

4. Teopema 06 MHTerpHpOBaHUH HepaBencTs. Ecim B mo6oii Touke * S [.]

BBITTOJTHSIETCSI HEPABEHCTBO f(x) S glx) , 1 ynkimu f(X), g(X) uHTErpUPYEMBI TIO

b b
[£o)de < [glx)d

otpe3ky [a,b], To @

Jlok-Bo. [{ns mo0oro pa3OueHus oTpeska u 1r000ro BeI0Opa TOUEK S pu 74

N N
Fl&) =gl&) = Fl&hx; = gl&bxg = ) F(&hx; =3 gl &) ix;
i=1 i=1 . [lepexons B aToM
HEPaBEHCTBE K TPeIeITy Mpu A==l nojydaeM TpedyeMoe HepaBeHCTBO.

5. TeopeMbl 00 OlleHKe MHTErpaJa.

5.1. Ecim Ha oTpeske [a,b] GyrKkuus ynoBneTBopsieT HepaBeHCTBY Sflx)i M :

b
mib-a)l If(x}aﬁc LMb-a)
TO 2

Jlok-Bo. Jlokaxxem JieBoe HepaBeHCTBO (L pamMu HaJl 3HAKaMU UMIUTUKAIH
0003HaueHBI HOMEPA MPUMEHSIEMBIX paHee JOKa3aHHbIX
4 B b 1 b b 3 b

m i f(x)ijm'dx S If(x)afr:‘»mfdx < If(xjafxim(b —a) s If(xjdr
CBOMCTB): a a2 a @ a
AHaJIOTMYHO JTOKa3bIBAETCS U IPABOE HEPABEHCTBO.

b
[Flxd

]
< [lF el

5.2. Eciim pynxkuus f(X) uaTerpupyema mo orpesky [a,b], To

Jox-



41 & b b b b
—|F x| < Flx) S| F )= —I|f(x}Pfx .S If(x}dr S I|f(x)F1r = If(x)dx S ﬂf(ﬂldr

BO.
6. Teopema o cpeanem. Eciu f(X) HenpepbiBHa Ha oTpeske [a,b], To cymecTByeT
b
If(x]ﬂﬁ? = flelld—a)
touka € [c2. ] , Takasg 4yro 2

Jok-Bo. OyHKIMS, HENPEPBIBHASA HA OTPE3KE, IPUHUMAET HA 3TOM OTPE3KE CBOE
HauMeHblIee M u
HanOoibiree M 3Hauenus. Torna

51 b b
m < fix) iMim(ﬁ—a}iIf(xjdxiM(ﬁ—a}imi%J‘f{xj&x <M
—f

1 b
== I Fix)dx
h-a
Yucao a 3aKJTFOYCHO MEKIY MUHUMAIBHBIM M MAKCUMAIIbHBIM 3HAYCHUSIMU
byHkuyn Ha oTpeske. OMHO U3 CBOMCTB (YHKIINH, HEMPEPHIBHON Ha OTPE3Ke, 3aKII0YaeTCsA B TOM,
4TO 3Ta (PYHKIUS IPUHUMACT JIF000E 3HAYCHHE, PACIIONIOKEeHHOE Mexkay Mu M. Takum oOpazom,

b b
F@) = 7 [f()de = [f () = f©b-a)

ce[a. b

CYILIECTBYET TOUKA , TaKast 4To

o >
DTO CBOMCTBO HMEET IMPOCTYIO F'€COMCTPUYUCCKYIO HUHTCPIIPETALUIO: CCIIN f(x) 20

HeIpepbIBHA Ha oTpe3Ke [a,b], To cymecTByer Touka © = (e, 2]

TaKasl, 4To TUIOIIa/Ih
KkpuBoJrHeHON Tpanenun ABCD paBHa 1utorau npsiMoyrojibHUKa ¢ OCHOBaHHeM [a,b] u

BoicoTol f(C) (Ha pUCYHKE BBIJICIICH I[BETOM).
Broruuciienue onpeaeaénHoro nurerpasa. ®opmysa Heorona-Jleiionuna.

I/IHTeraH C IEPEMECHHBIM BEPXHUM MPEaACT0OM. 3HaucHUE OHpC,Z[CJ'IéHHOFO HWHTCIrpajia HC 3aBUCUT

] b

[ () = [ £ ()t
OT TOT0, KaKo¥ OykBOif 0003HaUeHa MepeMEHHAsi HHTETPUPOBAHUS: 2 a (4TOOBI
Y6GJII/ITI)CH B OTOM, JOCTAaTOYHO BEINIMCATh HHTCIPAJIBHBIC CYMMBI, OHU COBHa)IaIOT). B >Tom
pazziernie IEpeMEeHHYI0 HHTETpUpOBaHus OyieM 0003HavyaTh OykBoii 1, a OykBO X 0003HAYUM
BEPXHUU MIPEJIe] UHTETPUPOBaHUs. by/ieM cuuTaTh, 9T0 BEpXHUI Mpeaen HHTeTpaia MOXKET

MEHSTBCS, T.€. YTO X - IEPEeMEeHHas, B pe3yJibTare HHTerpan OyneT GpyHkuueit O(X) cBoero

x
Pix) = If (£)de
BEPXHETo Mpeena: @ . Jlerko nokasars, uro eciu f(t) uaterpupyema, To
@(X) HenpepbIBHA, HO JIJIsl HAC BaXKHEE Cleayrolias GyHIaMeHTaIbHAsI TeopeMa:
Teopema 00 nHTerpaJe ¢ nepeMeHHbIM BepXHHMM npeneaom. Eciu

¢byuknus f(t) HempeprIBHA B OKPECTHOCTH TOUKH t = X, TO B 3TOM TOUKE (QYHKIIUSA

®(x) mubdepenmupyema, u T X} = Flx)
JIpyTHMH CIIOBaMH, TIPOU3BO/IHAS ONPEIEIEHHOT0 HHTETPAIa OT HElIPEPHIBHOMN (GYHKITUH 110
BEPXHEMY Mpe/IeNy PaBHA 3HAUEHHIO MOABIHTErPAILHON (PYHKIMH B 3TOM MPEETIE.



Jlok-Bo. JlanuM BepxHEMY Hpe/ely X IpupameHe £X
Torna
X+ 7% X+ X+
Dix + L) = If(r)dx=ff(r)d.r+ If(r)dt=¢(x)+ If(r)dx:>&¢=¢(x+ﬁx)—¢(xj=
il i X x

x+ix é '
= If(ﬂtﬁ = flelix

, T1I€ C - TOUKa, JIexanas Mexay X u %+ Ax (cyiecTBOBaHME TaKOM
TOYKH YTBEPKJIAETCS TEOPEMOU O cpeaHeM; IU(Pbl HaJ 3HAKOM PaBEHCTBA - HOMEP MIPUMEHEHHOTO

AP ro

CBOMCTBA ONpEIENIEHHOT0 HHTErpana). LX . Verpemum 4% — U TIpn

sToM X+ AX — X = ¢ — X (C- Touka, pacIIONOKEHHAs MEKIy X 1 %+ 4% ) Tak

3 lim _fle) = fix)

kak f(t) HenmpepsiBHa B TOUKE t = X, TO —0 . CnenoBarenbHoO,
P)- m 52
CyIIECTBYET te—0 Ax oy PUxX)=Fx) Teopema noxasana.

OTMeTuM mepBoe BaXKHOE CIIEJCTBHE ATOM TeopeMbl. [1o cyliecTBy, Mbl JI0Ka3aiH, 4To Jr0as
HenpepbiBHas Gyakius f(X) umeer nepBooOpa3Hylo, U 3Ta IEPBOOOPa3Has OMPECIIACTCS

x
Dlx) = [F£n)dt
bopmyioit 2 . JIpyriuM Ba)XHBIM CIIEICTBHEM TON TEOPEMBI SBISIETCST POpMyIia
Herotona-JleitOnuma, nim ocHoBHast (opMysia HHTETPAIbHOIO HCUMCICHHUS.

®opmyaa Herorona-Jleiionuna. Ecnu f(X) nenpepbiBHa Ha otpeske [a, b], u F(X) - HekoTopas

b
[ xddx = F ) = Fla)

nepeoobpasnas pyuxman 4 %) 1o @

x

dix) = If (£)dt

J1oK-BO. MBI YCTaHOBHWIIH, YTO (DYHKIIHS a - mepBooOpa3Has
nenpepoiBHo# f(X). Tak kak F(X) - Toxxe nmepBoodpasnast, To O(X) = F(X) + C. [Tomoxum B 3TOM

Dla) = If (£)de =0
paBeHCTBE X = a. Tak kak i ,
D=Fla)+C= C=-Fla)= Pix) = J‘f{r)aﬁt =Fix)-Fla)

TO .B

x

| f@dt = F(x]) - Fia)
paBeHCTBE 2 nepeob03HauuM NEpeMEHHBIE: ISl TEPEMEHHON
UHTErprpoBaHus t BepHEMCS K 0003HAYCHUIO X , BEPXHUH Mpeen X 0003HaunM .

b
[f (X = F (&)~ Fla)
OxoHYaTeIbHO, & .
PasHocts B nipaBoif yactu ¢popmynsl Hetorona-JleliOHuma o003HavaeTcs: CrieluaibHbIM

Fa, -F®)-Fl@ _ Ff

CHMBOJIOM: @ ypTaeTcs Kak "mojacTaHoBKa OT a ;10 b"),

(3mec



b
b
| )b = F(x)|,
nostoMy hopmyny Herorona-JleitOHnIa 0OBIYHO 3aMCHIBAIOT TaK: @
[Tpumep npumenenus ¢popmynsl HeroToHa-JleiiOnuma:

3
Ism xebe = (~ Eosxﬂmg _[ms%r - cosE] = —[l— E] = @

i
mre & 2 2 2

®opMy.Jia HHTETPUPOBAHMSA 110 YACTSAM JIJIsl onpeneaéHHoro uurerpana. Eciu u(x), v(X) -

b o b
Iu'dv =m=| —Iwa'.u:
[+
HenpepbIBHO AuddepeHunpyempie GyHKINUU, TO 2 a
Jok-Bo. lHTerpupyeM paBeHCTBO [uv) Suvtuy o npeaenax
b b b
I[uv) dx = J‘u“va&: + Iuv ‘e
oragob: @ a a . @yHKIUS B ICBOM UHTETpajie UMEET IIEPBOOOPa3HYIO UV,
b b b

’ — b b — ’ ’
I(uv) dx = v, 1y |‘l Iu v + Iuv dx
o popmyrne Herotona-JleliGHura 2 , CIIEIOBATENBHO, a a ,
OTKYJIa U CIEAYET JOKa3bIBAEMOE PaBEHCTBO.

IIpumep:

5 5 5
Ihlxdr=xh1x|f —de(me=(5m5—1m1)—jx@=5m5—x|f =5l5-(5-1)=5m5-4
1 1

i X

3ameHa nepeMeHHOI B onpeaeJIEHHOM UHTerpaJie.
Teopema. [Tycts pynkmus * = PIE)

1. ompenenena, HenpepsIBHO AU PepeHImpyemMa 1 MOHOTOHHA Ha OTPE3KE [ 8] ,

) P =a qf=b

3. ¢ysHxuus fix) HenpepbIBHA Ha oTpeske [a, b].

b A
[ Fexiae = [ Flow)oinae

Torma &
Hox-Bo. [Tycts F(X) - mepBoobpaszuas mis pyuaxiuu f(X), T.e. Fix) = fx) :

TOoTIa Flo) nepBooOpa3Has sl QyHKIIUH flelel)- o)

b f
If(x)afr = F(h)— Fia) = Fp(R) - Flp(o)) = If(tﬂ(r))tp'(r)di

, 9TO U TpeOOBAJIOCH 10KA3aTh.



[Tpu pemennu 3a1a4 HEMb3sI 3a0BIBATH O TOM, UTO TPH MEPEX0/Ie K HOBOW MTEPEMEHHOMN HAI0

00513aTeNIbHO BBIUKCIIUTH HOBEIC Ipeaciibl UHTETpaja.

ITpumep:
i e 7 _ _ i3 i3
J« 4_x2dr=x—23mr, 4-x" =Zcosk, dx = 2cos tdE, _4 Icoszr'dr=2 I(1+c032r)'dt=
] Ssin£=1=£= 4/6,2snt=~3=¢=m3 e .y

A3
- g a3 1 T3 r x| 1. 2x  x|_
_z?ﬁncoszz) di = 2|d T+ sin 2£|-'?’f'5]_2[[§ oy B ]

Tema 1.3 UucjieHHbIe MeTOAbI (7 4acOB)

YdeT norpemHocTeid BbIYMCIEHH.

IIpn pemieHMM MaTeMaTUYECKUX 3a7a4 MOTYT BO3HUKHYTh IIOTPEIIHOCTH IO Pa3jIu4HbIM

IIPUYUHAM:

1. Tlpum cocraBieHUH MaTEeMAaTUYECKON MOJeNU (PU3MUECKOTO MPOLECCca WU SBICHUS MPUXOIUTCS
IIPUHUMATB YCIIOBUS, YIIPOLIAIOUINE IOCTAaHOBKY 3aaauu. [loaTromy MaTemaTnueckas MOZIEINb HE
OTpakaeT peaJbHBbIM TIpolecc, a JaeT ero HIeaIU3UpPOBaHHYIO KapTuHy. IlorpemHocTs,
BO3HHUKAIOILAs IIPU 3TOM, HA3bIBAETCS HOZPEUIHOCHbIO NOCHAHO6KU 3A0aYU.

2. YacTo mpUXOAWTCS UL PpEHICHUs 3aJa4d TPUMEHSTh NPUOIMKEHHBIH MeToN (MHTerpas
3aMEHSIOT KBAJpPaTypHOM CyMMOM, NpPOM3BOJHYIO 3aMEHSIIOT pPa3HOCThIO, (QYHKIUIO —
MHoOroujeHoM). [lorpenHocTs, BO3HUKAIOLIAs IPU 3TOM, Ha3bIBACTCSA HOZPEULHOCbIO MEMOOd.

3. YacTto ucxoaHble JaHHbIE 33JJaHbl HE TOYHO, a MPHOIMKEeHHO. [Ipy BBHINOIHEHUU BBIYMCICHUN
MOTPENIHOCTh HCXOJHBIX JIaHHBIX B HEKOTOPOW CTEMEeHM IMEPEXOJAUT B IOTPELIHOCTH
pesynbpraTta. Takas NOTPEIIHOCTh HA3bIBACTCS HOZPEUIHOCHbIO Oelicm Ui,

4. TlorpeunrHocTb, BOZHHUKAIOLIAs IPU OKPYTJICHUN OECKOHEYHBIX U KOHEUHBIX JECSTHUUHBIX YHCEl,
UMEIOIUX OoJjbllIee YHCIO JAECATHYHBIX 3HAKOB, Y€M HAJ0 B OKPYIJIEHHH, Ha3bIBaeTCs
nOZPEUWHOCMbIO OKPY2IIeHUA.

Onpenenenue. [lyctb X — HEKOTOPOE YHCIIO, YHUCIO a HAa3bIBAETCS €r0 HPUOAUHCEHHBIM

3HAYeHueMm, €Clii a B ONPE/ICJICHHOM CMBICIIE MAJIO OTIMYAETCS OT X U 3aMEHSIET X B BHIYMCIICHUSX,

X=a.

Onpenenenne. Hozpeumocmbm Aa npuﬂﬂumeuuozo 3HA4YeHUuA a 4yucjia X Ha3blIBacTCsA pa3HOCTb

A, =X—a, a MOAYJb 3TO! MOTPEIIHOCTBIO HA3BIBAETCS ADCOIIONHOU NOZPEULHOCHIBIO.

Ecim A, >0, T0 a B34TO C HEIOCTAaTKOM.

Ecim A, <0, To a B34TO ¢ U30BITKOM.

Onpeneenne. Fpauuueﬁ nozpeutnocmu npu6ﬂmfcennoeo 3HAYCHUA a 4Hucjia X Ha3bIBACTCIA

BCSIKOE HEOTPHIATENIFHOE YUCIO N, , KOTOPOE HE MEHBIIIE MOYJISI TOTPEITHOCTH |Aa| <h,.

[oBopAT, 4TO NMpUONMKEHUE a NPHOIIKAET YUCIO X € TOYHOCThIO o h,, ecim |X—a|£ha,

a—h,<x<a+h,, x=azxh,.



Hpumep. [Tycts a=0,273 — npubnmkenHoe 3HayeHne X ¢ TouHocts 10 0,001. YkazaTe rpaHuibl, B
KOTOPBIX 3aKJIFOUAETCS X.

0,272<x<0,274

[Ipu OKpyrJIeHUM YHUCEN CYUTAIOT, YTO TPAHHULBI MOTPEIIHOCTH OKPYIJICHHS paBHA IOJIOBHHE
€MHUIIBI OKPYTJISIEMOr0 pa3psijia:

hy, =0.5-10%, o — HOPsIAOK OKPYTJICHNUS paspsia.

Onpeneneane. OmHocumenbHou nozpeuwtHocmbsio npuéﬂmfcennozo 3HAYCHUA a uHucia Xx

HA3bIBAETCS OTHOLLCHUE
A
w, =—=,a=0.
a

Ipumep. OxpyrauTh 10 J€CATHIX uuciao 27,52 U HAWTH MOTPEIIHOCTb U OTHOCUTEIIbHYIO
HOTPELIHOCTh OKPYIJICHUS:

2752~21.5,

A, =x—a=2752-275=0.02,

" A, 002 1
® a 275 1375

Takxke Kak U aOCOJIOTHAS MOTrpCIIHOCTE OTHOCHUTCIIbHAA HNOTPCHIHOCTL HE BCETAAa MOXKET OBITh
BBIUUCJICHA W IIPUXOAUTCA OLCHUBATH €€ MOIYJIb. MO,Z[y.]'IL OTHOCHUTEJIBbHOU MOTrpeIIHOCTU
BBIPpAXKACTCA B IIPOLCHTAX. Uem MeHbIIE MOAYJIb OTHOCHUTEJIbHOU NOrpeImHOCTU, TCM BBIIIC
Ka4€CTBO HpI/I6J'II/I)KCHI/I5I.

