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BBEJEHMUE.

Teopernueckass MexaHUKa SIBIISIETCS IpeBHEHIIEN HayKol, obecnieunBaroield noTpeOHOCTH
npakTUKu. OHa OTHOCHUTCS K pa3psily €CTECTBEHHBIX HayK, 0O0pa3yeTcsi HaydyHYI0 OCHOBY
COBPEMEHHOM TEeXHUKU U UMeeT 00IlieodpazoBaTenbHoe 3HayeHue. [loaTomy Kypc TeopeTnuueckoit
MEXaHUKHU SIBIIICTCSI 3HAYMMBIM Ui (OPMHUPOBAHUA NPOPECCHOHATBHBIX U OOLIEKYIbTYPHBIX
KOMIIETEHIIUM y BBIMYCKHUKOB TEXHMUYECKHUX HAIIpaBJICHUN MOATOTOBKM, B TOM YHCIE IO
HanpaBieHuss 13.03.03 «DHepreTudyeckoe MaIIMHOCTPOCHUE» 3aKOHBI, MPUHIIUAIIBI M METOIbI
TEOPETUYECKOW MEXaHMKH OCHOBA BCEX pacyeToB NpU MPOEKTHUPOBAHHM, IPOU3BOJCTBE H
AKCIUTyaTal[My MAILlUH, KOMIIEKCOB U 000pYy10BaHUS.

Kypc nexumii moarotroiieH coriiacHo pabouelt mporpamme, pa3padOTaHHONW B COOTBETCTBUU
¢ yuyeOHBIM IUTAHOM MOArOTOBKM OakanaBpoB Hampasienus 13.03.03 «DHepreruyeckoe
MammHocTpoeHue» u TpeboBanusM PI'OC BO k peanu3anuu OCHOBHBIX 00pa3oBaTENIbHBIX
nporpamm OakajiaBpuata.

Henpto wu3yuenus kypca «Teopernueckass MexaHUKa» OOydyeHHE CTYACHTOB OOIIUM
3aKOHOMEPHOCTSIM MEXaHMYECKOTO IBUKCHHSI MATEPUATbHBIX TOYEK M MEXaHUYECKUX CHCTEM,
B3aMMOJICHCTBHUSI MEXIy HUMH, OCHOBHBIM METOJaM HCCIEJIOBAaHUS DPABHOBECHUS U JBIKECHUS
MEXaHUYECKUX CHCTEM. 3aJauyd KypCc COCTOAT B (OPMHpPOBAHMM Y BBIIIYCKHUKOB HaBBIKOB
IPAKTUYECKOIO HCIOJb30BaHUS, IPOM3BOACTBA U JKCIUIyaTallud MallliH, OOOpYyIOBaHUS U
KOMIIJIEKCOB.

Teopernueckass MexaHUMKa JIOTUYECKM CBf3aHa ¢  (U3MKOM UM MaTeMaTHUKOH,
00LIETEXHUYECKUMH U MPO(PECCHOHATBHBIMU JUCHUIUIMHAMU. JTa CBA3b MO3BOJISET peniaTh 3a1a4u
MEXaHUKHM W TEXHUKU LIMPOKOrO Kpyra, Ha 3aKOHaX M METOJlaX TEOPETHMUECKOH MEeXaHWKHU
0a3upyroTcss  Takue  OOIIeTEXHHYECKHE  JUCHUIUIMHBL ~ «CONpOTUBIEHHE  MaTepualioBy,
«Texnudeckass mMexaHuka», «Teopus MexaHW3MOB M MamuHy», «[ HWapaBiauka» W Ap., a TakkKe
npodeccuoHanbHble JUCHUILINHBI «MeXaHuKa KHUAKOCTU U raza», «J{uHaMuka MalmH.

VYcnemHoe OCBOEHHME Kypca TEOPeTHUYEeCKOM MEXaHUKH CTyJeHTaMH ONHUpaercss Ha
OCHOBHBIC TIOJIO)KEHUSI BBICIIEH MaTeMaTHKH, BKJIIOYas BEKTOPHYIO aire0py, aHaIUTHYECKYIO
reomMeTpuio, aAuddepeHnnanbHoe M HHTETPAIbHOE HCYHUCICHHE, TeopHio AuddepeHnnanbHbIX
ypaBHEHUH; (PU3MKU (OCHOBHBIE (PU3MUYECKHE TOHATHS, 3aKOHBl U SBJIEHUSA); HHPOPMATHUKU
(YUCIIEHHbIE METOJIbl PElICHUsI JINTEHHBIX anredpanyeckux M AuQQepeHrnaIbHbIX ypaBHEHUN Ha
OBM).