Onpenesenne. Fpanuueﬁ OMHOCUMENbHOU nozpeuwitnocmu npuﬁﬂuofceunozo 3HA4YeHUA a Hucia

X Ha3bIBaCTCA BCAKOC HCOTPULATCIIBHOC YHCIO &5, KOTOPOC HE MCHBIIC MOOYJIA OTHOCUTCIBbHOMU

TIOTPEIIHOCTH: &, = |a)a| .

VYcTaHOBHUM CBSI3b MEX]ly TPAHUIIAMU MOTPEIIHOCTENW aOCOMIOTHOW U OTHOCUTEIBLHOM:

h h
|w,| =< %,6, =—% - rpaHNLA OTHOCHTEILHON OrPELIHOCTH;
a| [a El
A
|a)a| =—<g,, Aa| <ag, - rpaHuIa abCOIFOTHOM MOTPEIIHOCTH.
a
h, =|ale

IIpudankeHHbIe BbIYKMCIEHUS 0€3 yyeTa NOrpelHocTei.

IpaBuio 1. /Ing Toro, 4ToObl BEIYUCIUTH AIreOpayuecKyl0 CyMMY NPHUOIMKEHHBIX ClIaraeMbIX
HY’KHO:



1. cpemu cmaraeMbIX BBIOpaTh HaMMEHEE TOYHOE (MMEET HaMMEHBIEe YHCIIO Pa3psIoB
MOCJIE 3amsToM);
2. Bce OCTaJbHbIC ClaraeMble OKPYIJIUTh, COXPAHssl OJUH 3allacHOM pas3psill, CIeIyIOIIHii
3a MOCJIETHUM Pa3psiIOM BBIJICIIEHHOTO CJIaragMoro;
3. CIIOKUTH MOJIyYEHHBIE MTOCIIE OKPYTIICHHS YUCIIa;
4. OKpYTIUTH MOJTYYCHHBIN Pe3ybTaT A0 MPEANOCISIHETO pa3psia.
Hpumep. S=2.737+0.77974+27.1+0.283 = 2.74+0.78+27.1+0.28 = 30.90 ~ 30.9.

Onpenenenue 1. 3nauawumu yugpamu B 1CATUIHON 3aIMCH YHUCIIA HA3BIBAETCS BCE €ro IUPHI
KpoMe HyJIeH, 3alMCaHHbBIX CJIEBa OT MepBOi UPhI HEe paBHOH ().

0,00237 — 3 3navaniue nudpsI;
0,02000 — 4 3navamnue nudpsI.
IIpaBuio 2. /{151 TOro, 4To0b BHIYUCIUTH MPOU3BEICHUE (JEICHHE) MPUOIMKEHHBIX YUCE HY>KHO:

1. BBLIENTHUTH COMHOXHTEINb, COJICPKAIINN HAMMEHBIIEE YKCII0 3HaYamX nudp;

2. OKpPYTJIHMTH OCTaJbHBIE COMHOXHTEIH, OCTaBJIssi Ha OJHY 3Haudamyr mudpy Oomble,
YeM B BBIJICIICHHOM COMHOXHTEIIE;

3. TMPOM3BECTH YMHOXKEHUE (JeTICHHE);

4. OKpYIJUTH MOJYYEHHBIH PE3yJabTaT, COXPAHss CTOIBKO 3HAYAIIMX LUQP, CKOJIBKO UX B
BBIJICJICHHOM COMHOYKHUTETIE.

Ipumep. P=3,34*0,7%4,748=4,7%3,3*0,7~ 10,657 ~ 1*10".

H[!aBI/IJIO 3. HpI/I BO3BCACHNU HpI/I6J'II/I)KeHHOl"O 3HAUCHHUA B KBaJpaT WA Ky'6, IIpHu HU3BJICUCHHUH
KBaApPaTHOI'O UJIN KY6I/ILIeCKOl"0 KOpH:, B pE3YyJIbTATC CICAYCT OCTABJIATH CTOJIBKO 3HaYAlIUX HH(bp,
CKOJIBKO UX MMECT OCHOBAHMUC.

IIpaBuno 4. Eciu uucno sABISETCS pPE3yabTaTOM IPOMEKYTOUHBIX JAEUCTBHH, TO CIELyeT
COXpaHUThH B HEM Ha 1-2 1udpbl OoJbIle, YeM yKazaHo B mpaBmiax 1-3.

Pemrenue ypaBHeHH# ¢ OAHUM HeU3BeCTHBIM. /{luxoromus.

I[Tycts Tpebyercs pemutsd ypasaenue f(X)=0 (1), rme f(X) — HenpepsiBHAs QyHKITHSL.
Yucmo X =X* HasbiBaeTcst KOpHeM ypaBuenusi (1), ecau f(x*)=0.

Ecm ¢ymxims  f (X) onpenenena n menpepwiHa Ha [a,b] m Ha KoHmax orpeska mpuHEMaeT

3HAYCHU pa3HbIX 3HAKOB, TO HA [a., b] CYHICCTBYCT XOTA OBl OIWH KOPCHb.

Omoenumsp KOpéHb ypasHenHus 3Ha4YUuT HalTH TaKou HHTCPBAJI, BHYTPHU KOTOPOTO HAXOJAUTCA OJUH
" TOJIBKO OAWH KOPCHb JAHHOT'O YPABHCHUA.

[ oTneneHuss KOpHER MOKHO IIPUMEHUTD CIIEAYIOLUN HPUSHAK .

Ecnau Ha otpeske [a, b] ¢yukuus f(X) HempepsiBHA ¥ MOHOTOHHA, M HAa KOHI[AX OTpPE3Ka

MNPUHHUMACT 3HAYCHUS PpPa3HbBIX 3HAKOB, TO HAa AAHHOM OTPE3KEC CYHMICCTBYCT TOJIBKO OAWH
KopeHb ypaBHeHU (1).



JlocTaTouHbIM YCIIOBHEM MOHOTOHHOCTH (YHKLIMU Ha OTpe3Ke SBISIETCS COXpaHEHUE 3HaKa
IIPOU3BOJHOM.

OTaenuTh KOPeHb MOKHO W TpadUyecKH: HapuCOBaTh rpaK W yKa3aTh TOYKH IEPECEUCHUS C
ocwio Ox.

CoBepuieHHbIH MeTOJ1 OT/AeNIeHUs1 KopHeil — metoa [lTtypma.

JAnxoromus (MeTOx JeJIeHUs1 OTPe3Ka MOIoJIam).

1. TIycrs f(X)=0
[XO, X1]| f(X,) - f(X,) 0= cymecTByeT X0Ts ObI OJJUH KOPEHb Ha [XO , Xl];

Xo +X;
;o
Paccmotpum [X,, X, | 1 [X,, X, ]. I3 51X 1BYX BBHIGEpEM TOT, Ha KOHIAX KoToporo dynkmus f (X)

2. X,

IMPUHHUMACT 3HAYCHHA PAa3HbIX 3HAKOB U IMOACTIHUM €I'0 I10I10JIaM U T.A.

Ecnn Hy)KHO HaliTH KOpEHb C TOYHOCTHIO /10 &, TO Mbl IIPOJOJKAEM JEIUTh OTPE3OK 10 TEX IOD,
MOKa JJIMHA OTpe3Ka He CTaHeT MEHbIIEe 2&, TOTJa cepeirHa MOCIEAHEr0 OTpe3Ka JaeT 3HaYCHHE
KOpHsI ¢ TpeOyeMOi TOYHOCTHIO.

JluxoToMus mpocTa U OYEHb HAJIekKHA: K MPOCTOMY KOPHIO OHA CXOIUTCS Bcerda Uil JHo0ou
HenpepslBHOW (yHKUIMHM B TOM uucie W HenuddepeHIupyemMol, Mpu 3TOM OHA yCTOMYMBa K
omubOkaM okpyriaeHus. CKOpPOCTh CXOAMMOCTH METOJa IUXOTOMHUM HE BENMKa, T.€. 3a OJHY
UTEpaIUIO0 TOYHOCTh YBEIMYUBAETCS BJBOE.

Henocratku: mpexKaAC 4EM IIPUMCHUTD, HCO6XO)II/IMO HaWUTH OTPE30K, Ha KOHIIaX KOTOPOTr'o (I)YHKI_[I/IH
MMPUHHUMACT 3HAUYCHUS PA3HBIX 3HAKOB. Ecnu Ha sToM OTPE3KEC HECKOJIBKO KOpHeﬁ, TO HCU3BCCTHO K
KaKOMY M3 HUX CXOOUTCA TUXOTOMMUH. Merton He MMPUMCHUM K KOpHAM YEeTHOU KpaTHOCTHU.

Meton MNPUMCHUM K KOPHAM HEYETHOH KpaTHOCTHU, HO XYK€ YCTOﬁqHB K omuOKam OKpYTJICHHA.
Merton He IMPUMCHUM K CUCTEMaM ypaBHeHHﬁ.

Meron Herorona. Pemienue ypaBHeHMil ¢ OHOH IepeMEeHHOM.

ITycts Tpedyercst pemuts ypaBuenue F(X) =0 (1), rae pyukmus F(X) e C[(j)b] — JIBAXKIbI
HenpepbIBHO-Iud hepeHimpyema Ha [a, b]; F'(xX)#0 na [a, b] u F'(X)#0 u F(a)F(b)<O0.

W3 51X yCc0BUM BBITEKAET, YTO HA [a, b] (GyHKIHS UMEET TOIBKO OJIMH KOPEHb.
[Tpexxae, yeM HCTONB30BaTh UTEepalu, Heodxoaumo (1) mpuBecTH K BULY X = f(x).
f(X)=x—-w(X)F(x).

®Oynukiwst (X) HepepbIBHAS B OKPECTHOCTH KOpHs X * ypaBHenus (1). CiieroBaTesbHo,

ypasuenue (1) u ypaBuenne X =X —y(x) f (X) (2) OyayTr uMeTh OIMH M TOT K€ KOPEHDb X *.



(3)

F(x
B kauectBe y(X) BoiOepeM y(X) = i , Toraa X=X — (x)

F'(x) F'(x)

BeiGepem HauasibHOE NPUOIMIKEHHE X, AOCTaTOYHO Oyn3Koe K X *. OcTanbHble TPUOIHKEHUSI

noJrydarorcs mo gopmyse:

F(X,)

Xn+l = Xn - F.(Xn) (4)

Merton, onpeneneHHbli (4), Ha3pIBaeTCs Memooom Hvtomona.

Hokaxem, uro Metor Hpl0TOHA CXOOUTCS U MOJIYYUM €r0 OLIEHKY ITOTPEIIHOCTH.

k
Ecnu naHo, uto |Xn+1 - X*I = 49|Xn - X*I ,rne 6 — cumBon Jlannay:

eciu k=1, To CKOPOCTh CXOAUMOCTH JINHCHHAS;
eciu K=2, To CKOPOCTh — KBaIpaTHYHAS;
eciu K=3, To CKOpOCTh — KyOuueckas;

eciu K>1, To CXOAMMOCTb METO/Ia CBEPXJINHEIHAS.

JokaxeMm, 9to (4) CXOIUTCHI.

F(x)
F'(x)

Jlnst aTOTO MOKakeM, uto otobpaxkenue f(X) — cxarme, roe f(X)=x—

[F' ) -FOOF" () _ FOQF" (%)
[F 0 [F(0f

f1(x)=1-

[Ipu X=X* nomy4unm

FOe)F" (¢4) _

() = )
TR W)

ITo menpepuiBHOCTH QyHKnuu f(X) Ha [a, b] CYILIECTBYET TaKasi OKPECTHOCTb TOYKH X *, 4TO IS

vxeU,., |f'(x*)|<q<1, asrom cxarue.

[TosTomy Kk oToOpaxkeHn0 f MOMXHO MPUMEHHUTH MPHUHITKIT CKATHIXOTOOPAKEHHIA.

CF(x,)

Ecmn BeIOpate X, €U,., TO X,,; =X,
F'(x,)

OyZleT CXOAMTHCS K TOYHOMY pEIIEHUI0 X*

ypasuenus (1)., T.e. lim x, =x*.

nN—o0

3ametum, uTo MeTOJ (4) OyIeT CXOAUTHCS, €C/IU HauallbHOE IpUOIMxKeHue X, OyaeM BbIOMpaTh U3

oxpectHocTH U .

Xo €U, F(X5)F"(X,)>0.

X* 1

Jokaxewm, uto metoa HeroToHa cxoauTcs.



OmnpenenuM cKopocTh cxoauMocTi Metoaa Hetotona. st atoro F(X) pasnoxxum B psin Teitnopa B

TOYKE X, .

F) = F()+ F (X, )(x- %) + 2

(x=x,)*, & € (X, X,).
[Mpu x=x* umeem F(x*)=0. [TosTomy

0= F(x,) + F'(x, )%, )+ & (0%, )’

Beipazum —— ( ") = (X, —Xx*) - P (x*—x,)? (5)
F(X,) 21F" ()
F " "
X =X, _ﬂ=xn — X, + X*+F—(§)(X*_Xn)2 =Xy ~ X*=_———=" F ({:) ( n X*)Z
F'(x,) 21F""(x,) 2IF"(X,)
O6o03Haunm yepes M, = r[TlaL)](|F"(§)| , m, = r[nlg} IF'(x)|
M 2
X, — XM <—2[x, — X
o =300 0,
k =2, ckopocth cxomumocTu MeToaa HeroToHa kBagpatuuHasi, 6 = 5 2
ml

[TorpeGyeM, uTOOBI HaUAIBHOE YCIOBHE X, BBIOMPAIOCH U3 YCIOBUS

;/Imzl Xo —x*<c<1 (7)

Toraa u3 (6) momyunm

2
M, (2m.c 2m
% o—xA 2 }
1 2m1 MZ MZ
2

M M, (2m 2m
|X2—X*|S2 . <2 2 1C2j _ 1(C2)2

ml ml MZ MZ

|X — X*I < m (C )? - oyenka nozpewnocmu.

Meton HproToHa nMeeT KBaapaTUYHYIO CKOPOCTh CXOJUMOCTH. JTO O3HAYAEeT, YTO MPH MEpexoie
OT OJHOW HWTepauuu K APYrod KOJUYECTBO BEPHBIX 3HAKOB YABAaMBAETCA B IMOCIEIYIOLIEM
NpUOIMKEHUH.

JIOoCTOMHCTBO: BBICOKAsI CKOPOCTh CXOAMMOCTH, JIETKO ITporpaMmupyercs Ha DBM.

Henocratku: y3kas 061acTh CXOAUMOCTH.

Ecniu Oymem pemnath omeparoproe ypaBHenue F(X)=0, To Ha kaxaoM I[iare HEOOXOAUMO

HaXOJMTh 3HAYCHUE 00OPATHOTO oreparopa [F' (X, )]_1.



I'eomerpuuyecknii cmbica MeToaa HeroTona.

[Tycte Tpebyercs pemuth ypaBHenue F(X)=0 u eIWHCTBEHHBIH KOpEHb 3TOr0 YpaBHEHHS

HaxoauTcs Ha [a,b].

B Touke A(a, f(a)) mposemem kacarenpHyio K rpaduky o¢yukuun Y = f(X), ypaBHcHme

kacarenpHoi: Y =F(a)+F'(a)(x—a).
Ecmu F'(a) #0, to
F(
—a-—
TR

)) — nepBoe npubImKkenue Kk X * ypasuenus (1) no meroxy HeroToHa.

Bosemem  A(Xx, f(x)) u mpoBeneM  KacarenbHylo B 2ToM  Touke. Ilomydum

y=F0)+F (x)(x=x)-

Ecmm F'(x)#0, 10

Xy =X —

— BTOpOE npubamxenue k X * ypasHenus (1) no merony Herorona.

N Tak manee. OTCIOZ[a MeToa HproToHa HA3BIBAIOT MEMO00OM KACAMEbHBIX.

Metoa xopa. Meroa cekyimx.

ITo mnpexnemy pemraem ypaBuenme F(x)=0 (1), rme F(X)EC[(i)b], F'(xX)20 na [a,b] u

F(a)F(b) <0.

T.e. na [a,b] (1) umeeT TONBKO OIUH KOPEHb.

Vpauenne (1) 3amumem B Buge X= f(x), tme f(X)=x-w(X)F(X). Bo3bMem B KkadecTBe

w(X )——X, rae X, yaosierBopsiet yenosuio F(X,)F''(Xx,) > 0, x, €[a,b].

F(x)=F (%)
Torna urepannonsslii Mmeton X,,, = f(X,) 3anummercs cnegyrommm o6pasom:

X, — X,
X =X ——""32 3 F(X ) —memoo xopo.
n+1 n F(Xn)—F(XO) ( n) p

I[OKEDKCM, qTo METOJ XopAa CXOOHUTCH. I[J'IH 9TOro HCO6XO,[[I/IMO IIOKa3aTh,

X=X,

F) =X —F ()

F(X).

!

, _a X—X0 B X—X0 ,
=t (F(x)—F(xo)] F() (F(x)—F(xo)jF ®)

X=X*

4qTo



!

o X* =X, o X* =X, s Al
rea= (F(x*)—F(fo)} ~09) [F(x*)—F(xo)jF 0)=[F0e) =0

F (%) + (x* =X, )F' (x*)
- F(%,)

Paznoxum F(X) B psin Teitnopa

F(X) = F(x¥) + F' () (X — X¥) + F"ch) (X —x*)2.

PaccmoTpuM pu X = X, C € (X, X*) .

F(X0) = F 00+ F ()0t =)+ (1, = x0?

F () + (* %) F' () = - (x, — xv)?
o EU(©
0 =gy 0o "

O06o03HaunM uepez M, = r[nah>]<|F(x)|
a,

£ (e%)| < m( - x)* ij*o
Te. £'(x*)=0.
U, vxeU,. | f'(x)<q<].

CnenoBarensHo, f(X) — cxarue u o npuHIUIY baHaxa METOR XOp CXOIHUTCSL.
TToTy4uM OLIEHKY MOTPELIHOCTH IS METO/Ia XOPJL
F(x,)=F(x,)- F(x*)=[reopema o cpemnem|= F'(£)x, — x*),& e (x,,x *)

Tax kak F'(x)#0 ma [a,b], T0

*11

(x,
F'§)

(x,)

\/

x, —x*=

OGosnaunm uepe3 m, = min |F'(x) = |x, —x*|< - ouenka nozpewnocmu 013 Memooa
Xopo.

CX0IMMOCTh METOBI XOPA — JIMHEHAS.

JlocToMHCTBO METO1a X0/ — JIETKOCTh IpOorpaMMupoBanus Ha OBM.



OOmmuit BUJ yIIPOCTUTCS:

v’ Ilpu ycnoBuu F”(x)F(b)>O, TO X, =a, X, = F( ) }’; b) ;
xﬂ -

v’ Tlpu ycnosun F"(x)F(a)>0,10 x, =b, x,,, =

MeTtoa ceKyImx.

Meroz cexylmmx UMeeT BUJ:

CKOpOCTB CXOOUMOCTH — CBerHHHeﬁHaﬂ.

k’k=\/§+1.
2

X

—x*|:H|xn —x*

n+l

Merton cekyuux cXoauTcst ObICTpee METO1a XOpJ U METOAA IPOCTON UTepaLuu.
Paznen 3. Teopusi KOMILUIEKCHBIX YHcel
Tema 3.1 Teopusi KOMIJIEKCHBIX YHCeJI

KoMmjiekcHple uncia.

2 —
Kak M3BECTHO U3 IIKOJIBLHOTO Kypca, ypaBHeHue Buaa X T @ =0 e umeer JEHCTBUTEIIbHBIX
KOpHEH, HO CYIIECTBYET HEOOXOIMMOCTh PeIllaTh YpaBHEHHUs TaKoro Buaa. /s aToro npumymaiu
TaK Ha3bIBAEMbIEC «KOMIUICKCHBIC YUCIIAY.

Jlns ompenenieHuss KOMIUIEKCHBIX YHCEIT CHaYasla BBEIEM HEKOTOPBIA CHMBOJI I, KOTOPBIH Ha30BEM
MHUMOU  eOuHuyel. DTOMY CHUMBOJIY IPHUIIMCHIBAETCS CBOWCTBO YJOBIETBOPSTH YPaBHEHUIO

x2+1=0. i? +1:0,Hmi2 =-1 i=+/-1

ITpu sTOM

Komnnexcuvim uuciomZua3biBaeTcs BhIpaxenne Z = &+ 'b, rae au b — neiicTBUTENBHBIE YHCITA.
[Tpu 3TOM YHCIIO A Ha3bIBaCTCS Oelicmseumenvhol yacmvio 4uciaa Z (@ = Rez), a b— muumoi
yacmoro(b = Im 2).

Hampumep, z=2 + 3i,Rez=2,Imz =3;z=-15 + i, Rez =15, Imz =1.

Ecmu a =Rez =0, to umcio z O6ymer yucro MHUMBIM, ecid b = Imz = 0, To umciao z Oyzaer
JEUCTBUTEIILHBIM.

Upcma £ =28+ b, Z=a- IbHaSBIBaIOTCH KOMNJIeKCHO-conpsidcenHvimuy. Hampumep, z = -2 +

3, z2=2-3iz=1-i 2z =1+]



z,=a,+ib 7
,Z[Ba KOMIIJICKCHBIX YHCJIa u HAa3bIBAOTCA paBHBIMU, €CIIN

. Ly =ay; by =Dy
COOTBETCTBEHHO PaBHbI UX JECHCTBUTEIbHBIC U MHUMBIE YaCTH:
MHO0K€eCTBO KOMIUIEKCHBIX YUCEN — HEYNOPSAA0YEHHOE MHOKECTBO, T.€. U3 ABYX KOMILIEKCHBIX
YHCell Hellb3s yKa3aTh MOoClIenyIollee U nmpeaslayniee. Mexay AByMs KOMIJIEKCHBIMU YUCIaMU
HEJb3s NOCTaBUTh 3HAKU HEPABCHCTBA ~> MU <.
KommiekcHoe 4nciio paBHO HYIIO, €CJIM COOTBETCTBEHHO PaBHBI HYJIO ICMCTBUTEIbHAS U MHUMAS
gactn: &= b=0.
JleficTBHS ¢ KOMILIEKCHBIMHU YUCIAMH.
2)
z=1,7, =(a, +ib)(a, +ib,) =a,a, +iab, +iba, +i’bb, = (a,a, —byb,) +i(ab, +ba,)
z, a,+Ib )
Z=—l=—L—%L=X+W
3) Z, a+I0, 1581051
- (a +ib)(a, —1by) _(aya, +bb,) +i(a,0 —ab,) aa, +bb, 4 a,b, —ab,
(a, +ib,)(a, —ib,) as +b? a5 +b? a5 +b?
IIPUMEP 1. Tano z1 = -1 + 2i, 22 = 3 — 5i. Haiituzy + 2.
21+2=-1+2i+3-5i=2-3i
IPUMEP 2. JTano z1 = 2 + 3i, 2o =1 + i. Haiitu 21 — 2».
21-2=2+3i—-(-1+i)=2+3i+1-i=3+2i
IPUMEP 3.]/lanozy = -1 + 2i, 2o = 3 — 5i. Haiituz1-2».
Z1-22= (-1 + 2i)-(3 — 5i) = -3 + 6i +5i — 10i>=— 3 +10 +11i = 7+ 11.i.
INPUMEP 4.J]lanoz =2 — 1|, Z =2+i Haiitnz Z.
227 = 2-1)yQt+tiN=22-12=4+1=5.

Zy
Z,

=

IIPUMEP 5./1ano z1 = 1 + i, 2 = 2 — 3i. Haiitu
L L+ (1+i)2+3i)) 2+2i+3i+3i° 2+5i-3 -1+5i -1 5.
2-3i (2-3i)2+3i) 4+9 13 13 13 13

Pemenne kBaJipaTHBIX YPaBHEHUI.

2
KopHu xBajipatHOTo ypapaenns X + bX +C€ =0 ¢ neficrenrensapvm ko3 dunueHTamu, y
2
KOTOpPOTO D =b” —4ac <0 yaxonares mo bopmyaam:
—b+iv4ac—b?

X =
1,2
‘ 2a

4 2 _
KopHu OuMKBapaTHOTO ypaBHEHUS X'+ px“+q=0

oroporo D= P* ~44 <0 .
poro , HaxoasTcs o opmyIiam:
L _2a-piy2jarp  —y2Ja-pxiy2/g+p
2 2 - 2

1,
Ecnu kBazmpaTHOoe ypaBHEHHE UMEET KOMIUIEKCHBIE KOI(DPHUIIMEHTHI, TOTa TUCKPUMUHAHT TOXKE
OyZeT KOMITJICKCHBIM YUCIIOM, U JUTsl HAXO0XKICHHSI KOPHS U3 JUCKPUMHHAHTA MOKHO
BOCTIOJIb30BaThCS (POPMYIION:

C JIeHCTBUTENBHBIMU KO3 PULIMEHTaMH, Y

3,4

1, ecub >0

2 2 2 2 ! !
\/aibi:i\/va +2b +a+i-signb\/ 2 +2b ~8 | Lnesignb=14—1 ecimb <0,
0, ecimb =0.

HPUMEP 6. Haiiti kopau ypaBHeHus x>+x+1=0.



Tpuronomerpuueckas hopMa Yucia.

ECJII/I .HIOGOG HeﬁCTBHTeHBHOG YUCJIO MOXKET 6LITI> FGOMeTpI/I‘-ICCKI/I Hpe,Z[CTaB.HGHO B BUJIC€ TOYKH HaA
YHCIIOBOM MPAMOM, TO KOMIIJIEKCHOE YHUCIIO MTPEJCTABIISIETCS TOYKOM HA MIIOCKOCTH, KOOPJAUHATAMU
KOTOPO# OyTyT COOTBETCTBEHHO JICHCTBUTEIIbHAS U MHUMAs YaCTH KOMIUIEKCHOTO uncia. [Ipu
9TOM TOPU30HTAIBHAS OCh OY/IET SBISITHCS ACHCTBUTEILHON YUCIOBOM OChIO, @ BEpTUKAIbHAS —
MHHMOM OCBIO.

0 a

Takum 06pa30M, a=rcoso, b=1sin ¢ . Torga KOMIIEKCHOE YHCJIO0 MOKHO MMpeACTaBUTb B BUIC:

Zz=a+ib=rcosg+irsing=r(cose+isin @)
Taxkast (hopMa 3aIrcH Ha3bIBACTCS MPUSOHOMEMPUYECKOU POPMOU 3aNUCU KOMIIEKCHO20 YUCA.

HpI/I 3TOM BECJIHNYUHA ' HA3bIBACTCS MOOleeMKOMHJ'IeKCHOFO qucia, a yroJjl HakJioHa @ —
apcymerHnmomMKOMIINICKCHOI'O YMUCJIa.

' b
- _ ]2 2. _ _ b,
r:\z\; (/):Argzmn r—\a+|b\—m, go_Argz—arctga,

JeNcTBUS ¢ KOMIJICKCHBIMM YMCJIaMHU B TPUTOHOMETPHIECKOM d)ODMe.
z, =r,(cosg, +isin gol)’ z, =r,(Cos g, +isin ¢,).

1) 2= %Zz =N (CoS(pr + @) +isin( gy +¢,))

Z, T o
7 =1 _ _1((;03((/)1 _§02) +|Sln((01 —¢2))
2) Z, I

3) 2% =72 = r?(cos 2¢ + isin 2¢) 2" =r"(cosne +isin ng)

WU B 001IIEeM CiTy4ae
LEJI0€ MOJIOKUTETBHOE YUCII0. DTO BhIpaXKeHUE Ha3bIBaeTcsa ghopmynou Myaepa.
4) U3BneueHne KOpHs U3 KOMIUIEKCHOTO YHCIIA.

@ + 27K )

%z =1/r(cose +isin @) :Q/F(cosM -

,Tme n —

+isin

rmek=0,1,2,...,n-1

HPUMEP 7. Jlns yncna z2=2- 2\/§| HAHTH TPUTOHOMETPHYECKYIO hopMy, HaiiTn 220, HaiiTu
w'+2=0

KOPHU YpaBHEHHUS =Y

Pewenue. Uncro £ = 2- 2\/§| IPEJCTaBUM B BHJIE z=r(Cosg +isin p)

r=lz/=v4+12 = 4 ¢=arctgg:arctg(_ﬁ):_6oo

, Tae

Torna Z = 4(c0s 60° —isin 60”)

20 .
Jna naxoxaenus £ Bocnonb3yemcs popmynoit Myaspa.

2%’ = 4%°(c0s1200° —isin1200°) = 4% (cos(3- 27 +120°) —isin(3- 27 +120°)) =

= 4%(c0s120° —isin120°%) = —420(% + ? i].



ECJ-H/I W3_Z:0,TO W:%/E

_ano a0
%z%(cos%Hsin%j:W (:0360T+2ﬂk+isinGOTJFZZK - keZ.

7. ) Z

2,=1-—-1;, z,=-71-2i 'R

IIPAMEP 8. [Tani uncia 2 . Haitrn \ 2
-4

AN v _(2—_7i)“‘ _(ﬂj“ _16(L—2ij4
z, ~7-2i —14 - 4i 2—7i 2—T7i
I[anee MMPOU3BOJAUM ACIICHUC IBYX KOMIIJICKCHBIX YHUCCII:
~7-2i (-7-2i)2+7i) -14-49i-4i+14 -53i
2-7i  (2-Ti)(2+7i) 4+ 49 53

[onmy4aeM 3HaYeHHeE 3a1aHHOTO BhIpakenus: 16(-i)* = 16i* =16.

ITonsaTue q)yHKIII/II/I KOMIIJIEKCHOT'O IIEPEMEHHOT0

Onpeoenenue 1. Ilycts G 00macth B KoMIUIeKCHOM miockoctu C. Ecnu kax ol Touke 2cG
IOCTaBUTh B COOTBETCTBHE €AMHCTBEHHOE KOMILIEKCHOE uciIo 3, To roBopsT, 4To Ha

obactu G < C 3aJaHa OJHO3HadYHada (I)YHKI_II/ISI KOMIIJICKCHOT'O IICPEMCHHOT' O

u 0603Hauacrcs = f('z)' Ob6nacte G Ha3bIBaeTcs 001aCThIO ONpeaeneHus PyHKIUH, Z —
apryment Gpyukiun, 99— 3spauenne QyHKIUM B TOUKE Z.

Ecnu Ka)I0My Z CTABUTCS B COOTBETCTBHE HECKOIBbKO 3HaueHui & 10 Ha oOnacTn GeC 3amaHa
MHOTO3Ha4YHasi yHKIIHS KOMIUIEKCHOTO TIEPEMEHHOTO.

2 =
Hanpumep, W= £~ _ onno3HauHas yHKINS; w=Argz _ MHOT'03Ha4Hasl (QyHKIIUSL.

3ameuanue. Taxk Kak 3aJaHMC KOMIIJICKCHOTO YMCJla Z paBHOCHUJIBHO 3aJIaHUI0 ABYX
JIEHCTBUTEIIBHBIX NEPEMEHHBIX X U Y, TO YHUCITY LY TOXCE COOTBCTCTBYIOT JIBa JEHCTBUTEIBHBIX

quciaa U u V. w=U+N, U= Re 2.V = Im 2. Torma 3aBUCUMOCTD = f(z} paBHOCHIIbHA
JIBYM 3aBHCHUMOCTSIM U = U(X,Y), V = V(X,y), T. €. KOMIUIeKCHasi QyHKIIUS KOMIUIEKCHOTO
NIEPEMEHHOTO ONPEENAETCS ABYMS ACHCTBUTENLHBIMH (DYHKIIMSIMHU JIBYX JI€HCTBUTEIBHBIX

IIEPEMEHHEIX = u[x.y]+ iv[x.y}

IIpumep 1. Halitu neiicTBUTENBHYIO Rew , MHHUMYIO Im e YacTH 3HAYEHUHN (PYHKIIMA:
2

ol I
a) ®= £ :6) ®= e

Pewenue.

-l
a) 3anuiieM KOMIUIEKCHOE YHCIIO Z B airedpanyeckoit popme: = (x + I}":] =

= x? + 2ixy - ¥y = ufx,y)=x? -y vix,y) = 2xy.
Rew=x’-y’Imeo=2xy

Takum o6pazom

0) 3anuiieM KOMITJIEKCHOE YHCIIO Z B alNreOpandeckoit popme:
2 2 2.2 2_.2 2_.2
w=g" =Wt —g¥ TV HIV _ g¥ V" gl _ a¥ V" (rng 2xy + isin 2xy)

2 2 2.2
Ree’ * =g" 7V sin2xy

y2_y2 2 |
[TosToMy =€ COS oXy : m e



Onpeoenenue 2. Yucno %y = Upg + ¥y Oy/ieM Ha3bIBaTh MPEICIOM
Gynkmn f[Z] U[I.y]+ W’[I.Y] B TOYKE 2, =Xg + ¥y,

H"_}";{‘D ulx, y)= ug, H"_}"}{‘D v{x,¥)=vq

lim f(z)= w,.
ecomm Y Yo y—=Yo 1 0603Hayare - L0

= . £
w f(z} Ha3bIBAETCS HEMPEPHIBHOM B TOUKe 0

lim ulx,y)=ulx,,v,} lim vix,yv)=vix,vy,)
i )tz ATLUEY)=UoYo) i vxy) = Vi v
I—=Ig T.e. 'O Y=o

f(z) =

Onpeoenenue 3. Oynxuus

CCJIn

N[ —

HaanMep, (bYHKI_II/IH HCIIPCpPBIBHA BO BCCX TOYKAX KOMILJIEKCHOM IIJIOCKOCTH,

1 : 1
(ZEI) Z, , "E”D (Z) z;

kpome Z = 0, Tak kak f(0) He cyiiecTByeT, a B OCTaJbHBIX TOUKAX u

DJieMeHTapHble QYHKIINH KOMILIEKCHOT0 MePeMEeHHOr0

BBoumbie B anredpe onpesesieHus TPAaHCICHICHTHBIX (DYHKITNH ax, SInX,... TEPSIOT CMBIC,
KOr/Ia X 3aMEHSIETCSl KOMILJIEKCHOU repeMeHHo# Z. [Ipunrmast BoO BHUMaHHUE W3BECTHBIC JIJIst
JIEHCTBUTEIIbHBIX 3HAYCHUH X Pa3JIOKEHHUS TPAHCIICHACHTHBIX ()YHKIIUN B CTETICHHOMU psifl, OyneM
M0JIaraTh MO OMPEETICHUIO

, 2 23 2"
e’ =1+z+ —+——+ ...+ —+..
2l g | nl : (1.21)
sinz =z z + z 2 +ot (1) 2" +
36 7 (n+1) " (1.22)
2 4 B 2n
Z Z n &
cosz=1-"—+=" = 4+ +(-1" ——+..
24 e (n) (1.23)
I[To u3BecTHOM Teopeme AGeIs CTeNEHHbBIE PAIBI, CTOSIIME B IpaBoit yactu paBeHcTs (1.21)—(1.23),
. -
R = lim i
N —soo |c

CXOJATCS B KPYre ¢ LEHTPOM Zn = 0 u paauycom R: ”+1| 31ech En—

KOX(UITUEHTHI CTETICHHOTO PSJIa.

C,=—
Onpenenum paanyc CXOAUMOCTH, Hallpumep, 11 paja (1.21): nl.
.+
R = lim 1) lim (n+1)= .
Torma n—w Ml N—pe Hnst psos (1.22) u (1.23) taxoke R = . Takum

00pa3oM, cTeneHHbIe psiibl B TpaBoil yactu paBeHcTB (1.21)—(1.23) cxoasTes Ha Beei

KOMILIEKCHOU TutockocTH. CrenoBaresabHo, paBercta (1.21)—(1.23) onpenenstor Bo Beei
z "

y e’, sinz, cosz y

KOMIUIEKCHOU TJIOCKOCTH (PYHKIIMH KOTOpBIE MPH JIeHCTBUTEIIbHBIX

3HAYCHUAX Z COBNAAAXOT C COOTBETCTBYIOIIUMHA q)YHKHI/ISIMI/I HCﬁCTBHTeHBHOFO INEPEMEHHOTO.