Kypc nexuuil comep UT KpaTKHE TEOPETHUECKUE JI0Ka3aTeIbCTBA HEKOTOPBIX TEOPEM H
npUHIMIOB. /{7151 yriayGineHHOro u3ydeHus: OTAENIbHBIX 3HaYMMbIX TEM M Pa3fielioB peKOMEHAYEeTCs

OIpe/IeTICHHAs JTUTEPaTypa.



N3ydyeHne TeopeTHUEeCKOro MarepHaia, a TakKe MPAKTUYECKOrOo €ro MpHIIOKEHUS B
JIOCTAaTOYHOM 00BEME HEBO3MOXKHO 0€3 CaMOCTOSATENBbHOM paboThl CTYJCHTOB.

CamocrosarenbHass paboTa JaeT BO3MOXHOCTh 3aKpENHUTh 3HAHMA, IOJyYCHHBIE IIO
PEKOMEHIOBAaHHOW JHTEpaType B MPOLECCe ayAUTOPHBIX 3aHATUNA M XOPOIIO MOJArOTOBHUTHCS K
PEUTHHT — KOHTPOJIIO, YCTHBIM OMpPOCaM, K BBIMOJIHEHHIO KYPCOBBIX WM PacyeTHO-TpadudecKuX

pa60T, a TaKiKC K 5K3aMCHY.

IIJIAH U OCHOBHASI YACTD JIEKLIUI
Jleknusa Nel
IInan nexkuyuu.

Beenenne. Ilpeamer cratukm OCHOBHBIE MOHSATUS CTATHUKU: aOCOJIOTHO TBEPIOE TEIIO,
CHJIa, SKBUBAJIEHTHON CHCTEMBbI CHJI, CHJIa BHEIIHSAS U BHYTPEHHSS, OCHOBHbIE aKCHOMBI CTATUKH.
Ces3u peakuuil 1 peakunu cBsseil. OCHOBHBIE BUBI CBSI3EH: INIaJKas IJIOCKOCTh, IIOBEPXHOCTh U
ormopa, THOKas HUTh, IMIMHAPHUYECKUH MIapHUp (MOJIIMIHKK), CHEepUYECKHid IIapHUD

(MOAMATHUK), HEBECOMBIHN CTepKEeHb. Peakiust aTux cBszeil.

OcHnoenasn uacmo JeKkuuu

BBEJ/[EHUE

Mexanuka - 3TO Hayka O MEXaHMYECKOM [BIWKEHMHM U MEXaHMYECKOM B3aMMOJECHCTBUU
MaTepuanbHbix Ten. llon wmexanuueckum OsudiceHuem TIOHUMAETCS W3MEHEHHE TMOJIOKEHUS
MaTepuaidbHBIX TEI B MPOCTPAHCTBE C TEUEHUEM BpEMEHU. Mexanuueckum 63aumooeticmeuem
HA3bIBACTCSI TAaKO€ B3aUMOJICHCTBUE MATEPUAIBHBIX TeJl, B PE3yJIbTaTe€ KOTOPOIrO MPOMCXOJAUT
M3MEHEHUE WX MEXaHWYECKOTO JIBIKEeHHS WK Ghopmbl (nedopmariust). Mepoih MexaHMuecKoro B3a-
MMOJEICTBUS MaTepUAIbHBIX TEN SIBISETCS CUd.

MexaHnKa OTHOCHUTCS K paspsiy €CTECTBEHHBIX HAyK, T.€. HayK O IPHUPOAE, 3apOXKICHUE
kotopoit B [lpeBneir I'perum (V-IV BB. 10 H.3.) 0OyCIIOBIEHO NOTPEOHOCTSIMH TPAKTUKHU.
Haubonpiiee BnusiHue Ha pa3BUTHE MEXAHHWKH BIUIOTH 10 anoxu Bospoxaenus (XIV-XVI Bs.)
okazanu yueHuss Apucrorens (384-322rr. mo H.3.) u Apxumena (284-212rr. go H.3.). Spkumu
IPECTaBUTENISIMU STIO0XH Bo3poskaeHus, ¢ *MeHaMu KOTOPBIX CBsI3aHO OypHOE U YCIEIIHOE pa3BU-
THE MeXaHWku, sBistorcs: Jleonapgo ma Bunaum (1452-1519), H. Komepuuk (1473-1543), N.
Kemutep (1571-1630). K stomy sxe mnepuomy oTHocstes paborer I'. Tamwmmes (1564-1642),
CYMEBILIETO CUCTEMATU3UPOBaTh OTACIBHBIE PA3PO3HEHHBIE CBEJECHUS 110 MEXAHUKE, HAKOIIEHHBIE

YCJIOBCYCCTBOM Ha IMPOTAKCHUHU MHOI'HMX CTOHCTHﬁ, U BIICPBBIC C(I)OpMyJ]I/IpOBaTB BaKHEHIIIIe
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MOHATHUSI MEXAHUKU: MPUHIUI OTHOCUTEIBHOCTH KJIACCHMUYECKON MEXaHWKH U MPUHIUIN HHEPIUU
BEIIIECTBA, 3aKOHBI MA/ICHUS TEJI, CIIOKCHUSI IBUKEHHUIN U CKOPOCTEH, MOHATHE YCKOPEHUS U T.1I.

B 1687 r. Beiuio B cBeT 3HaMeHuToe counHenne M. Herorona (1642-1727) "Marematuueckue
Havyajia HaTypajabHON (riiocopuu", B KOTOpOM OH, 0000IIas OMBIT M 3aBepiias padOThl CBOMX
MPEIIECTBEHHUKOB, CUCTEMAaTUYECKH M3JI0KHIJI OCHOBHBIE 3aKOHBI KilacCMuecKod mexaHuku. C
ATOrO BpEMEHU MEXaHHWKAa OKOHYATEIhbHO c(HhOpMHUpOBATIACH KaK HAyKa, KOTOPYIO YacTO HA3bIBAOT
Mexanukoi ["anunes-Hpr0TOHA, MM KIACCUYESCKOM MEXaHUKOM.

[Tocnenyroiee pa3BUTHE MEXAHUKH CBSA3aHO C pa3pabOTKOI aHAIUTUYECKUX METOAOB B TPyAax
JI. Diinepa (1707-1783), XK. {anam6epa (1717-1783), XK. Jlarpamka (1736-1813).

Ha pasButue uccnenoBanuii mo mexanuke B Poccuu Gosnbioe BiusHue okaszanu padotsl M. B.
Octporpazckoro (1801-1862), I1.J1. YeOniena (1821-1894), A.M.

JlsanynoBa (1857-1918), N.B. Memepckoro (1859-1935), H.E. XXykosckoro (1847-1921), A.H.
KpsuoBa (1863-1945), C.A. Yamneiruna (1869-1942) u npyrux BBIIAIOMIMXCS YYSHBIX.

B knaccuueckoui mexanuke paccMaTpUBAIOTCS MaTepUAIbHBIC Tella, pa3Mepbl KOTOPBIX MHOTO
0O0JIBIIIE MEKMOJICKYIISIPHBIX PACCTOSHUI U KOTOPBIE JBUKYTCS CO CKOPOCTSMHU, MHOTO MECHBITUMU
CKOPOCTH CBeTa.

Ecnu o0bekTamMu ncciaenoBaHus MEXaHUKU SIBIISIOTCS JIIOObIE peanbHbIe Tena: AeopMupyembie
TBEpJABIE TeJa, KUIKWE, Ta3000pa3HbIe U Jp., TO B TCOPETUUCCKOW MEXAaHHKE PAaCCMATPUBAIOTCS
UJCATM3UPOBAHHBIE MAaTEepPUAbHBIE OOBEKTHl TaKWe, KaK MaTrephalibHas TOYKa, CHCTEMa
MaTepuaiIbHBIX TOYEK, aOCOMIOTHO TBepaoe Teno. JlaHHble aOCTpaklMM, KOTOPbIE, KOHEYHO, HE
CYIIECTBYIOT

B TIPUPOJIE, TO3BOJIAIOT BBISIBUTH HambOoyee oOIHMe 3aKOHBI MEXAaHHUYECKOTO JIBHIKCHUS H
MEXaHHUYECKOTO B3aMMOJICHCTBUYS, CIPABEJIUBBIC IS JIFOOBIX MaTEPHAIBHBIX TEJ HE3aBHCUMO OT
UX KOHKPETHBIX (PU3NYECKUX CBOHCTB.

Hayka 00 oOmmx 3akoHaX MEXaHWYECKOTO IBMKCHHS W MEXaHHYECKOTO B3aMMOACHCTBHUS
MaTepuaibHBIX T Ha3blBae€TCAd meopemuyeckou mexanukou. Takum oOpa3oMm, TeopeThyecKas
MEXaHHKa - 3TO pa3Jell MEXaHUKH, COCTABIISIONINN OCHOBY OOIIECH MEXaHUKH, KOTOpas JIS)KHT B
OCHOBE BCE€X OCTAJbHBIX TEXHUYECKUX TUCIUILIMH: COMPOTUBIICHUS MaTEPHUAJIOB, JeTalleil MallllH,
TEOPUU MAIIUH U MEXaHU3MOB, CTPOUTEIHLHOW MEXaHWKH, TUAPOMEXAHUKH, Ta30AMHAMUKU U T.1.
Otcrofla TOHATHBI POJIb W 3HAYCHUE TEOPETUYCCKOW MEXaHWKH, ITO3BOJISIONICH ITOYYUTh
HEOOXOAMMBIE 3HAHUS O TPUPOJAE TIOCPEACTBOM  OOOOIIEHHBIX METOJOB  IMOCTPOCHHS
MaTeMaTHYECKUX MOJIENeN JBUKCHHUI MaTepUATbHBIX O0BEKTOB MPUPOIBI U TEXHUKH.