ITo dpopmyse (1.21) onpenenum
2 .3 L4 5 . 3
2w A 2 3 (1.2)

Torpa, cknaapiBasi ¥ BeIUUTAS 3TH (PYHKUUH, TIOTYYUM H3BECTHBIE (hopMyIibl Ditnepa aist GyHKIui
KOMILJIEKCHOTO MIEPEMEHHOI0:

iz + E—iz
cosZ=————;
2 (1.25)
<inz iz e—iz .
- (1.26)
e’ = cosz +isinz; (1.27)
e” =cosz—isinz (1.28)

CrpaBeJIMBHI CIIEAYIONIUE CBOMCTBA ATUX (DYHKIIUI:

Z1+La Il m L2
Croiictso 1. € =e e .

T Y iy W - _
Torma e =¢e e e =@ (cosy+ ISIF‘I'}')X,‘} efiCTBUTENILHBIE YUCIIA.

CBoiicTBo 2. e ™" - eHi(Hzﬂj =e’ (COS('}' + 2“)"" i Sin(y + 2“)) = e’e" = @’
QyHKuus 2pi nepuoanuyecKas.

CaoiicTBo 3. sinz + cos’z=1.

cos{z+ 2n)=cosz, sin(z +2x)= sinz.

, T. €.

CoiicTBO 4.
(Cesoticmea 3 u 4 doxazams camocmosmenvbHo.)
Oyukuun tqz, ctqz u runepOonuyeckue GyHKIMH ONPEIEIIIOTCS PAaBEHCTBAMHU:

sinz  e"-e"

tgz = — -
¥ osz ile” + e (1.29)
cosz e’ +e )
thz: ; I -iz
sinz e"-e" . (1.30)
I -
shz = €
2 (1.31)
i -7
chz-2 *¢
; (1.32)
thz = Sh2
h

chz . (1.33)



cthz = C_hZ

shz (1.34)

CROCTEO 5. shz = -isin(iz), chz = cos(iz), thz = -itg(iz), cthz = ictgz

CaMOCTOATCIIBHO.

JOKa3aTb

Ipumep 2. Haiitu: 1) Sin“ - i); 2) tg(i); 3) Sin(ﬂ + i).
Pewenue.
1) Ucnonw3ys (_bopMyny (1.2_7), mojyqaem:
el _el-) e —e'e’ elcosl+isini)- e '(cos!-isin1)

i _ _

sin{1-1) 3 % %

_ ecos1-e'cost+ilesin1+ e 'sin1) esin1+ e sin1 o e 'cos1-ecosl

2 2 2
-1 -1

—sin1€7 % _icos1€=% - sin1chi-icostshi.
thz - Sh2

2) Ucnomnb3yeM onpenenenne GpyHKIHT ehz ,; cxoiicrso 5:

. sini_ishl ., shl e -e' e’'-1
tgi=——="—=1ith1= ===
cosi chi chl e +e e +1

3) [Tonb3ysce Gpopmymnoii (1.26), momyuum

; ; 1 i+ —if 7} 1 —1+in 1-in 1 140 1q—in
sin lj=—Le —-e =—\e —-e =—\e e —ee =
e )= ¢ )= 5 )= 5 )

_ %(e-wcosn +isinm)— ' (cos{n) + isin{—))) = %{ﬁ 1+ 0)—e' (- 1+ 0)) =

- ~ _j-shi.

1e-¢'
[
Jlozapughmuueckyro pynxyuio onpenenseM Kak GyHKIHIO, 00paTHYIO OKa3aTeIbHOM:
z=82=20, w=Lnz.

eciu TO W Ha3bIBaeTcsl JiorapudmMom uucia Z u 0003Hayaercs
[Tpuuyem

Lnz = Injz|+ iArqz = Inje|+ iarqz + Zkni k=0, 1+ 2.... (1.35)

Tak xak Arq Z — MHOTO3HayHas GYHKIMS, TO ¥ LN Z Toske MHOrO3HaUHAast (PyHKIHUS.
I'nasnvim 3nauenuem noeapugma Yucia Z Ha3bIBaeTCs TO 3HAUEHUE, KOTOPOE COOTBETCTBYET
[JIABHOMY 3HAYEHMIO apryMEHTa Yucila Z 1 0003HavaeTcsl

Inz=In|z+iargz. (1.36)

ChoiicTno 6. Ln{z,z,)=Lnz, + Lnz

z
Ln=1 = Lnz, - Lnz,.
Caoiicreo 7. 22



Cooitcrn g, LN2" )= LNz + kni k=0, £+ 2.

IokazamenvHyro ¢hyHxkyuio s 10O0T0 OCHOBAHUS @ OMPEAETHM U3 OCHOBHOTO

ELneu -1
TOXXIECTBA: — 9@, Torma

I _ ZlLna

a =e . (1.37)

N3 sToro xe TOXIACCTBA MOXKHO OIIPEACIIUTb U CMENneHHY10 QbyHKL;M}O JIs JIF000I0 KOMIUIEKCHOTO
IoKa3arecis CTCIICHU

z-=e""". (1.38)

Obpamuvie mpueoHomempuieckue QyHKyuu ONpeAeNsoTCs PaBeHCTBAMHU:

arc sinz = —iLn[iz + 41— zz]

; (1.39)
arc cosz = —iLn[z +-z° - 1]
; (1.40)
arctgz = —iLn1+ iz
2 1-iz’ (1.41)
arcctgz = — Ln —I
z+i’ (1.42)
arcshz = Ln[z +z° + ]
(1.43)
arcchz = Ln[z +J2° ]
(1.44)
arcthz = 1 Ln1—z zZ++1.
2 1-2’ (1.45)

IMpumep 3. Haiitu Lni.
Pewenue.

Lni = Infi|+ iargi + 2kmi = In1+ig + ki = in[%+ 2ki], k=0+1+2....

3ameuanue. 3J'ICMCHTapHLIC q)yHKI_II/II/I KOMIIJICKCHOT'O IIEPEMCHHOTO ABJIAIOTCA aHAJIMTUYICCKUMHU BO

BCEX TOYKax O6HaCTI/I OIpCaACIICHUS, a CJICA0BATCIbHO, UMCIOT ITIPOU3BOJHLIC B Ka)KILOI\/JI TOYKE
001acTH onpeeNIeH s, IPUIEM IPOM3BOIHBIC JIEMEHTAPHBIX (PYHKIIUH KOMIUIEKCHOTO
MNEPECMCHHOTO MOYKHO BBIYUCIIUTL, UCIIOJIb3YS TaGJII/II_[y IMPOU3BOAHBIX U IpaBUJIa
nuddepeHIpoBaHNs COOTBETCTBYIONUX (DYHKIIUNA JEHCTBUTEILHOTO NTEPEMEHHOTO,

Harpumep, (CO{ZE D' =-22 Sin(zz )



Pa3znen 4. luckpeTHasi MaTeMaTHKA

Tema 4.1. IuckpeTHasi MaTeMaTHuKa

1. MHo:KecTBa

1.1. Muoycecmea u ux 31emenmaol

MaremMaTHueCKUM MOHITHEM, OTPAKAOIINM 00bEIUHEHHE HEKOTOPHIX OOBEKTOB, IPEAMETOB HIIN
MOHATHUI B €IUHYIO COBOKYITHOCTD, SIBJISICTCSI HOHAMUE MHOMcecmed. IDTO MOHITUE B MATEMATHKE
SIBIIIETCS HeolpeaesieMbiM. 1101 MHOKECTBOM MBI OyieM MOHUMATh COBOKYITHOCTH 3JIEMEHTOB
0001 TPUPOABI, TTOITAIOIIUXCS CUETY.

[IpuBeneM mpumMepsl MHOXKECTB: 1) MHOYKECTBO BCEX JCPEBBEB B JIECY, 2) MHOXKECTBO BCEX
HATypaJbHBIX YKCEN, 3) MHOXKECTBO CTY/ICHTOB JJAHHOT'O MHCTUTYTA.

OO0BeKTHI, 00pa3yrolme JaHHOE MHOYKECTBO, HAa3bIBAIOTCS €T0 21emenmamu. Hapumep, uncio 9 —
AJIEMEHT MHOXKECTBA HATYPATbHBIX YHCEN, & YHCIIO 3/4 HE SABISETCS IEMEHTOM MHOXKECTBA
HaTypaJbHbIX YHCEIL.

OOBIYHO MHOKECTBA 0003HAYAFOTCSI TATHHCKUMU TponricHbIMU OykBamud, B, C, D,X, Y, Z, Wu
T.I., @ KX JIEMEHTBI — CTPOYHBIMHU OyKBaMHu a, b, ¢, d, X, y, Z, Wi T.11. To, 4TO OOBEKT a SIBISCTCS
AJIEMEHTOM MHOXKECTBa A, 3alIUCBIBAIOT TaK: a € A(UUTAIOT: @ IPUHAICKUT MHOKECTBY 4). Eciu
00BEKT g HE ABIAETCS SIEMEHTOM MHOXKECTBAA, TO MUIIyT: a € A(4UTAIOT: a He NPUHAICKHUT
MHO>KECTBY 4),

MHoxecTBaAu B Ha3bIBAIOTCAPAGHBIMU, €CITA OHU COJEPKAT OJHH U TE€ KE DJIEMEHTHI. PaBeHCTBO
MHOXeCcTBAU B 3anucrIBaroT B BUnIe 4=2.

Pa3nmnuaroT MHOKECTBA KOHEUHBIE U OeCKOHEUYHbIE. KOHeuHbIMHA3BIBAETCS MHOXKECTBO, COCTOSIIEE
13 KOHEYHOI'0 Ynciia 3J1eMeHTOB. Cpe/li KOHEYHBIX MHOKECTB BBIJICTISIIOT MHOYKECTBO, HE UMEIOIIICE
HU OJIHOTO 3JieMeHTa. ETro Ha3bIBaIOT MycMbIMMHOXKECTBOM U 0003HAYAIOT CUMBOJIOM ().
MHOKECTBO, HE SIBJIAIONICECS KOHEUHBIM, Ha3bIBACTCS OECKOHEeUHbIMMHOKECTBOM.

Nmeetcs nBa pa3nmuyHbIX crioco0a 3a1anusi MHOkecTBa. [1epBbIit ctoco0 COCTOUT B TOM, YTO
MHOECTBO 33Ja€TCsl YKa3aHUEM BCEX €r0 3JIEMEHTOB. B 3TOM citydae roBopsT, YTO MHOKECTBO
3a/1aHO HEPeUUCIEHUEM 6CEX CBOUX ITIEMEHN 06, UV CTIMCKOM dJIEMEHTOB. B MaTeMartuke
AJIEMEHTBI MHOXKECTBA, 33JJaHHOTO MTEPEUYHNCIEHUEM BCEX CBOMX 3JIEMEHTOB, IPUHSATO 3aKJIIOYAThH B
(burypHbie CKOOKHU U pa3aessiTh TOUKAMH C 3aISTHIMH.

SIcHO, 4TO mepeyncIeHuEM IEMEHTOB MOXHO 33aTh JIMIIb KOHEUHbIE MHOKeCTBA. W naxke nms
HUX 3TO HE BCET/Ia JIETKO C/eaTh (B TOM Cllydae, €ClId 3JIEMEHTOB OU€Hb OOJIBIIIOE KOJIMYECTBO).
Bropoii cioco0 3amanust MHOXKECTB MPUMEHUM KaK K KOHEUHBIM, TaK U K OECKOHEYHBIM
MHOkecTBaM. OH COCTOUT B TOM, YTO YKa3bIBA€TCSI CBOMCTBO, KOTOPHIM 00JIaJal0T BCE DJIEMEHTHI
paccMaTpuBaEMOro MHOXKECTBA U HE 00JIaal0T HUKaKKe pyrue o0beKThl. Takoe CBOWCTBO
HAa3bIBACTCS XAPAKMEPUCIMUYUECKUM C8OICME0OMMHOXKECTBA. ECIIM MHOXKECTBO A 3a7aHO
XapaKTEPUCTHUECKUM CBOMCTBOM P, 10 muiyT: A={x| P(x)}.DTy 3anuch YUTAIOT TaK:
MHOECTBOACOCTOUT U3 TE€X M TOJIBKO TEX AJIEMEHTOB, KOTOPBIE 00J1a/1al0T CBOMCTBOM P.
MHoskecTBa MOTYT COCTOSITh U3 O0BEKTOB CaMO pa3IUuYHON mpupoabl. X aneMeHTaMu MOTyT
OBITH OYKBBI, aTOMBI, YHCJIA, YPABHEHUSI, TOUKH, YIJIbI U T.J. OU€Hb 4acTO BCTPEUAIOTCS YUCI08ble
MHOMCecmea, TO €CTb MHOXKECTBA, JIEMEHTAMH KOTOPBIX ABIISIIOTCS yKciia. Hampumep:

R - MHOXECTBO AECHCTBUTEILHBIX YHCET;

Q - MHOKECTBO paIMOHATBHBIX YHCEN,

Z - MHOXKECTBO LIENBIX YHCEI,

N - MHOXECTBO HATypaJIbHBIX YUCEIL.

Ecnu MHOXECTBOAHE SBIISAETCS ITYCTHIM MHOKECTBOM, TO U3 HETO MOYKHO 00pa30BaTh APyTrue
MHOKECTBA, SIBJISIOIINECS €T0 YaCTAMU. TaK, MHOYKECTBO YETHBIX YHCEII, MHOXKECTBO MPOCTHIX
YHUCEJ, MHOXKECTBO YHCEJI, KPaTHBIX TPEM, - BCE ITO PA3TUYHBIC YACTH MHOXKECTBA HATYPAThHBIX
YHCElL.

B maTematrke BMECTO CJI0Ba «4acCTh) UCIOIB3YIOT CIIOBO «MOOMHOMCECHE0» Y TOBOPAT, YTO
MHOXECTBOBSBISACTCS ITOJIMHOXKESCTBOM MHOXKECTBA A, €CIU KaXKIBIH DJIEMEHT U3 MHOXKECTBa B
SIBJISIETCSI BMECTE C TEM U AJIEMEHTOM MHOXeCTBa A. B aTom ciydae numyt: B < A.

Eciu MHOXKECTBOBSBIISIETCS TIOJMHOXKECTBOM MHOXecTBa A(B & A),TO IpUHAIICKHOCTh 3JICMEHTA
X MHOKECTBY B SIBIISIE€TCSI JOCTATOUYHBIM YCIOBUEM €0 MPUHAIJICKHOCTH MHOKECTBY 4,
ANPUHAJIKHOCTD JIEMEHTa X MHOXKECTBY A - HEOOXOIUMBIM YCIIOBHUEM €T0 MPUHAIIICHKHOCTH



MHOKeCTBY B. Hanpumep, eciim MHOKECTBO A - MHOKECTBO YETHBIX HAaTypaJibHBIX yuced, B -
MHO>KECTBO HATypaJbHBIX YKCeN, KpaTHBIX 10, TO o4eBUAHO, uTo B < A. TlosTOoOMy, [I71s1 TOTO YTOOBI
HATYpaJIbHOE YUCIIO 1OBLIO YETHBIM YHCIIOM, T.€. 11 € A, TOCTaTOYHO, YTOOBI 1 ienuiioch Ha 10, T.e.
n€BmB.

Cdopmynmnpyem npu3HaK paBEHCTBA IBYX MHOXKECTB: 068a MHodcecmea A u B pasusi, eciu nrobdotu
anemenm, cooepaicawutics 8 A, obs3amenvbHo codepaicumcs 8 B u nio6oil snemenm, cooepocauutics
6 B, o6s3amenvho codepoicumces 6 A, mo ecmo

A=B=ACBuBCA.

1.2. Onepayuu nao muoixcecmseamu

[TycTh Bce paccMaTprBacMbie MHOXKECTBA SBJISIOTCS TIOJMHOKECTBAMHU HEKOTOPOTO
(bUKCHUPOBAaHHOTO MHOXKECTBA, KOTOPOE HA30BEM YHUBEPCanbHbimy 0003HauuM OykBoit U. Jlns
HaTJISITHOCTH OyeM M300pakaTh €ro B BHJIC IPSIMOYTOJIbHUKA. 1)1 reoMeTprIecKoi
WUTIOCTPAIMK ONepalii HaJl MHOKECTBaMU BOCIIOJIb3yeMcsl duazpammamu Jiinepa-Benna, Ha
KOTOPBIX MHOXECTBA H300paKAr0TCs OBaJlaMH (MJIM KPYTaMu).

Onpenenenue. IlepeceuenuemMHOKECTBAN B Ha3bIBaeTCS HOBOE MHOXKECTBO, COJIEpIKAIllee TE U
TOJIBKO T€ 3JIEMEHTBI, KOTOPHIE BXOSAT OJHOBPEMEHHO U B MHOXKECTBO 4, M B MHOXKECTBO B.
[Tepeceuenune mHO)keCcTBAU B 0603Hayaror 4 M B.

ANB={x:x€4Aux<B}

["'eoMeTpHUEeCKyIO MILTIOCTPAIMIO ONEPAIH [TEPEeCeUEHIs] MHOKECTBAH B NAlOT IuarpamMMbl
Diinepa-Benna (puc. 1). Ha pucynke 1, a) 3amtpuxoBaHo MHOKeCTBOA M B, Ha pucyHke 1, 6)
MHOeCTBa A U B He nepecekatorcs, 1.e. A N B =@.

A f A B

8 OO

a) _ & 6) U
Puc. 1

Omnpenenenne. O0beOuHeHUeMMHOXKECTBAN B Ha3pIBaeTCsi HOBoe MHOXecTBO A Y B, cocrosimiee u3
T€X U TOJIBKO T€X AJIEMEHTOB, KOTOPHIE BXOIST XOTs OBl B OJTHO M3 MHOXECTB A UIu B.