B Teopernueckoil MexaHUKE ABMKEHHE MATEPHAIIBHBIX Tell pacCMATPUBACTCS B MpPeXMepPHOM
esKnu006om npocmparcmee. Jlns M3ydeHUs [BWKEHUS BBOJAT TaK HA3bIBAEMYIO CUCMEMY
omcuema, TIOHAMAs! TIOJ HEH COBOKYITHOCTh Tejla OTcueTa (T.e. Teja, MO0 OTHOIICHUIO K KOTOPOMY
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U3ydaeTcsi NBUXKEHUE OPYTHX TeJ) U CBSI3aHHBIX C HUM CHCTEM KOOPAMHATHBIX OCEH U 4YacoB.
[TpyHMMaeTcs, 4TO BpeMsl HE 3aBUCUT OT JBMJKEHHUS TE€Jl U OJMHAKOBO BO BCEX TOUYKAX IIPO-
CTpaHCTBa M CHUCTeMax oTcyera (abcontommuoe epemss). [1oaTOMy, TOBOpS O CHUCTEME OTCYETa B
TEOPETUYECKOW MEeXaHMKe, KaK MpPaBUJIO, OTPAHMUYMBAIOTCS YKA3aHHEM TOJIbKO Teja OTcueTa U
CUCTEMbI KOOPAMHATHBIX OCEH, CBA3aHHBIX C HUM.

Teno HaxoAgWTCs B IBMKEHUU OTHOCHUTEIIBHO BBIOPAHHON CHUCTEMBI OTCYETA, €CIH C TCUCHHEM
BpPEMEHU MPOUCXOAUT U3MEHEHNE KOOPAUHAT XOTS OBl OJHOM
€ro TOYKH, B IPOTUBHOM CJIy4ae TeJI0 HAXOJUTCS B #OKOe TI0 OTHOLICHHUIO K 3TOM CUCTEME OTCYETA.
Takum o0pa3om, IBHKEHHE U MOKOM TeJa MO CYTH Jejia MOHSATUS OTHOCUTENbHBIC, 3aBUCSILNE OT
BbIOOpa cuctemsl orcyera. [loaromy B 3aauy TEOPETUUECKON MEXAHUKU BXOJIUT TAK)KE U3YyUYEHUE
paBHOBecHsl MaTepuanbHbIX Ted. llon paenosecuem noOHMMaeTcs COCTOSHME IOKOS Tejaa IO
OTHONICHUIO K IPYTMM MaTepUAIbHBIM TeslaM (TelaM oTcuera). Eciu qBukeHneM Tena oTcuera, o
OTHOIICHHIO K KOTOPOMY H3y4daeTcsi paBHOBECHE, MOXXHO IMpeHeOpedb, TO paBHOBECHE YCIOBHO
Ha3bIBaeTCsl abcomomuvim. YacTo NMpU HMHKEHEPHBIX pacyeTax CHUCTEMY OTCYETa, CBA3AHHYIO C
3emiiell, MOKHO YCJIOBHO IPHUHATH 33 HENOJABIKHYIO. Bo3HMKaromue npu TakoMm AONYLIEHUU
OIIMOKHK, KaK MpaBWJIO, MPAKTUYECKOrO 3HAUYCHHUS HE UMEIOT. B 3amadax, B KOTOPBIX HENb3s
npeHeOpeyb BpallleHHeM 3eMIIM, 32 HEMOJBIKHYIO CHUCTEMY OTCYETa MOKHO MPHHSATH 2eluo-
yenmpuueckylo cucmemy omcyema ¢ HadaloM B IeHTpe COJHEYHON CHUCTEMBI U OCSAMHU,
HAIpPaBJICHHBIMU HA OJTHU U T€ XK€ JJaJIEKUE «HEIOIBUKHBIC)» 3BE3/IbI.

ITo xapakTepy pelraeMbIx 3a1ad Kypc TEOPEeTUYECKON MEXaHUKU OOBIYHO JETUTCS HaTPU YacTu:

CTAaTHUKY, KHHCMATHUKY U TUHAMUKY. B manHO# KHHT€ HU3J1araroTcs MEPBLIC ABC YaCTH.

OcHoeénble NOHAMUA U AKCUOMDL

Ocnoenble NOHAMUA, onpedeﬂeHuﬂ

Cmamuka - pa3iel MEXaHHKH, B KOTOPOM HU3y4HalOTCSd METOJbl IMPUBEIEHUS CHCTEM CHII K
OpoCTEeHIIeMy BHMJIY W BBIBOASTCS YCJIOBUS DPABHOBECHS CHJI, HPUIIOKEHHBIX K aOCOJIIOTHO
TBEPAOMY TEIY.