AV B = {x :x€A umm x € B}

Juarpammsl Diinepa-BeHHa, COOTBETCTBYIOIIUE ONEpAIH 00ObeTUHEHHS] MHOKECTBAHU B,
MOCTPOEHBI HA PUCYHKE 2.

a) 0)
Puc.2

OtmeTruM, YTO O0IIKE 3TIEMEHTHI MHOXKECTBAM B B 00beIMHEHNE BXOAAT TOJIBKO OJUH pas.
Onpenenenue. PaznocmuvioByx MHOKECTBAY B HAa3bIBalOT TAKOE MHOXKECTBO, B KOTOPOE BXOJIAT
BCE DJIEMEHTBI U3 MHOXKECTBA A, HE IPUHAIJIEKAIINE MHOXKECTBY B.

A\B = {x:x€Au x £ B}

Pa3nocth MHOXECTBAM B 0003HauatoT 4 \ B. Jluarpammsl Ditnepa-BenHa, cOOTBETCTBYOIIHE
orepanuy BEIYUTaHHUSI MHOXKECTB 4 U B MOCTpOEHbI HA pUCYHKE 3:

A4 B

O

a) Y 6) :
Puc.3

B ciryuae, korjia MHOKECTBOBECTh MOJAMHOKECTBO MHOKECTBA A, pa3HOCTh A \ B Ha3bIBAIOT
oononnenuem mmuodcecmsea B B MHOXKeCTBE A 1 0003Ha4aroT CyB.




JlonoHeHre MHOKECTBABB yHUBEpCcaabHOM MHOXecTBe UobGo3Havaror B’ um B
CootBercTByroLIME quarpaMmel Dilniepa-Benna nocrpoens! Ha pucyske 4. Ha pucynke 4, a)
3amTpuXxoBaHo MHOXecTBO C4B, Ha pucyHke 4, 6) - MHOecTBO B'.

6) 4

Anzedpoii MHOIHCECMEHAZBIBACTCS YACTh TECOPUH MHOXKECTB, B KOTOPOH M3Yy4alOTCsl CBOMCTBA
onepauuii HaJi MHO>KECTBAMM.

[lepeunciyM OCHOBHBIE CBOMCTBA ONePalMii HAJl MHOKECTBAMM:

1) kommymamuernocmsb (NEPECTAHOBOYHOCTH) O0BETUHCHUS U TIEPECCUCHUS:

AVYB=BYA, ANB=BMA

2) accoyuamusrnocms (COUETATEILHOCTh) 00BEINHCHHS U TIEPECCUCHUS:

(AYB) Y C=4AY (BY C), (ANB) "C=4A" (BN C);

3) oucmpubymuernocms (pacrpeaeuTeIbHOCTD) nepeceuensi OTHOCUTEILHO O0OBEIUHEHUS:
AN(BYC)=(ANB) Y (ANC);
4) ouCmpubymusHocms 00vbeduHeHsi OTHOCUTEITHHO TICPEeCCUCHHS:

AY (BN C)= (AYB) N (4AY O);
5) BeimounHsIOTCS paBeHcTBa: AVY O=A, 4 N D=0).

[lepeuncium ciocoOBI 10KA3aTeIbCTBA PABEHCTBA MHOKECTB.
Jokaxem paBenctso (AVY B)'=A'NB'
1) ¢ nomowvio ouacpamm Siinepa-Benna.

Jlesas 4acmbv npaedst 4acmo

v

Puc. 5
A Y B- npsimasi LITPUXOBKa, A' -BepTHUKalbHAS IITPUXOBKA,
(4 Y B)' - ToueuHas IITPUXOBKA, B' - ropu3oHTanbpHas IITPUXOBKA,

A" N B'—cetka

CpaBHMBas 4epTeKH, 3aMe4aeM, uTo (PUrypa ¢ TOUeYHOH ITPUXOBKOM COBNA/AET C CEeTYaTON
¢burypoi, To ecTb JaHHbIE MHOKECTBA PABHBI.
2) ¢ nomowb10 NPU3HAKA PABEHCMBA MHOICECHIE.
[Tyctb x € (AVY B)'. [1o onpeieneHUO TOMOTHEHUST MHOYXKECTBA /10 YHUBEPCATHbHOTO MHOXKECTBA,
710 03HauaeT XEU, x4V B, TormaX€U, x4 ux€B<=X€EA' uxeB' < xeA'NB"
[Tycts X€ A'M B'. Tlo onpeneneHuto nmepecedeHnss MHOKECTB 3TO paBHOCHIHLHO XE€A' u X€ B’
TormaX€U, x€Au x€ B Xx<€U, x4Y B x€(AYB)"
Taxum 006pa3oM MOIYUMITH, YTO JIFOOOH SJIEMEHT, COIEPKAIIUNCS B JIEBOW YacTH, 00s3aTeIbHO
COJIEP’KUTCS B IPABOM YaCTHU U JII00O0I 3JIEMEHT, CoJleprKallHiics B paBoil yacTH, 00s13aTeNIbHO

COJACPKHUTCS B neBoii yactu. CoriacHo NPU3HAKY PAaBCHCTBA ABYX MHOXCCTB, CIICAYCT, YTO (AU
B)=A'MB..



2. Anre0dpa BbICKa3bIBaHU

2.1. OcHnosnbvile nonamusn

W3ydeHne MaTeMaTHKU MperojaraeT yMeHue IpaBUiIbHO CTPOUTH Pa3IMyHble MaTeMaTHUECKHE
MpEJIOKEHUS U JeJIaTh BBIBOIBI B Mpoliecce paccyxaeHus. Bosnukias B X1X B. crienuanbHas
00JacTh HayKu - MaTeMaTH4ecKasi JIOTHKa He TOJIBKO pellia mpodiieMy co3/IaHusl TEOPHH
MaTEeMaTUYeCKOro JI0Ka3aTeIbCTBA, HO U OKa3ayia 00JIbIIOE BIUSHUE HA PA3BUTHE MATEMATUKH B
LEJIOM.

Heob6xonuMo paznuyarh MOSBUBIIYIOCS €IIe B TITyOOKOW IPEBHOCTH (POPMATbHYIO TO2UKY
(JloruKy ApHUCTOTENS) U Mamemamu4ecKkyro 102uxy, BO3HUKIIYIO B 1847 r. B paboTax
AHIJIMHACKOTO MaremaTtuka /{owc. byns.

OCHOBHBIM NOHSTHEM MAaTEMAaTHUECKOM JIOTUKH SIBJIIETCS MOHITHE 8blcKazvliéanus. 1100
8bICKa3bleanuem 0yoem NOHUMAmMb NOBECME08AMENbHOE NPEOIONCEeHUe, OMHOCUMENbHO
KOMOPO20 MONCHO CKA3AMb, UCMUHHO OHO UU 10dcHO. JI1000€ BhICKa3bIBaHUE ObIBACT MO0
HUCTUHHBIM, JIN0O JIOKHBIM; OBITH OJTHOBPEMEHHO M TEM U JIPYTUM OHO HE MOXKET.

B nanbueiiniem OyneMm 0003Ha4aTh BHICKA3bIBAHUS 3arJIaBHBIMU JIATUHCKUMU OykBamu: A, B,
C,....

2.2. Onepauuu Hao 8bICKA3bIGAHUAMU

Jlozuueckasn onepayus — cnocoO MOCTPOCHUS CIIOKHOTO BbICKAa3bIBAHUS U3 TAHHBIX
BBICKA3bIBAaHUH, IPU KOTOPOM 3HAYCHHE UCTUHHOCTHU CJIOYKHOT'O BBICKA3BIBAHUS TIOJTHOCTHIO
OIpeeNsIeTcs 3HAaUCHUSIMA UCTHHHOCTH MCXOJIHBIX BBICKa3bIBAHUIA.

Hueepcusa (norudeckoe ompuyanue) o0pasyeTcs U3 BHICKa3bIBAaHUS C IIOMOIILIOI00aBICHUS
YaCTHIIBI «HE» K CKA3yeMOMY WIIM MCIIOJIb30BaHMs 000pOTa PeYr «HEBEPHO, UTO...».

-
O603nauenue unsepcun: HE 4; 'A4; 4 ;NOTA. UuBepcus BbICKa3bIBAHUS UCMUHHA, KO20A
BbICKA3bIBAHUE IONHCHO, U JIOJCHA, KO20d 8bICKA3bI8AHUE UCTNUHHO. DTa 3aBUCUMOCTD MOYKET
OBITh 3aIIMCaHa B BUJIC TaOIULBI, HA3bIBAEMOMW mabauyet UCMuUHHOCHU.

— A Z

A 0 1
u J 1 0
Jl u

B a10i1 Tabnuie OykBamMu «u» U «1» 0003HAUYEHBI COOTBETCTBEHHO HCTUHHOCTD MJIH JIOKHOCTh
BBbICKa3bIBaHUHAU A.

B Teopun MHOXECTB JIOTUYECKOMY OmMpUyarulo COOTBETCTBYET ONEPAIHst QONONHEHUs. K
MHOJICECmB).

Konvronkyusa (10Tu4ecKoe yMHoMcenue) 00pa3yeTcsi COSAMHEHUEM JIBYX BbICKa3bIBaHHI B
OJIHO C TIOMOIIIBIO COI03a «H».

O6o3Hauenue KOHbIOHKIWMU: A U B; A NB; A & B; A *« B; AANDB. KoHbIOHKIIHS IBYX
BBICKA3BIBAHUM UCTMUHHA MO20A U MOALKO M020d, K020d 004 8blCKA3bI6AHUS UCUHHDBL, U
JIOJCHA, KO20A XOMsL Obl 0OHO 8bICKA3bIBAHUE JIONCHO.

y 3 B A B ANB
A 0 0 0
u u u
0 1 0
u Jl Jl
1 U P 1 0 0
7 7 7 1 1 1

B TCOPHUU MHOXKECTB KOHBIOHKYUA COOTBCTCTBYCT OIICPALIUU nepecedeHus] MHOMICeCMe.
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Jluzvronkyus (TOTHYECKOE C10MHceHue) 00pazyeTcsi COeIMHEHUEM JBYX BBICKA3bIBAaHHUH B OHO C
MIOMOIIIBIO COt03a «un».O003Hauenue qu3bionkimu: 4 UJIN B; A |B; A V B; A + B.
JIM3BIOHKIHSI IBYX BBICKA3BIBAHUH JI0J#CHA M020a U MOIbKO M020d, K020a 004 8blCKA3bIBAHUS
JIOJHCHBL, U UCHUHHA, K020 X0m s Obl 00HO 8bICKA3bIGAHUE UCTMUHHO.

A B AV B
A B AVB 0 0 0
u a u 1 0 1
a u u 1 1 1
7 2 7

B Teopuu MHOKECTB 0u3bi0HKYUS COOTBETCTBYET OMEPAIIUU 00bEOUHEHUS MHONCECTNE.
Hmnauxayus (I0ruueckoe ciedosanue) oOpazyeTcsi COSJMHEHHEM IBYX BBICKA3bIBAaHUHN B OJTHO
C TIOMOIIIBIO 000POTa PEUYU «ECIH..., TO...». OHA OOBIYHO UCIIOJIB3YETCs B (hOPMYIUPOBKAX
TEeopeM.

O6o3nauenne ummuakanuu: 4 — B; A= B (untaercs «usAcnenyer B»). UMIUTMKAIUs ABYX
BBICKA3bIBAHUI JI0JICHA MO20a U MOAbKO M020d, K020d U3 UCMUHHO20 8bICKA3bIBAHUs Cledyem
JIOJICHOe.

A B A—B y B 1B
u u u
» P P 0 0 1
P y 0 0 1 1
7 7 u 1 0 0

1 1 1

[TepBbie ABE CTPOKH TAOHIIBI XOPOIIO OTBEUYAIOT 3JJPABOMY CMBICITY B PACCYKICHHUSIX;
MOCIIEAHUE IBE MOXKHO UHTEPIPETUPOBATH, KAK «M30 JDKH CIEAYeT BCE, YTO YTOJIHOM.
Ikeusanenmuocmp (JOTUIECKOE PABEHCME0) 00Pa3yeTCsl COSTMHEHUEM JIBYX BBICKA3bIBAHHH B
OJIHO TIPU TIOMOIIIH 000POTa PEUH «... TOT/Ia U TOJIBKO TOT/1a, KOT/A...».

OG6o3HaueHNE YKBUBATEHTHOCTH: A=B; A B, A~B. DKBUBAJIEHTHOCTb JBYX BBICKA3bIBAHUI
UCTMUHHA M020d U MOAbKO mMo20d, K020a 00a 8blCKA3bIBAHUS UCUHHbBL UL 00d T0XCHbL.

A B A<B A B A—B
u u u 0 0 1
u 7 Wi 0 1 0
7 u by 1 0 0
7 7 u 1 1 1

OTton Oornepanru COOTBETCTBYIOT CBA3KH «TOrJia U TOJIBKO TOTAa», «TC U TOJIBKO TE,
((HCO6XO,Z[I/IMO n A0CTaTO4YHO» M T.II.
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OmnopHelii KOHCHEKT «CBOIICTBA JIOTHYECKUX ONlePaAliD)

WuBepcusi HICTUHHA BBICKA3bIBAaHUE JIOKHO
JIM3BIOHKIHS JIOKHA JIOJKHBI

00a BBICKA3bIBAaHUA
KOHBIOHKIIMA HCTHHHA Torma WCTUHHBI

u
JIM3bIOHKIINS MCTUHHA TOIBKO HCTUHHO
KOHBIOHKIIMSA JI0KHA Torna XOTH OBl OJHO BBICKA3bIBAHUE
’ JI05KHO
Korma

13 HCTHHHOTO BBICKA3BIBAHUSI CIICTYET
Nmninkanys jIo:kHa

JIOJKHOE BBICKA3bIBAaHUE

00a BBICKA3bIBaHUS JIOKHBI WX 004
DKBUBAJIEHTHOCTH HCTHHHA

BBICKA3bIBAHUSA HCTHHHBI

2.3. Cnoocrnoe evicKkaszvléanue

Bricka3biBanust OBIBAIOT MPOCTHIC U CIOKHBIE.

Ilpocmuim Ha3bIBAaETCS BBICKA3bIBAHHUE, KOTOPOE HE COJAEPIKUT B ce0e APYTUX BHICKA3bIBAHHIA.
Ecnu HECKOJIBKO MPOCTHIX BHICKA3bIBAHUN O0BEIUHEHBI B OJTHO C ITOMOIIBIO JJIOTUYECKUX
omepaluii 1 CKoOOK, TO TAKOE BBICKA3bIBAHUE HA3BIBACTCS CLONCHbBIM.

Cxo0Ku HEOOXOUMBI JUIsI OTIPEACIICHUSI TIOPSIKA BBHITTOJIHEHUS JIOTHYECKUX OTepaIui.

B dopmanbHOii JIoruke mpuHATO, YTO BCAKOE IMTPOCTOE BBICKA3bIBAHUE 00s3aTEIIBHO UMEET OTHO
U3 JIBYX 3HaYEHUN — MCTHUHA WJIH JIOKb. 3aMETUM, YTO 3TO 3HaYEHUE HE BCET/1a U3BECTHO.
[Tpumepamu TakuX BBICKA3bIBAHUH SBISIOTCS HEJTOKA3aHHbBIE HIIM HEOIIPOBEPTHYThIE THIIOTE3HI.
OpmHako B ciydae MpoCTOro BHICKA3bIBAaHUS BCET/A JOITYCTUMO JOTOBOPUTHCS O TOM, CUUTATh
€ro UCTHHHBIM UJIN JIOXKHBIM.

CroxHBI€ BBICKA3bIBAHUS 00PA3yIOTCS U3 MPOCTHIX TP MIOMOIIHN COI030B «H», «HIIN», «ECIIH ...
TO», «TOT/A M TOJLKO TOTIa» U T.I. B MaTeMaTHueCKOM JTOTUKE 3TH COIO3bI HAa3LIBAIOT
Jnocuyeckumu cesizkamu. ICTHHHOCTD CII0KHOTO BBICKA3bIBAaHUS 3aBUCHUT, KaK MPABUIIO, OT TOTO,
VMCTUHHBI WIH JIO’KHBI BXOJIAIIIME B HETO MPOCThIE BhICKa3bIBaHUs. 3yueHue 3Toil 3aBUCUMOCTH
SIBJISIETCS TIPEIMETOM JIOTUKH BBICKA3BIBAHUIM.

3HaueHre CII0KHOTO BBICKA3BIBAHMUS BEIUHCIIIETCS B COOTBETCTBUHU C TAOIUIIAMU UCTUHHOCTH
BXOJISIIIIMX B HETO JIOTUYECKHUX OmNeparuii. J[ist 3TOro Mpl JOJKHBI BBIETUTH TPOCTHIE
BBICKA3bIBAHUS, OTHOIIEHUS (CBSI3M) MEXKy HUMU U MIEPEBECTH MX Ha S3bIK (OpMYIT
(bopmanu3oBaTh yCI0BHUE 3a/1a4H, ONPEACIUTH POPMY CIIOKHOTO BHICKA3bIBAHUS).

2.4. IIpuopumem nozuyeckux onepayuii

Hcnonb3ys OykBeHHbIC 0003HAUCHHS BbICKa3biBaHUil (4, B,C...), 3HAKU JOTHYECKUX ONeparuii (
vV, —,>, ...), JOTHYECKHE KOHCTAHTBI («uU», «I») MOKHO 3aIUCATh J02UuiecKue hopmyol.
Hanpuwmep:

1.A-BVC). 2.[(4 A B)-(Cl—(C —5B).3.(A->B)—(B - 4).

[Ipu BEIUMCIEHNN 3HAYCHHSI JIOTHUECKOTO BRIpaXeHUs ((DOPMYIIbI) €CITH HET CKOOOK, JIOTHUECKHE
OTIepaIH BBIMOJHSAIOTCS B ONPEIEICHHOM MOPSIKE, COTTIACHO UX MMPHUOPHUTETY:

1) orpunianue (MHBEpCHS);

2) KOHBIOHKIIHS;

3) IU3BIOHKIINS;

4) UMIUTHKALIHS;

5)3KBUBAIEHTHOCTD.

Omnepanuu 0IHOTO MPUOPUTETA BBHIMIOIHAIOTCS CeBa HanpaBo. [Jis U3MEHEeHUs MopsIKa
JIEHCTBUM MCTIOIB3YIOTCSI CKOOKH.
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2.5. Toxcoecmeenno ucmunnble, moiHcOeCmMEEHHO JI0HCHbIE U IKEUBATIEHMHbLE
6bICKA3bIBAHUA

Ecnu BbICKa3bIBaHUE HCTUHHO MPHU BCEX 3HAYCHUSIX BXOJIAIINX B HETO NIEPEMEHHBIX, TO TAKOE
BBICKA3bIBAHUE HA3BIBACTCAMOMCOECEEHHO UCIUHHBIMUII Magmonozueit(0003HavaeTcs
KoHcTaHTOH 1). Ero MaremaTnueckast 3anuch:

AV 4.

[TpoBepuTH, ABJIAETCS JIU CI0KHOE BHICKA3bIBAHUE TOXKJAECTBEHHO UCTUHHBIM, MOXKHO 110
Ta0IUIEe UCTUHHOCTH.

Ecnu BbICcKa3bIBaHUE JIOKHO MPU BCEX 3HAUCHUSAX BXOMSIINX B HETO MEPEMEHHBIX, TO OHO
HA3BIBACTCSIM 0HCOECHBEHHO JIOMHCHBIMWITA npomusopeuuem(0603HagaeTcss KoncrtanTou 0).
Marematuueckas 3aIluch €ro TaKoBa:

AnA,

Ecnu 3HaueHMs CI0KHBIX BBICKAa3bIBAHHUM COBIIAJAIOT HA BCEX BO3MOXKHBIXHA0OpAX 3HAYCHUN
BXOJIALINX B HUX [IEPEMEHHBIX, TO TAKHE BBICKA3bIBAHUS HA3bIBAIOTPAGHOCUNbHBIMU,
WIAMOMHCOECM8EHHbIMU, UTTNIKEUBATICHIMHbIMU.

PaBHOCMIIBHOCTH BBICKa3bIBaHUN 4 U B3amuChIBaeTCs C MOMOIIBIO 3HaKa paBEHCTBA (=) UiH (=):
A =B

BrickasbiBanusiAu B paBHOCUIIBHBI (A = B) TOr1a U TOJIBKO TOT1a, KOTJa UX YKBUBAJICHTHOCTh
A<>B gBIIeTCS TOXKICCTBCHHO UCTHHHBIM BbICKa3bIBAHHEM.

O4eBHIHO, YTO SKBUBAJIIEHTHOCTh PABHOCUJIBHBIX (POPMYI SIBIIsSIETCS TaBToJIoTHel. YacTo
PUMEHSIOIINECS OCHOBHBIE PABHOCHIIBHOCTH HA3BIBAIOTCS 3AKOHAMU J1I02UKU 8bICKA3bIGAHUIL!

Pa3nes 5. OcHOBBI TeOpPHHU BEPOSATHOCTEN M MATEMATHYECKOH CTATUCTUKH
Tema 5.1. OcHOBHbIE IOHATHS TEOPUHU BEPOATHOCTEM
DJieMeHThl KOMOMHATOPHUKH
[TycTh 3a1aHO MHOXKECTBO, COZIEpKalllee KOHEUHOE YnCiI0 1eMeHTOB. (CTyA€HTHI B IpyIIIIE,
s0JI0OKH B KOP3MHE, HA0Op KOCTel JOMUHO | T.1.) Takue MHOKecTBa OyJieM Ha3bIBaTh
KOHEYHBIMHU ¥ 0003HauaTh {a,b,Cc,d}. Eciu kaxkjoMy 31eMEHTY KOHEYHOTO MHOKECTBA
MIOCTABJICHBI B COOTBETCTBUE HATYpAIbHBIC YHCIIA, TO TAKOE YIOPSI0YCHHOE MHOYXKECTBO
Ha3bIBAaeTCsl IEPECTAaHOBKOH 1 0003Havaercs (a,b,c,d). Ckosbko nepecTaHOBOK MOXKHO
COCTaBHUTH U3 N-3JIeMEeHTHOTO MHOKecTBa? U3 TpexanementHoro 6: (a,b,c), (a,¢,b), (b,a,c),
(b,c,a), (c,a,b), (c,b,a).
UYwcio nepecTaHoBOK U3 N-3JIEMEHTHOTO MHOKECTBA BeIUMcCAeTcs 1o popmysne: Pn = n!, roe n!
- mpoussenenue N(N - 1)(n - 2)(n - 3)...3*2*1. [Tone3na pexyppenTHas hpopmynaPn = NPn-1.
[TpocT 1 KOMOMHATOPHBIN CMBICI YHCIIA TIEPECTAHOBOK: CKOJIBKMMHU CIIOCOOAMH MOXKHO
YIIOPSI0YUTHh KOHEYHOE N-3JIEMEHTOHOE MHOKECTBO.
Pasmenienrem u3 N mo K Ha3bIiBaeTcs ynopsaoueHHoe K-321eMeHTHOE TOAMHOXKECTBO N-
5JIEMEHTHOTO MHOKECTBA. 110 CMBICITY Onpeienenns acHo, uto K<n. Yucsio pasMenienuii us n
o K o603HavaeTcs A, . O4eBUIHO, YTO Ag =Pn =nl, A= n, A, =n*(n - 1), Al =n*(n -1)*(n-

4 k
2) A =n*(n-1)*(n-2)*(n-3) u .1 An 3TO MpoM3BeIeHHE K CTapIIinX COMHOXHUTEIS

k

HATypaJIbHOTO Yncia N, T. €. An = n*(n - 1)*(n-2)*...*(n —k + 1) (*). [ToMHOXas u Je]Is 3TO
BeIpakeHue Ha (N — K)! MoxHO mony4uTh erie hopmyay:
AF n(n-1)(n-2)...(n-k+1)(n-k)! nl

n — k) T (n—k)
(n—k)! (M=K = n(n —1)(n - 2)(n -3)...3%2*1, 1e. k
CTapHH/IX COMHOXXUTEJII yncia n.
COLIeTaHI/IeM u3 N 1o k HaA3bIBACTCsA HeynopﬂﬂoquHoe k'BHCMeHTHOC IIOJMHOKECTBO N-

5JIEMEHTHOTO MHOECTBA. 110 cMBICITY onpenenenus sicHo, uto K<n. Uncno coderanuii u3 N mo K
k

C
oOo3HauaeTcss M. OquI/I,Z[HO, 4TO HEYOPSAOYCHHBIX ITOJAMHOKECTB N-2JIEMCHTHOI'O
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C k
MHO>XECTBA B k' MCHBIIC YEM YIIOPAAOYCHHBIX MOAMHOXKCECTB, T.C. n=

Al n*(n-D*.*(n-k+1)

P, k! *)
[TomHOXas 1 Aesst 3TO BhipakeHue Ha (N — K)! MOXHO mony4uTh erie Gopmyiy:
C:k:n*(n—l)*...*(n—k+1)(n—k)!= n!

" k!(n—k)! k!(n—Kk)!.

k
C n *
Ha IPAaKTUKE, IJIs1 BBIYUCIICHUS HCIIOJIb3YIOT (l)OpMYJ'Iy ( )
k

B npunoxenun Nel npuBeneHbl 3HaueHuss ", TaKk Ha3bIBaeMbli TpeyrosbHUK [lackans.
HexoTtopsle BaxXHbIE CBOIMCTBA YKCIIa COYETAaHUHM, KOTOPbIE HEOOXOUMO MPUMEHATh IIPU
PELICHUH PAa3JIMYHbIX 3a1a4:
k n—k
= Cn

c’_c! ! C
1)~“n =~0=1; 2)“n=n; 3)°n - 9Ty hopMyay ya0OHO IPUMEHSTH mipu K>n/2
CO Cl C2 C3 n Ck Ck+1 Ck+1
4)7n 4+ ¥+ T g 4 U0 =20 B)¥n 4+ ¥n = ¥l - pekyppeHTHas popMyIia.
PasmeliieHre ¢ MOBTOPEHUSIMHU M3 N 3JIEMEHTOB 110 K JIEMEHTOB MOKET COJIEPXKATh JIF000i
3JIEMEHT CKOJILKO YrOAHO pa3 oT 1 10 K BKIFOUMTENbHO, HIM HE COJEPIKATh €r0 COBCEM, T.€.
Ka)XJ10€ pa3MeIIeHUE C TTOBTOPEHUSIMU M3 N 3JIEMEHTOB 10 K 3JIEMEHTOB MOXET COCTOSTh HE
TOJIBKO M3 Pa3JIMYHBIX DJIEMEHTOB, HO U3 K KaKHX YyrOJHO U KaK YrOJHO HOBTOPSIFOLIMX
3JIEMEHTOB.
Yucito pasMeIIeH i ¢ TOBTOPEHUAMH BBIYKCIISIETCS 10 (hopMyJie:

Afl:(cnogm) = nk

Coueranue ¢ oBTopeHusMy u3 N snemenToB 110 K (K M) snemenToB MoxkeT conmepkars 1060
3JIEMEHT CKOJIBKO YTOJHO pa3 oT 1 110 K BKIIIOUNTENEHO, WK HE COJIepKaTh €ro COBCEM, T.C.
KaXX/10€ COUCTaHHE C IOBTOPSHUSIMH U3 N DIIEMEHTOB 1O K 2JIEMEHTOB MOXKET COCTOSITH HE
TOJIBKO U3 k PA3IMYHEBIX 3JIECMCHTOB, HO U3 k KaKuX yroJHo 1 KakK YroJHO IMOBTOPSAIOIINX
sneMeHToB. ClelyeT OTMETHTB, YTO €CIIU, HAPUMEp JIBa COSTHUHEHHUS 10 K 2IeMEHTOB
OTJIMYAIOTCS IPYT OT JPYyTra TOJIBKO MOPSIKOM PACIIONIOKESHHUS IJIEMEHTOB, TO OHH HE CUUTAFOTCS
Pa3TUYHBIMHU COYETAaHHUSIMH.

Yucno pa3MenieHnii ¢ TOBTOPEHUSIMHU BBIUUCTSETCS 110 hopMyIIe:

Ck _c* _(n+k-1!
N Jcnoem - n+k-1 —
k!(n—k)!
; 3ameuanue: K MoxeT ObITh ¥ OOJIBILIE N.

[Tycts umeetcs N + K + s mpeameroB. CKOJBKUMHE CIIOCOOAMH MOXHO Pa3IeuTh STH MPEIMETHI
Ha TPH IPYIIEI TaK, 4TOOBI B OJJHOM TPYyIIIE OBLIO N MPEIMETOB, B Apyroit K mpeaMeTos, B
TpeThell S mpenMeToB? ITO 3a7aua Ha IEPECTAHOBKYU C MMOBTOPEHUSAMH. YHCIIO TEpecTaHOBOK C
MOBTOPEHHUSIMH HAXOJUTCS 110 popmyie:

_(n+k+s)!
(Pn+k+s )cnasm - T‘Sl

JJIeMeHTBI TEOPUH BEPOATHOCTEH

Kiaccuueckoe onpenesenne BepoOSTHOCTH

Hab6nromaembie HaMu COOBITHSI MOKHO Pa3JIeNTh HAJIOCTOBEPHBIC, HEBO3MOXKHBIE U CIIYIaHBIC.
JIocTOBEPHBIM Ha3bIBaeTCS COOBITHE, KOTOPOE 00sI3aTENBHO IPOU30IIET, ecliu OyaeT
OCYIIIECTBJIEHA OIpe/ieJIeHHasi COBOKYITHOCTh YCIOBHMA.

HeB0o3MOKHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBEIOMO HE MPOU30MUIET, ecu OyieT
OCYIIIECTBJIEHA OIpe/ieJIeHHasi COBOKYITHOCTh YCIOBHM.

CryyaliHBIM Ha3BIBAIOT COOBITHE, KOTOPOE MOKET IPOU3ONTH, TUOO HE IPOU30UTH, €Cli OyAeT
OCYIIIECTBJIEHA OMPe/IeIICHHAs COBOKYITHOCTh YCIOBUH. T.€. Mo ciydaifHbIM COOBITHEM,
CBSI3aHHBIM C HEKOTOPBIM OIBITOM, Oy/ieM TOHUMATh BCIKOE COOBITHE, KOTOPOE OO0
MMPONUCXOIUT, 100 He MMPOUCXOIUT ITPU OCYHICCTBJICHHUHA 3TOI'0 OIIBITA.
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BwMmecTo cl10B «ocyIiecTBiIeHa COBOKYITHOCTh YCIIOBHIN 3a4acTyIO TOBOPSAT «IIPOU3BEACHO
UCTIBITAaHHUE.
CoOBITHS HA3BIBAIOT HECOBMCCTHBIMU, €CJIM IMOABJICHUC OJHOI'O U3 HUX UCKIIIOYACT ITOABJIICHHUC
JPYTUX COOBITHI B OJJHOM U TOM € MCIIBITAaHHH.
Cucrema coObITH 00pa3yeT MOJHYIO TPYIIY 7Sl JAHHOTO UCTIBITAHUS, €CITU JIFOOBIM HCXO0JIOM
€ro SIBJISIETCS OJTHO HJIM TOJBKO OJJHO COOBITHE TOW TPYIIIIBI.
Bo3MoHbIE, HCKIIOYAOUIUE APYT APYra, PE3YIAbTAThI OJHOTO UCIIBITAHUS HA3bIBAOTCS
DJIEMEHTApPHBIMH UCXOJIAMHU MCIIBITAHUS.
I/ICXO[[ HUCIIBITAHUA HAa3bIBACTCA 6HaFOHDI/I$ITCTBVIOH_II/IMI/I HCKOTOPOMY CO6BITI/IIO, €CJI1 B
pe3yJbTaTe 3TOr0 UCXO/a MOSBIAETCS yKa3aHHOE COOBITHE.
CoOBITHS HA3BIBAIOTCS PaBHOBO3MOKHBIMHU, €CJIM HCT OCHOBAaHUI CUNUTATH OIHO U3 HUX 6oiee
WJIN MEHEE BO3MOXKHBIM, YEM OCTaJIbHBIE.
Omnpenenenue. BepostHocTbio P(A) coObITHS A Ha3bIBAalOT OTHOLICHUE YUCIIA
OIaronpUATCTBYIONINX 3TOMY COOBITHIO HCXOA0B M K 00IIEMy YHCITy N BCEX BO3MOXKHBIX

m

3JICMEHTAPHBIX MCXO/0B UCIBITAHUs, 00pa3yIOIIUX MOJHY0 rpymy, T.eP(A) = N
CBoiicTBa BEPOSAITHOCTH:
1. BeposTHOCTH JOCTOBEPHOTO COOBITHS paBHA SAMHHULIE.
2. BeposTHOCTH HEBO3MOXKHOT'O COOBITHS PaBHA HYIIO.
3. BeposATHOCTB CITy4aifHOr0 COOBITHS €CTh YHCIIO, 3aKII0YEHHOE MEKIY HYJIEM U
e IUHULIEH.
Takum 00pa3oM, BEpOSITHOCTD JIF000T0 cOOBITUAA yaoBieTBopsieT HepaBeHcTBy 0 < P(A) <1.

OTHocHTe/IbHAA YACTOTA M CTATHCTHYECKAS] BEPOATHOCTh
Kraccuueckoe onpeneneHue BEpOsSTHOCTH IIPU NEPEXO0IE OT MIPOCTEHIINX IPUMEPOB K CIOKHBIM
3a/1a4aM HaTaJKUBACTCS HA TPYAHOCTH IIPUHLIUIIAAIBHOIO XapakTepa. Bo-nepBbix, yncio
3JIEMEHTaPHBIX UCXOJ0B UCIBITAHNUS HE BCETJa KOHEYHO, BO-BTOPBIX, OYE€Hb YAaCTO HEBO3MOKHO
IIPEACTABUTH PE3YJBTAT B BUAEC COBOKYITHOCTH JIEMEHTAPHBIX UCXOJO0B, B-TPETBUX, TPYIHO
yKa3aTb OCHOBAHMS, [IO3BOJIAIOIINE CUATATH DJIEMEHTAPHBIE HCXOAbI PABHOBO3MOKHBIMH.
[To5TOMy MCIIONIB3YIOT TAKKE CTATUCTUYECKOE ONPENEICHUE BEPOSITHOCTH.
OTHOCHUTEIBHON YaCTOTON COOBITHSI A Ha3bIBalOT OTHOLIICHUE YHCIIA UCTIBITAHUN M, B KOTOPBIX
coObITHE A TOSIBUIIOCH, K 0011IEMY YuCiTy N (pakTUUECKH MTPOBEIEHHBIX UCTIBITAaHUH,

m

Te. WA) =N,
[Tpy OAHOTUIIHBIX MACCOBBIX UCIIBITAHUSX BO MHOTHX CIy4asiX HaOJt01aeTCsl YCTOWYUBOCTD
OTHOCHUTEIIEHON 4acTOTHI COOBITHSI, KOTOPasi COCTOUT B TOM, UTO B PA3JTMYHBIX OIBITAX
OTHOCHUTEIIbHAS YacTOTa U3MEHSETCS MaJio (TeM MEHbIIE, YeM OO0JbIle TPOU3BEICHO
UCIIBITaHU ), KOJIEOJISICh OKOJIO HEKOTOPOTO TIOCTOSIHHOTO YHCIA. DTO YUCIIO HA3bIBACTCS
BEPOATHOCTHIO COOBITUSAA B CTATHCTUYECKOM CMBICIIE.
Jl1s ocyliecTBII€HUs CTAaTUCTUYECKOM BEPOSITHOCTH COOBITUSAA TpeOyercs:
a) BO3MOXHOCTb XOTsl 0a MPUHIUITHAIBEHO, TPOBOAUTH HEOTPAHHUEHHOE YUCIIO UCTILITAHHH, B
KaXJIOM U3 KOTOPBIX COOBITHEA HACTYIAeT WU HE HACTYIIACT;
B) YCTOMYMBOCTH OTHOCUTEIHHON YaCTOTHI COOBITUSIAB Pa3IMYHBIX CEPUSIX OONBIIOTO YKCIa
HCTIBITAHUH.
TeopeMmbl €10:)KeHUS U YMHOKEHUS BEPOATHOCTEH
CymMMOHA + B coObITuil Ha3bIBaeTcs COOBITHE, COCTOSIIEE B TOM, YTO B PE3YJbTaTe OMbITA
HACTYIUT WK coObITHE A, Wi coObiThe B, min o6a BMecte. ( JIpyrumu cnoBamu,
cyMMOiA+B coObiTHii A 1 B Ha3pIBaeTCsi COOBITHE, COCTOSIIIEE B TOSIBICHUH XOTSI OBbI OJHOTO M3
ATUX COOBITHIA):

Ecmu coOpiTussA m B HecoBMecTHBI, TO A + B — 3T0 coObITHE A, MutH cOOBITHE B.
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CyMMOIii HECKOJIBKUX COOBITHI HAa3bIBACTCS COOBITHE, COCTOSIINIEE B TIOSIBIICHUN XOTSI OBl OJTHOTO
13 3TUX COOBITHH.