Kak BO BCAKOH €CTECTBEHHOM HayKe, B TEOPETHUYECKOW MEXaHUKE HCIOJIb3YIOTCA
U7eau3UpPOBaHHbIE MMOHATHS, KOTOPBIE CIYKaT MOJEIbIO JJIs OCTPOEHUS MPUOIMKEHHON Teopun
JIBIDKEHUS U PaBHOBECHS pPeaJbHBIX (PU3NUECKUX 00BEKTOB. K TakUM MOHATHAM MOXHO OTHECTH
MaTepHaJIbHYIO TOUKY, aOCOIIOTHO TBEPOE TEJO, HICATBHYIO XKHUIKOCTh U T.II.

Mamepuanvhas mouka - T€NO, pa3Mepbl KOTOPOTO B KOHKPETHBIX YCIOBUSAX MOXHO HE
yuuTHIBaTh. MarepuanbHas TOuYKa 00JlajaeT Maccoil M CHocOOHOCTbIO B3aMMOJEHCTBOBATH C
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JPYTUMHU TEIaMU.

Mexanuueckas cucmema - 106asi COBOKYIIHOCTb MaTepHAILHBIX TOUEK, B KOTOPOW MOJIOKEHHUE U
JBIKEHUE Ka)K/I0M TOUKH 3aBHCHUT OT TOJIOKEHUS U JIBHKEHUS BCEX OCTAJbHBIX TOYCK.

Abcontomno meepooe meno - MEXaHUYECKasi CUCTEMa, PACCTOSIHHS MEXIY JIIOOBIMU TOYKAMU
KOTOpPOM OCTalOTCSI HEM3MEHHBIMH IPH MEXaHUYECKUX BO3JECUCTBUAX CO CTOPOHBI APYTUX TeI.
Jomnymienre o HeM3MEeHsIeMOCTH (OPMBI Tell YIPOIIAET U3yYCHHE UX PABHOBECHS U BMECTE C TEM
IIO3BOJIIET pellaTh MHOTME TEXHUYECKHME 3aJjaud C JOCTATOYHOM CTENEHbI0 TOYHOCTH, TaK KakK B
OOJBIIMHCTBE CiTy4aeB JeopMaluy Tel NPeHeOPEeKUMO Malbl.

Cs0600H0e meno - MarepHalbHOE TeJlo, IepeMelIeHUs] KOTOPOro M3 JaHHOTO IOJIOKEHUS B
J1r000M HaIPaBICHUH B IPOCTPAHCTBE HE OTPAHUYCHBI APYTUMH TEIaMHU.

OnHUM U3 OCHOBHBIX MOHSATUNA CTATUKH SIBJISICTCS TOHSTUE CUIIBIL.

Cuna - BEKTOpHas Mepa MEXaHMUYECKOTO B3auMojeicTBus Ten. OHa MOXKET ObITh M300pakeHa
BEKTOPOM, T.€. HalpaBICHHBIM OTpe3koM mpsimoi (puc.l.l,a). OgHa U3 TOYEK, OrpaHUYUBAIOLINX
BEKTODP, HA3bIBAa€TCsl HayaJoM BeKkTopa (Touka A), apyras - koHuoM. HampaBieHue BekTopa

YKa3bIBAETCS CTPENKON Ha ero KoHie. Cuily Kak BEITUYHMHY BEKTOPHYIO MPUHSATO 0003HAYATh

OykBOI €O 3HaKOM BekTopa Han Heil, manpumep, F, P, Q. Jlnumny Bekropa Ha3elBaoT —€ro

MoOynem W 0003HAYAIOT OJHHM H3 CIIOCOOOB ‘F‘, ‘P‘, ‘Q‘ nmn  F,P,Q. Takum oGpa3om, cuia

—

F xapaxrepusyercs Toukoii npunoxenns A, moayiem F n nanpasnennem.
[IpsiMasA, 1o KOTOPOI HAIPABIICHA CUJIA, HA3BIBACTCS JIMHUEH JEHUCTBUSI CHIIBIL.
B MexnyHapoaHoli cucteme equHul usmepenus CH 3a equHuIly n3MepeHus CUIIb

npuHuMaetcs HproToH (H).

Cucmema cun - modas copokynnocts cun (Fy, s, ..., F,)), neficteyromux na
MaTepHalIbHOE TEJO.

DKeusanrenmuvle cucmemvl cui - TAKHE, KOTOPHIE 110 OTAEIbHOCTH OKA3bIBAKOT OJUHAKOBOE
JECTBIE Ha OJHO U TO € CBOOOIHOE TBEPAOE TENO (MaTepHalbHYI0 TOYKY) IIPH HPOYMX PABHBIX
YCIOBHSIX.