[IpoussenenneMAB coObITHIA 1 B Ha3bIBacTCs COOBITHE, COCTOSIIEE B COBMECTHOM ITOSIBIICHUN
U coObITHA A, U cOOBITHS B.

[TpousBeneHneM HECKOJIBLKIX COOBITHI HA3BIBACTCSI COOBITHE, COCTOSIIECE B MX COBMECTHOM
MOSIBJICHUU.

Co0ObITHEM, TPOTUBOIOJIOKHEIM COOBITHIOA,, HA3BIBACTCS COOBITHE, 0003Hauaemoe A u
COCTOSIIIEE B TOM, UYTO B PE3YJIbTATE OMbITa COOBITHE A HE HACTYIIUT.

Teopema ciioxkeHHs BEpOATHOCTE HECOBMECTHBIX COOBITHI. BeposATHOCTE CyMMBI IBYX
HECOBMECTHBIX COOBITHI paBHA CyMME BEPOATHOCTEH 3TUX COOBITHIL:

P(A + B) =P(A) + P(B)

Caenctuel.BeposiTHOCTD MOSIBIICHHS OTHOTO U3 HECKOJIBKUX MOMAPHO HECOBMECTHBIX
coOBITHH, O€3pa3INYHO KAKOT0, paBHA CyMME BEPOSITHOCTEH ATUX COOBITHIA:

P(A1 + A2+ ...+ An) = P(A1) + P(A2)+ P(A3) + ...+ P(An).

CaenctBue 2. Ecnu cobbitust A1, Az, Az, ...ANn 00pa3yroT MOJHYIO IpymIly cOOBITUH, TO CyMMa
ux BeposTHocTel paBHa enunuie: P(A1) + P(A2)+ P(As) + ...+ P(An) = 1.

CrnenctBue 3. CyMMa BEpOATHOCTEH MPOTUBOMOJIOKHBIX COOBITUN PaBHA €IUHUIIE:

P(A) +P(A)=1,

CoObITHEA Ha3bIBACTCS HE3aBUCUMBIM OT cOObITHSA B, eciii BeposATHOCTh COOBITHS A HE 3aBUCUT
OT TOTO, MMPOU30ILIO cOObITHE B Mtk Her.

Heckosbko coObITHI Ha3bIBAIOTCS HE3aBUCUMBIMH B COBOKYITHOCTH, €CIIH JIF000€ U3 HUX HE
3aBHCHUT OT JIFOOOH COBOKYITHOCTH OCTaJIbHBIX.

CoObITHEA Ha3bIBAaCTCS 3aBUCUMBIM OT COOBITHS B, eciii BeposITHOCTb COOBITUSL A MEHSIETCS B
3aBHCUMOCTH OT TOTO, TPOU3OIILIO 3TO coObITHE B Min HeT.

BeposTHOCTb COOBITHSAA, BBIUMCIsIEMas IPU YCIOBUH, YTO cOObITHE B npoun3onio, Ha3bBaeTcs
YCJIIOBHOW BEPOSTHOCTBIO COOBITHS a M 0003HauaeTcs P(A)

Teopema yMHO€eHUs BepoATHOCTEN. BeposaTHOCT nmpon3BeeHust 1ByX COObITHI paBHa
IIPOM3BENICHUIO OIHOTO U3 HUX Ha YCIOBHYIO BEPOATHOCTbD JIPYrOro, BEIUMCICHHYIO IIPU
YCIIOBUH, UTO MIEPBOE U3 HUX MPOU3OLLIO:

P(AB) = P(A)Pa(B) = P(B)Ps(A).

Caenctsue 1. Ecnu coObITHEA He 3aBUCUT OT coObITUs B, TO 11 coObiTHE B HE 3aBUCUT OT
coObITHS A.

Caenctsue 2. BeposATHOCTh pOU3BEICHHS IBYX HE3aBUCUMBIX COOBITHI paBHA MPOU3BEICHHIO
BEPOATHOCTEH 3TUX COOBITHIA:

P(AB) = P(A)P(B).

Jl1s1 BBIYMCIIEHUS] BEPOSITHOCTH COBMECTHOT'O MOSBIIEHUS OOJIBILIEr0 YKcia COOBITUH, HAIPUMED,
YeThIpeX, UCIONIB3YIOT (hopMyIy:

P(ABCD) = P(A)Pa(B)Pas(C)Pasc(D).

J1s HECKOJIBKUX HE3aBUCUMBIX B COBOKYITHOCTH COOBITUH BEPOSITHOCTh UX MTPOU3BEICHUS paBHA
MIPOU3BENICHUIO UX BEPOSITHOCTEH:

P(A1A2...A3) = P(A1)P(A2)...P(An).

CrnenctBue 3. BepoSTHOCTD MOSABICHUS XOTS OBl OTHOTO U3 COOBITHI A1,A2...An., HE3aBHCHUMBIX
B COBOKYITHOCTH, PaBHA Pa3HOCTH €JUHUIIBI U IPOU3BEICHHS BEPOSTHOCTEN MPOTUBOIIOJIOKHBIX
cobwrtmit A1, Ao,... An PA1+A2+...An)=1-P(A1)P(A2)...P(An)

J1Ba coOBITHSI HA3BIBAIOTCSI COBMECTHBIMHU, €CITH MOSBICHUE OJHOTO U3 HUX HE MCKITIOYAeT
MOSIBJIICHUS JPYTOT'O B OJTHOM U TOM K€ UCTIBITAHUH.

TeopeMma crioxkeHHs BEpOSTHOCTEH COBMECTHBIX COOBITUI. BeposTHOCTh NOsIBIIEHUS XOTSI OBl
OJIHOTO M3 JIByX COBMECTHBIX COOBITUI paBHA CyMME BEPOSITHOCTEM 3TUX COOBITHI O€3
BEPOATHOCTH UX COBMECTHOTO MOSIBJICHMUS:
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P(A + B) =P(A) + P(B) - P(AB).

®opmyJia MOJHON BEPOSITHOCTH

[TycTh COOBITHEA MOXET MPOU3OUTH B PE3yIbTATE OCYIIECTBICHHS OJTHOTO COOBITUS U3
HEKOTOPOU MOJHOU Tpyniibl coobrTrii Hi, Ho, ...Hn.

CoObITHs 3TOH rpyNIbl 0OBIYHO HA3BIBAIOT THIIOTE3aMH. Toraa

P(A) = P(H1)PH1(A) + P(H2) PH2+...+ P(HN)Pun(A) (1)

(bopmyiia monHOM BEPOATHOCTH), IPUIYEM

P(H1) +P(H2) +...+ P(Hn) = 1.

[TycTh B pe3ynbTaTe UCIBITAHUS IPOU30ILIO COOBITHEA,, KOTOPOE MOTJIO HACTYITUTH TOJIBKO
BMECTE ¢ OTHUM U3 coObITHil Hi, Hz,...HN, 0Opa3yrommx nomHyro rpymnmny coObITHIA (OHH
Ha3bIBAIOTCS TUTIOTE3aMU). Tpedyercs HaiTh BeposTHOCTH coObiThii H1Hz,...HN mocne
UCTIBITAHUS, KOT/1a COOBITHEA nMeo MecTo, T.e. PA(HI), 1 = 1,2,...n. [lyi1 HAXOKACHUS 3TUX
BEPOSATHOCTEH MCTOIB3YIOT hopMyiibl baiieca (hopmyJibl TUIIOTE3):

P(H;)PH.(A)
Pa (Hi) = P(HDPH(A) + P(H,)PH, (A) + ..+ P(HN)PHN(A) 5

3aMedaHusl.

1) BepostHoctu PA(H1) Ha3bIBatOTCS HOCICONBITHRIMU (AIIOCTEPUOPHBIME) BEPOSITHOCTIMH
runore3 Hi, a BepostHocT P(HI) - 100NBITHEIME (aIPUOPHBIME) BEPOSTHOCTIMH
runote3 Hi. DTy BepOsITHOCTH pa3inyaroTCsl.

2) 3HameHarenb B npaBoil yactu Gopmyisl (2) coBmagaet ¢ npaBoi yacteio Gopmyssl (1) u
paBen P(A).

Tema 5.2. DjieMeHTBI MaTeMATHY€CKOI CTATUCTUKH

MareMaTuyeckas CTaTUCTHKA.

MaremaTrueckasi CTaTUCTHKA BO3HUKIIA M CO3/aBajlach MapajlieIbHO ¢ TEOpHUEH BEPOSITHOCTEH B
XVII Bexke. [lanbpHeiiee pa3BuTHe MaTeMaTHUECKOM cTaTUCTUKY (BTOpas nmonoBuHa XIX u
Hayaso XX BEKOB) 00513aHO, B MepBYyI0 ouepenp, I1. JI. UeOwieBy, A. A. MapkoBy, A. M.

JIanynoBy u ap.

Bapunauunonnsie psiabl. ['eHepasbHas COBOKYIIHOCTH U BbIOOPKaA

COBOKYITHOCTB TIPEAMETOB HJIU SABJICHUM, 00bETMHEHHBIX KaKUM — JINOO OOIIMM MPU3HAKOM

WJIM CBOMCTBOM KaueCTBEHHOTO MIU KOJIMYECTBEHHOTO XapaKTepa, Ha3bIBAeTCsl 00HEKTOM

HaOJIIOICHUSI.

- KonnyecTBeHHBIM HAa3bIBAETCS MPU3HAK, 3HAYEHUSI KOTOPOT'O BHIPAXKAKOTCS YMCIIAMH.

- KauecTBeHHBIM Ha3bIBACTCS MPU3HAK, XaPAKTEPU3YIOIIUNCI HEKOTOPHIM CBOMCTBOM MJTH
COCTOSIHHEM 3JIEMEHTOB COBOKYITHOCTH.

Kaxxnprit 00BeKT cTaTUCTUUECKOTO HAOTIOIEHUSI COCTOUT U3 OT/IETBHBIX SJIEMEHTOB —
€MHHUII HaOIroIeHus. Pe3ynbTaThl CTATHCTUYECKUX HAOTIOACHUI MPEICTaBISIOT COO0M
YUCJIOBYIO HH(POPMAIIHIO — JIaHHBIE.

CratucTryecKue JaHHbIE — 3TO CBEJEHUS O TOM, KaKHe 3HAUCHUSI IPUHSIT UHTEPECYIOIINI
MCCJIeI0OBATENS MPU3HAK B CTATUCTUYECKON COBOKYITHOCTH.

CrarucTrueckasi COBOKYITHOCTbh Ha3bIBAETCSl FEHEPAIbHOW COBOKYITHOCTBIO, €CJIM MCCIIEJOBAHUIO
MOJIJIEXKAT BCE DJIIEMEHTHI COBOKYITHOCTH.

Br160p0oYHOI COBOKYIMHOCTBIO, MJIM TPOCTOBBIOOPKOH, Ha3bIBAIOT YaCTh SJIEMEHTOB
reHepaJbHOW COBOKYITHOCTH MOJJIkKANIUX UcciaeqoBaHui0. OHA U3BIIEKAETCS U3 T'€HEepaJIbHOU
COBOKYITHOCTH CITYYaiHO, 4TOOBI KaXKIbIii 0OBbEKT UMeJ paBHbIE MIAHCHI OBITH OTOOPAHHBIM.

3HavYeHHs pHU3HAKa, KOTOPHIE TP MIEPEXOE OT OJTHOTO JIEMEHTA COBOKYITHOCTH K
JIPYTOMY U3MEHSIOTCS, Ha3bIBAIOTCS BApUAHTAMHU M 0003HAYAIOTCS MAIGHBKUMH JTATHHCKUMU
OykBamu. [lopsiiKOBbIII HOMEp BapuaHTa Ha3bIBAETCS PAHTOM.
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Psn 3HaueHmii mpru3HaKa, pactoI0KEHHBIH B IOPSIKE BO3PACTaAHUS W YOBIBAaHUS C
COOTBETCTBYIOIIMMHU UM BE€CaMH, Ha3bIBACTCSI BAPUALIMOHHBIM PSIOM.

B xagecTBe BECOB BBICTYNAIOT YAaCTOTHI WM YaCTOCTH.
Yacrora (Mj)roka3sIBaeT, CKOJIBKO pa3 BCTPEYAETCS TOT WM NHOM BApUAHT B CTATUCTUYECKON
COBOKYITHOCTH.
YacTocTh WK OTHOCHTENbHAS YacToTa (Wi) IIOKa3bIBACT, KaKast 4acTh CHMHUI] COBOKYITHOCTH
MMeEeT TOT WJIM MHOM BapUaHT K CyMME BCEX 4acCTOT psifa. HacToCTh pacCUMTHIBACTCS KaK
OTHOLICHHE YaCTOTBI TOTO MJIM MHOTO BapHAaHTa K CyMME BCEX 4acTOT psiia

mi

k
2.m,

(1) T

Cymma Bcex yactocTeit paBHa 1

W, =

@

Bapuannonssie psiibl ObIBAlOT IUCKPETHBIMHA U HHTEPBAJIHHBIMH.

JMcKpeTHbIe BapUallMOHHBIE PS/IbI CTPOST OOBIYHO B TOM CJIydae, €CJIM 3HAaYEeHUs U3y4aeMoro
IPU3HAKA MOTYT OTIMYATHCS APYT OT JIpyra HE MEHEEe YeM Ha HEKOTOPYIO KOHEUHYIO BEJTUUHHY.
B auckpeTHbIX BapHallMOHHBIX PAAAX 3a/1al0TCs TOUCUHbIE 3HaYeHUs pu3Haka. O0muii Buj
JUCKPETHOIO psAJia IOKa3aH B TaOJIUIIE.

3HavYeHUS X1 X2 s Xk
npu3Haka (Xj)
YacToTsl (M) m1 m> . Mk

WHuTepBanbHble BAPUALIMOHHBIE PSAIbI CTPOST OOBIYHO B TOM CIIy4ae, €M 3HAUE€HUS 3Yy4aeMOro
IIPU3HAKa MOTYT OTJIMYAThCS IPYT OT Ipyra Ha CKOJIb YTOJHO MaIyIO BEIUYHUHY. 3HAUECHHUS
MPU3HAKOB B HUX 33Jal0TCS B BUJE HHTepBasIoB. OOLIMI BUJ HHTEPBAJIILHOTO psijia UMEET BUJ

3HavYeHUs ar—az a2 —as ai-1 - ai
npu3Haka (X;)
YactoTtsl (M;) mz m> . mi

B nHTEpBaJIEHBIX BApHALMOHHBIX PSAAAX B Ka)KIOM MHTEPBAJIE BBIIEIAIOT BEPXHIOK U HUKHIOKO
TPaHULIBL.
Pa3HocTh MeX1y BEpXHEW M HU)KHEW IPaHMIIaMU MHTEPBAJIA Ha3bIBAETCSI HHTEPBAIbHON
Pa3HOCTBIO MIIH JUTMHOM MHTEpBaia. B o0riem Bue MHTEPBAJIbHYIO Pa3HOCTH Ki peacTaBuM Kak
Ki= Xi (max) = Xi (min)
[TepBblii 1 OCIEHMI UHTEPBAJIBI MOTYT OBITh OTKPBITHIMH, T.€. UMETh TOJIBKO OJIHY T'PaHMILY.
Ecnu nHTEpBaNIBI B BApHALIMOHHBIX PsAaX UMEIOT OJJMHAKOBYIO JUIMHY, UX Ha3bIBAIOT
PaBHOBEIUKUMHU, B IPOTUBHOM CJIy4ae HEPAaBHOBEIUKUMU.
[Tpu nmocTpoeHNH UHTEPBAILHOTO psAla (ECIN CTPOUTCS Psi/i C PABHBIMU MHTEPBAIAMM), IS
OTIpeieNIeHNUs ONITUMAJIbHOM BETMYMHBI HHTEPBAJIOB NMPUMEHSIOT (hopmyny CTappkecca

Xiex ~ Xnin

T1+3322Ign
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r7ie N YUCiI0 eIMHUL] COBOKYITHOCTH; Xmax! Xmin — HANOOJIbIlIEE U HAMMEHBIIIEE 3HAUCHUS
BapHaLIMOHHOIO psja.

JMcKpeTHBIN BapHallMOHHBIN Psii TpaMuecKy MOKHO MPEICTAaBUTh C TIOMOIIBIO OJIUTOHA
pacnpeneseHus 4acToT MU YacTOCTEU. pUC.8

PiA

P2

Pa

Ps Ps

v

n X1 Xz X3 X4 XS XS Xi

puc.8
WHTepBalibHbIC BApUAIIMOHHBIC PS/IbI TPAQUUECKU MOYXKHO MPEJICTABUTH B BUJIC TUCTOTPAMM, T.
€. CTOJ04YaTon AuarpaMMabl.puc.9

miA

puc.9

v

as  aj Xi

I

|
.

2 as a

AOCOII0THAS IIOTHOCTH — 3TO

OTHOIICHHE YaCTOTHI MHTEPBaAJIa K €ro BEJIMYUHEC:

f(a)i :%

9IS f@ . aOCOIIFOTHAS UIOTHOCTD | — FO MHTEpBana; Mj— ero yactota; Ki— HHTepBaibHas
pa3sHOCTb. AOGCONIOTHAS MIIOTHOCTh MOKA3bIBAET, CKOJIBKO €MHUI] COBOKYITHOCTH IMPUXOANUTCS HA
€IMHUIlY UHTEPBAJIA.