(F, R, ...F)~(F.F, ... F).
HeoOX0aMMO pa3nuyaTh MOHATHS JKBMBAJIECHTHOCTH M paBeHCTBa cuil. CHJIBI BEKTOPHO (MU

FGOMeTqueCKH) PaBHbBI, €CJIM OHMH IapaJuICIIbHBI, HAIPABJICHBI B OJHY CTOPOHY W HMCIOT

oauMHaKoBele Moaynu (puc. 1.1, 0): |E’1 = |32 = |f3 , TaK KaK |El ™ IEZ ™ |f3 nhk=F=F.



Puc. 1.1

O,HHaKO AJId DKBUBAJICHTHOCTHU CHJI 3TOr0 HEAOCTAaTO4YHO, T.C. HECJIL3A YTBCPXKIAATh, YTO, HAIIpUMED,
Fl -~ F2 . HBC CHJIBI DKBUBAJICHTHEI, €CJIM OHU HE TOJIBKO BEKTOPHO paBHBI, HO €IC U ITPUJIOKECHBI B

OJIHOM TOuYKe Tena (MO0 OTAETBHOCTH). DTO OTIMYAET BEKTOP CHJIBI OT CBOOOJHOTO BEKTOPA,
MOHSITHE O KOTOPOM B MAaTEMAaTHKE MOJI0KEHO B OCHOBY BEKTOPHOI'O MCUYHUCIEHUS, 3aHUMAIOLLIErOCs
U3y4eHHEM Ollepaluii HaJl BEKTOPaMHU.

C60000HbIM 6eKmMOpOM HA3BIBACTCA BEKTOP, KOTOPBIA XapaKTepU3yeTCsl TOJIbKO MOAYJIEM
u HampasiieHueM. OH He CBsi3aH C KakoH-JIMOO OIpeneseHHOW MPSMOM JIMHUEH WM TOYKOM.
Havano Ttakoro BekTopa MOET OBbITb BBIOpPAHO IPOU3BOJBHO (CBOOOAHO) B JHOOOW TOUKE
npocTpaHcTBa. B MexaHuke, KpoMe CBOOOAHBIX, YaCTO PACCMATPUBAIOTCS BEKTOPBI CKOJIB3ALINE U
CBSI3aHHBIC (MJIU TIPHIIOKCHHBIE).

Ckonv3awum 6ekmopom Ha3bIBa€TCS BEKTOP, PACIOJIOKEHHBIM MPOU3BOJIBHO Ha CBOEH JIMHUU
JeicTBUSA. DTOT BEKTOP CBA3aH C MPSIMON IO KOTOPOM OH HampasJieH.

CeasannviM ~ 6eKmopom  Ha3bIBAaeTCs  BEKTOpP, KOTOPBIM  XapakTepusyercs  MOMYJIEM,
HalpaBI€HUEM U TOYKOM NPUIOKEHHSA. DTOT BEKTOP CBA3aH C TOYKOH CBOEro HPUIIOKEHHS,
MIOSTOMY HA3bIBAETCS TAK)KE TPUIIOKEHHBIM WJIM HETIOIBHYKHBIM.

PaGHO()eﬁCWl@leWﬂﬂ R - CHJia, DKBUBAJICHTHAasA HeKOTOpOﬁ CUCTCMEC CUII
(R) -~ (Fl’ F2, eey Fn)
YpaeHoeemeHHaﬂ cucmema cuun (HHI/I CHUCTEMaA CHJI, J3KBHBAJICHTHasd Hy.]'II'O) -TakKasi, IIOJ

JefiCTBHEM KOTOPOI CBOOOIHOE TBEPAOE TENIO (MaTepraibHas TOUKa) HaXOASITCS B paBHOBECUU
(Fl’ F2, faay Fn) -~ 0

VYpasnosewusarowas cuna 3alaHHOM CHCTEMBl CUII - Takas CHia, JoOaBleHHE KOTOPOH K
3alaHHOM CUCTEME JaeT HOBYIO CHUCTEMY, SKBUBAJICHTHYIO Hym0. Cuibl, JEHCTBYIOIME Ha
MEXaHUYECKYIO CUCTEMY, JIEJISTCS Ha CUJIbl BHEIIHUE U BHYTPEHHHUE.

Bnewnue cunvl - cunbl, NeHCTByIOIIME HAa MaTepuaibHble TOYKH (Tela) JAaHHOW CHUCTEMBI CO
CTOPOHBI MaTepUANIbHBIX TOUEK (TEJI), HE MPUHAAJIEKALINX ITOU CUCTEME.

Buympennue cunet - CWIbl B3aUMOJICHCTBHA MEXAYy MaTepHalbHBIMU TOYKAMU (TEJaMHM),

BXOOAIIMMU B COCTaB HaHHOﬁ CHUCTCMBI.
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Axcuomol cmamuxu

B ocHoBe wu3yueHHMs CTaTUKH TBEPJOrO Teja JIeXKAaT aKCHOMBI, (OPMYIHPOBKA KOTOPHIX
OpearnonaraeT, 4Tro TBEPIOE TEJIO MM MarepuanbHas TO4YKa B OOLIEM ciydae CUYMTAIOTCS
CBOOOIHBIMU, UMEIOLIMMHU BO3MOXHOCTh COBEPLIATH B PACCMATPUBAEMbIil MOMEHT BPEMEHHU JItOObIE
IEpPEMELIEHUS B IPOCTPAHCTBE.

Axcuoma uHepyuu

I/I3OJ'II/IpOBaHHa$I OT BHCIIHUX BOS,I[GfICTBHfI MaTcprajJibHasgd TOYKa (TeJ'IO) HaxXoJuTCsA B COCTOAHUN

MOKOSI WJIM MPSIMOJIMHENHOTO PABHOMEPHOTO JIBUKEHUS.
Axcuoma pagnosecus 08yx cui

JIBe cuibl ypaBHOBELIMBAKOTCS, €CIM OHM IPHWIOXKEHBI K OJHOMY TBEPAOMY TEILy, PaBHBI IO

MOJ1yJIFO U HAaIIPABJIEHBI BJI0JIb OJAHOM MPSMOI B IPOTHUBOIIOJIOKHbBIE CTOPOHBI (puc. 1.2).

Puc. 1.2

Axcuoma o npucoeduHeHuu Ui uCKaroderuu prZGH06€W€HHOﬁ cucmemsl cuun

Ecmm Sa)IaHHOﬁ CUCTEME CUJI NPUCOCAVHUTHL HJIM U3 HEC HCKIIOYNUTH YPAaBHOBCIICHHYIO

CHCTEMY CWJ, TO HOBas CHCTeMa CHJI OyaeT »JSKBHBAICHTHa 3amanHon (puc. 1.3, 1.4).

(F]_; F2 y F3, F4) - 3aJlaHHas CuCcTeéMa CHIJI.

11



Puc.1.3 Puc. 1.4

(Fs, Fg) ~ O - npucoenunennas cucrema cun. (Fy, F,, Fs, Fy) ~ (F, o, R, Fy B, Fg).
Cnedcmeue. He usMensis nefcTBES HA TBEPJIOE TENO, CHITy MOXKHO MEPEHOCHTH BJIONb €if IMHAN

JieicTBUSA B JIIO0YIO APYTYIO TOUKY Teja

I[TycTh Ha TBepjoe Telo JAeiicTByeT cuna F , mpunoxennas B Touke A (puc. 1.5). Ha nunuu

JICHCTBHSI 3TOM CUJIBI BO3bMEM IIPOU3BOJIBHYIO TOUKY B M IpUiIoKuM K Hel 1B€ ypaBHOBELICHHbBIE

Puc. 1.5 Puc.1.6

—

cwist B u Fy, mpu satom Ky =F, u F, =—F. Or sroro neiicteue cunsi F wa teno ue

—

usmenutcst. Ho cunet F u Fy Taxike o6pasyror ypasHOBenmennyto cucteMy, KOTOpas MOXKeET OBITh

—

MCKIII0UeHa. B pesysbrare Ha Teno Oyner neiicrBosarh cuina b, pasuas F, Ho mpunoxkennas B

tTouke B Ha juHMM neiicTBust cuitbl (puc. 1.6).

Ha ocHOBaHMH 3TOTO CIEACTBUS BCKTOP CHJIBI F CUHUTACTCA CKOJb3AIIUM
Axcuoma napajijieinocpamma cuiu

PaBHOnelicTBYIOIIAsA ABYX CHUJI, IPUIIOKEHHBIX B OJTHOM TOYKE TBEPJIOTrO TEJa, MPUIIOKEHA B TOM
)K€ TOYKE, a IO BEIWYMHE U HAMpPaBJICHUIO OMNpENENseTCs IUaroHallblo Mapajljienorpamma,
MOCTPOCHHOTO Ha ATUX cuinax (puc. 1.7).

3amMeHy JIBYX CHJI OJTHOM PaBHOJICHCTBYIOIIECH HA3BIBAIOT 2eoMempuyeckum (Ui 8eKmopHvim)

Cloo#CceHuem 3TUX CUJI, KOTOPOC MaTEMAaTUICCKHU 3alIMChIBACTCA TaK:
12



R=F +F,

Ecnu cunst F; u F, wanpasienst no oxHoii psiMoi B 0/IHY WM NPOTUBOIIOJIOKHBIE CTOPOHBI,

TO OHH CKJIaAbIBAIOTCs anre6pa1/1qecm/1.