OTHocHTENbHAS INIOTHOCTh — OTHOIIEHHWE YaCTOCTH MHTEPBAJIA K €r0 BEIMUYNHE!

f(0), =Vk”—

f(0). .

rac ( )' -OTHOCUTEJIbHAA IVIOTHOCTE | — TO I/IHTepBaJ'Ia;

OTHOCI/ITGJ‘IBHaH IINIOTHOCTH ITOKA3bIBACT, KaKas 4aCTh €IMHUI] COBOKYHHOCTI/I HpI/IXOJII/ITCSI Ha
CI[I/IHI/II_Iy I/IHTepBaJ'Ia.

YmncioBble XapaKTePUCTUKU BAPHAIMOHHOIO psAa

OmHO# 13 OCHOBHBIX XapaKTEPUCTHUK Psifia pactpeieNICHUs IBIISICTCS CpeiHssl apudmeTrndeckast.
CymectByeT nBe (hopMyIIbl s pacy€Ta cpeiHel apuMeTHUECKO: IPOCTasi ¥ B3BEIIICHHAS.
[Ipoctyto cpeaHIo apuPpMETHIECKYIO UCTIONIB3YIOT, KOT/Ia IaHHbIE HAOJIIOICHUI HE CBE/ICHBI B
BapHAIIMOHHBIN P/ UM BCE YAaCTOTHI PaBHBI €AMHUIIE (OTMHAKOBHI).

n
DX
=1

X =

n
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rze Xj — I-e 3HaYeHue MpU3HaKa; N — 00bEM psia (Unuciio HaOIIOICHHH ).
Ecan 9acToThI OTIMYHBI IPYT OT IpyTra, pacyET MPOU3BOIUTCS 10 popMyrie cpeHei
apuMeTHIECKOI B3BEIICHHOU

IJie Xi — I-¢ 3HaueHHe MpU3HaKa; Mi— 4acToTa I-ro 3HaUCHUs Mpu3HaKa; K — 9uciio ero 3HaYeHu |
(BapuaHTOB).

[Tpu pacuére cpenneit apupMeTHIECKON B KAUeCTBE BECOB MOT'YT BBICTYIATh U YAaCTOCTH,
toraa gpopmyia pacyéra cpeHer apupMEeTHYSCKON B3BEIIICHHON IPUMET CJICYIOIINUN BU/I.

)‘(:Zk:xiwi,
i=1

rJie Wi — 4aCTOCTbI-T0 3HAUCHUS MPU3HAKA;

KonebnaemocTs n3yuaeMoro nprsHaka MOXKHO 0XapaKTepU30BaTh C OMOIIBIO
pa3IMYHBIX MOKa3aTenei Bapuanuu. K 4rcity OCHOBHBIX MOKa3aTeseil Bapualuu OTHOCATCS:
MaTeMaTHUYECKOE OXKHUIaHNe, TUCTIEPCHs, CPeIHee KBaIpaTUUECKOe OTKIOHEHHEe, KOOPPHUIIUEHT
BapHUallUH.

MareMaTtuyeckoe 05KMIaHHE — 3TO YMCIIOBAsk XapaKTEPUCTHUKA CIIy4ailHOM BEJIMYUHBI, CO
cpenHuM apuMeTHYECKUM e€ HaOJIF01aeMbIX 3HAUCHUH, KOTOPOE SIBISICTCS CTATUCTHYSCKOM
XapaKTePUCTUKON BapUAIIMOHHOTO psAZla U paccuuThIBaeTcs 1o hopmye:

JESED NN

T'AC pi — BEPOATHOCTD i-ro 3HaYEHUS IIpHU3HaKa.

Jlucriepcuio MOXKHO pacCUuTaTh MO MPOCTOM U B3BEIIEHHON (OPMYyJIaM UMEIOIIUM BH/T

Zn:(xi_)_(i)zmi
> (% %) D(X)=+— ;
D(X) = 2m

i=1

CpeL[Hee KBaAPATHYICCKOC OTKIIOHCHHUEC PACCUUTBIBACTCA I10 q)opMyne

&(X) =/D(X).

Koadduunent Bapuanuu onpeaensercs Gpopmyaon

V(X)=$-100%

Bb100poYHbBIi METOA M CTATHCTHYECKOE OLICHUBAHME.

I1o ogHOMY M3 ONIpENENcHNH, CTATUCTHKA — 3TO HayKa, O3BOJIAIOIIAs PACIIPOCTPAHATh
BBIBOJIbI, CACIIAHHBIE HA OCHOBE U3YYEHHUsI YaCTU COBOKYITHOCTH, Ha BCIO COBOKYITHOCTb. B 3TOM
OIIpEIeIEHNH 3aK/II0UeHa CYIIHOCTh BBIOOPOYHOTO METOJIa M €r0 BeAyIasi poJib B CTATUCTUKE.

Bce enuHUIBI COBOKYITHOCTH, 00J1a/1a10IIME HHTEPECYIOIIUMH HCCIEeI0BATES
IIPU3HAKAMU, COCTABIISIIOT TEHEPATBbHYI0 COBOKYIHOCTb.

YacTh COBOKYITHOCTH, CITy4aifHBIM 00pa3oM 0TOOpaHHast U3 reHepabHON COBOKYITHOCTH
COCTaBJISIIOT BEIOOPOYHYIO COBOKYIHOCTh — BBIOOPKY.
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Yucno 37eMEeHTOB CTaTUCTUYECKOM COBOKYITHOCTH Ha3bIBaeTcs €€ 00bEMoM. O0bEM
reHEepAIbHONW COBOKYITHOCTH 00o3HauaeTcs N, a 00béM BBIOOPKH — N.

Cayuvaiinas BBIOOpKa U3 N 3JIEMEHTOB — 3TO TaKOW 0TOOP, MPH KOTOPOM 3JIEMEHTHI
U3BJICKAIOTCS 110 OIHOMY M3 BCEH I'eHepaIbHON COBOKYITHOCTH M KaX/Ibli N3 HUX UMEET paBHBIN
mranc ObITh 0TOOpaHHbIM. Takast BHIOOpKa Ha3bIBAETCS COOCTBEHHO — CITYYalHOM.

ITo cniocoOy oTGOpa 371€MEHTOB Pa3InYaOT JBa TUIA CIy4allHBIX BBIOOPOK: COOCTBEHHO
—clryyaiiHas OecrioBTOpHasi 1 COOCTBEHHO —CiTy4aiiHasi MOBTOpHAasA. BeiOop cxembl oTOOpa
3aBUCUT OT XapakTepa U3y4aeMoro oobeKra.

CrarucTnyeckoe oleHUBAaHHUe.
[TycTh 13 reHepaIbHOM COBOKYITHOCTH U3BJIEKAETCS BRIOOPKA 00BEMOM N, MpUdEM
3HaYeHHE MPU3HaKa X1 HaOII0Aal0TCs My pas, X2 — M2 pas, ..., XkHabIogaeTes Mg pas,

i=1 - 00bEM BBIOOPKH

CraTucTHYECKUM pacupe/iesieHneM BhIOOPKH Ha3bIBAETCS IEPEUEHb BO3MOKHBIX
3HAYEHUH NIPU3HAKA Xi U COOTBETCTBYIOILUX €MY 4acTOT M

YucnoBble XapaKTEPUCTUKU T'€HEPAIbHON COBOKYITHOCTH Ha3bIBAKOTCS
napaMeTpaMHMreHepalbHOW COBOKYMHOCTHU. J[0Jis eAnHuUL, 001a1al0UX TeM WU UHBIM
IIPU3HAKOM B '€HEPAIbHOW COBOKYITHOCTH, HAa3bIBACTCSI TEHEPAJILHOM Jl0Jiel 1 0003HauaeTcs p.

Ouenka napaMerpa — 3TO ONpeneIEHHAs YUCIIOBas XapaKTePUCTHKA, ITOJIyYeHHAs U3
BbIOOpKU. Koraa onieHka onpenensiercs: OJHUM YUCIIOM €€ Ha3bIBaIOTTOYEUHOM olleHKo#. B
KaueCTBE TOYEUHBIX OLICHOK [1apaMETPOB F€HEPaIbHON COBOKYITHOCTH HUCIIOJIB3YIOTCS
COOTBETCTBYIOIIME BEIOOPOYHBIC XaPAKTEPUCTHUKH.
Omudxu BbIOOPKH.

Tak xak BBIOOpPOYHAsI COBOKYITHOCTB 3TO YaCTh I'€HEPAILHON COBOKYITHOCTH, TO
€CTECTBEHHO, YTO BEIOOPOUYHBIE XapaKTEPUCTUKU HE OYAyT TOUHO COBIAJATh C
COOTBETCTBYIOIIMMH I'eHepaIbHBIMU. OmrOKa MOKET OBITh MPEICTaBICHA KaK Pa3HOCTb MEXKIY

TeHEPAIbHBIMH U BBIOOPOYHBIMH XapaKTEPUCTUKAMH N3y4aeMOW COBOKYITHOCTH: & = X=X,
mGo €= P~@,

[IpuMeHHUTENBHO K BHIOOPOYHOMY METOAY U3 TeopeMbl UeOrlleBa CleyeT, 4To C
BEPOSTHOCTHIO, CKOJIb YTOJJHO OJIU3KOM K €JMHUILIE, MOKHO YTBEP)KJIaTh, UTO MPH JIOCTATOYHO
007b1110M 00BEME BHIOOPKU U OTPAHUYEHHOMN AMCIIEPCUH F€HEPaIbHOW COBOKYITHOCTH Pa3HOCTh
MEXy BBIOOPOUYHOM cpeiHel 1 reHepalibHOU cpeaHel OyieT CKojb YTOIHO Maa.

P(‘)Z—)? |<MJ)>1—ti2,

Jn
rac X - CpCaHsA 110 COBOKYITHOCTH BI)I6paHHI)IX CIUHUII, X - CpEaHss 110 FeHepaﬂBHOﬁ

o .
COBOKYITHOCTH; ~ °“ - CpEeJHEE KBAAPAaTUYECKOE OTKIIOHEHUE B T€HEPATIbHOU COBOKYITHOCTH.
O BenMUYMHE PacXOXACHUS MEXIY apaMeTpPOM M CTaTUCTUKOMN

A:t'—gzt-,u,

Jn

MOKHO CYJWTH JIMIIb C OHpCHCHéHHOﬁ BEPOATHOCTBIO, OT KOTOpOﬁ 3aBHCHUT BeJIMYHHA t.

_ 2eH
SN
Cpennsis ommbka BEIOOPKH N Cormacro LHEHTPAJIbHOW MPEeIbHON TeopeMe
JIsanyHoBa, BHIGOPOYHBIE PACIIPEETIEHNS CTATUCTUK (IIpu N=30) GyIyT UMETH HOPMAITLHOE
pacrpezieieHue He3aBUCUMO OT TOT0, KaKoe pacipeielieHe UMEeT reHepalibHasi COBOKYITHOCTb.

CrnenoBaTeiabHO,
P(\)Z - X\ <tu) ~ 20, (t)
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D, (t
rue o(t) ¢dbynkmus Jlamnaca.

B 3aBucumocTH oT crioco6a oTéopa cpeaHsist OInOKa BHIOOPKH OMpeAessieTcs 1o
pasHOMY

CoOCTBEHHO CITy4ailHBIN 0TOOD
H ITOBTOPHBIN 0ecroBTOPHBIN
s cpennen o2
n
Hust nonu o(l-w) \/a)(l—a)) i n)
n n N

o(l-w)

2 (v
3necy O - BBIOOpOYHAS AUCHIEPCHUS 3HAUCHHUH TPU3HAKA; - BBIOOpOYHAs! TUCTIEPCHS

n

JI0JTH 3HAYCHHMI PH3HAKA; N — 066EM BBIGOpKH; N — 066EM reHepanbHoi coBokymHocT; N -
n

o1t o6¢renoBanmoit cookymHocty; (1 - N') — monpaska Ha GecrioBTopHOCTB 0TGOPA.

®opmyibl pacyéra HEOOXOANMOM YHCICHHOCTH BEIOOPKH ISl COOCTBEHHO CIIydaifHOro 0TO0pa
OTpeNieNsIoTCs B Ta0IHIE.

CobcTBeHHO cityyaiiHblil 0TOOp
H ITOBTOPHBIN O€CIOBTOPHBIM
Jns cpennen t’c? t°c*N
A NA? +t%c?
Hotst monu t’o(l-w) t’No(l- o)
A? nA® +t’w(l- o)

HHTepBaibHOE OLleHMBaHHE

HHTepBanbHON OLIEHKON HA3bIBAIOT OLIEHKY, KOTOPAasl ONIPEAEIIAETCS IBYMs YMCIaMU — KOHIAMU
UHTEpBaja, KOTOPBIH C OIIPENEIEHHON BEPOSITHOCTHIO HAKPHIBAET HEU3BECTHBIN ITapaMeTp

Te€HEPAIbHON COBOKYIHOCTH. MHTEpBal1, cotepKalivil OLlEHUBAEMBIN ITapaMeTp TeHEepaIbHON
COBOKYITHOCTH, HAa3bIBAIOT JOBEPUTEILHBIM HHTEPBAIOM. [[71s1 €r0 onpeneneHus: BBIYUCIIAECTC

npeiesibHas ONTMOKa BEIOOPKH A.

C MMOMOIIBIO JOBCPUTCIILHOI'O UHTCPBAJIa MOXKXHO OLCHUBATL PA3JIMYHBIC ITAPaAMCTPLBL

TE€HEPAIIBHON COBOKYITHOCTH.

I[J'I}I OLCHKHU MAaTEMATHYCCKOI'O OKMAaHUuAA HOPMAJIbHO paCHpCIlCJIéHHOFO KOJIMYECCTBCHHOI'O

IMpU3HaKa X 1o BBIGOpO‘-IHOfI CpCI[HGfI X IIpHU U3BCCTHOM CPCAHCM KBAAPATHYCCKOM
OTKJIOHCHHH O FeHepaﬂBHOﬁ COBOKYITHOCTH IIpH N 2 30 1 cOOCTBEHHO — CJ'Iy‘-IaI\/'IHOM IMOBTOPHOM

otbope ¢hopMyIia UMEET BU
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PX —t-Z < X <X +t-Z) =20, (t) =

Jn Jn

rie t onpenensercs mo tadauiam ¢pynkuuu Jlamnaca u3z cootHomenus 2Po(t) =v;
t-o

A

I[J'IH OIICHKH MAaTEMATHUYCCKOI'o OKUAaHUuAa HOPMAJIbHO pacnpez[enéHHoro KOJIMYECTBCHHOI'O

npusHaka X 10 BEIOOPOUHOi cpenHeil X IIpu M3BECTHOM CpefHeM KBaJpaTHuecKoM
OTKJIOHEHHMH G T€HEPATBLHOM COBOKYITHOCTH IPU N=30 1 COOCTBEHHO — CIIyYaiiHOM
O6ecioBTOpHOM 0TOOPE hOopMyIia MPUMET BH]T

PX—t-Z 1- Y e X <X +t-D) 1—%22@0(0:7/ A= 1——

Jn VN Jn \/_
)
I[J'IH OIICHKHU MAaTEMATHUYCCKOI'o OXKUJaHusa HOPpMaJIbHO pacnpez[enéHHoro KOJIMYECTBCHHOI'O

npusHaka X 110 BEIOOPOUHOH cpenHeil X Ipu HEM3BECTHOM CpeHEM KBaApPaTUYECKOM
OTKJIOHCHUH G TCHEPATbHON COBOKYIMHOCTH MpH N<30 1 COOCTBEHHO — CIIyYaitHOM ITOBTOPHOM
otbope GpopMyna OyAeT UMETh BU/T

= .S o .o .S
PX-t—=<X<X+t—)=25(t)=y

Jn Jn
rae t onpenensercs no Tabnuuam ¢yHKIH CThIOJEHTA [0 YPOBHIO 3HAUUMOCTH 0. =1 —y 1
YHCITy cTeneHel cBo0oabl K = N —1; S — ucnpaBieHHOE BBIOOPOYHOE CPEIHEE KBAIPATHUECKOE
OTKJIOHEHHE; N 00bEM BBIOOPKH.

A—t ]

Jn

I[JISI OICHKU MAaTECMAaTHUYCCKOI'0 O KUJaHnusAa HOPpMaJIbHO paCHpeIlCJIéHHOFO KOJIMYCCTBCHHOI'O

npusHaka X 1o BIGOPOUHOi cpenHeli X HpU HEM3BECTHOM CPEHEM KBAIPATHUECKOM
OTKJIOHEHUH G reHepaibHON COBOKYNMHOCTU Ipu N<30 U COOCTBEHHO — ciyyailHOM
6ecroBTOpHOM 0TOOpE (POopMyIia MPUMET BUJ

P(X—t— 1——<X<X+t— 1——) 25()=7 a=ts 1——

JUJ1s OLleHKHU TeHepaibHOM JJOJIM PHOPMAIIBHO pacnpeneneHHoro KOJINYECTBEHHOTO MPU3HAKa 10
BBIOOpOUHOH j1one @ = m/n npu N30 1 COOCTBEHHO — CITy4ailHOM MOBTOPHOM 0TOOpE
dbopMyna UMeeT BUJ

P(w—t @< p<w+t @)z&bo(t)zyf

rae t onpenensiercst no Tadauiam Gpynkuuu Jlammaca u3 cootnomenus 2Po(t) =y; © —
BbIOOpOYHAst 1071515 N — 00BEM BBIOOPKH

o(l-w)
n

A=t

JJ1s OLIeHKHU TeHepanbHOM JOJIM PHOPMAIIBHO PaclpeeIEHHOIO KOJIMYECTBEHHOT O PU3HAaKa 110

BBIGOpouHoit 1oe @=M/N py N>30 1 cobeTBeHHO — CTyUaiHOM GECTIOBTOPHOM 0TGOpE
dbopMyna mpUMeT BUJ

P(a)—t\/Ma—ﬂ)<p<w+t\/M(1—ﬂ))=2S(t)=y A:t\/Ma—ﬂ)
n N n N . n N™
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