Moaynab paBHOJICUCTBYIOIICH ONPEACIISIOT 0 opMyIie

ﬁ = \/Ifl + IE2 + 2F1F2 COS(IEJ_ . Ifz)

Heo6xomuMo OTMETHTH, 4YTO cIpaBeyInBO M oOpatHoe. OAHY CHUIYy MOXHO pa3lOXKHUTh

MMOCJICAOBATCIIbHO HA ABC, TPHU U T.A. COCTABJIAIOIIHNC IO 3aJaHHBIM HAITPAaBJICHHUAM.

AKcuoma o pasencmee cun 0eiicmeus u NPOMuUEOOelcmeus

Puc. 1.7

) g

BceskoMy neMCTBHIO COOTBETCTBYET PaBHOE M IIPOTHUBOIIOJIOKHO
HaIIpaBJICHHOE IPOTUBOACICTBUE.

Ora akcuoMma yTBEpXKAAET, YTO CHUJIbI B3AaUMOJECHCTBUSA  MEXKAY
JBYMsl  TeidaMH (TOYKaMH) paBHBI IO MOJAYJIIO U HalpaBJ€HbI IO

OJIHOM TIPSIMOY B IPOTUBOIIOJIOKHBIE CTOPOHBI (pHcC. 1.8).

— — 1

Cunet F u F ue obpasyror ypaBHOBemenHnyro cucremy, Tak
KaK OHM NPHJIOKEHBI K pa3HbIM TenaM. OTMETHM, 4TO TBEp/bIE Tela
WIM MaTepHalibHble TOYKH, MOTYT B3aUMOJIEHCTBOBATh IyTEM
CONPUKOCHOBE-HUS WJIM IIOCPEICTBOM CHJIOBBIX IIOJIEH, T.€. Ha

PacCTOSIHUU.

Puc. 1.8

Axcuoma 3ameepoesanuisl

PaBpHOBecue CHJI, IIPUIOXKCHHBIX K ,[[e(l)OpMI/IpyeMOMy TCIYy, HC HAPYHIUTCA IpU C€TO

3aTBEpACBaHUH.

OTta akcuoMma YTBEPXKIAeT, UYTO YCJIOBUS PAaBHOBECHS CHJI, IPHIOKEHHBIX K aOCOJIOTHO

TBCPAOMY TCIY, JOJIZKHBI BBIITIOJHATHCA U IJIA CUJL, ITPUIIOKCHHBIX K ,ue(bopMpreMOMy TCIy.

HaanMep, paBHOBECHUC TUOKOM HWUTH, HA KOTOpOﬁ MMOABCHICHO TCJIO, HC HAPYIIUTCHA, €CJIU 3Ta

HUTbH 3aTBEPJCET.
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Opnaxo 1t 1ehOpMUPYEMOTO TeJla YCIOBHS paBHOBECHS CUJT HEOOXOAUMBI, HO HEIOCTATOUHBI.
Tak, HanpuMep, 17151 paBHOBECHUS TMOKOW HUTHU MO JEHCTBUEM JIBYX CHIJI, IPUIIOKEHHBIX K €€
KOHIIaM, YCJIOBUS pPAaBHOBECHS 3TUX CHJI HE SIBJIIIOTCS IOCTaTOYHBIMH, TpeOYyeTCs elle, YToObI

MMPHUIIOKCHHBIC CHUJIbL ObLIU pacTAruBarOmMU.

Ces3u. Peaxyuu ceszeii. Axcuoma ceészell

MarepuanbHoe TeNo, epeMEIEHNs] KOTOPOro B IPOCTPAHCTBE OIPAaHUYEHbI
JIPYTUMH TEJIaMH, Ha3bIBACTCS HEeC80OOOHBIM.
Cessa3u - MaTepuaibHble 00BEKTHI (TeNa), KOTOPbIE OrPAaHUYMBAIOT MIEpeMe-
HIEHUS JAHHOT'O TBEPJIOTO Tea.
Peaxyus cesazu - cuna, ¢ KOTOPO# CBSI3b ICUCTBYET Ha TEJO.
Axmuenvie - CUIIbl, KOTOPBIE HE SIBJISIIOTCS PEAKLUSIMU CBSI3EH.
YroMmsHyThle paHee BHEIIHHE W BHYTPEHHHE CHJIbl MOTYT OBITh AKTUBHBIMH U PEaKIHSIMHU
CBsI3€EM.

Akcuoma ceazeu

Beskoe HecBOOOTHOE TeNo MOXKHO paccMaTpuBaTh Kak CBOOOJHOE, €CIU CBA3M YCIOBHO
OTOPOCHUTH ¥ 3aMEHHUTh UX JCHCTBUE PEAKIIUSIMH CBS3CH.

Peakumnu cBsizeil 3aBUCAT OT MPUIIOKEHHBIX K TENTy aKTHUBHBIX CUJI M OT BUJa cBsizel. [lorTomy
OYEHb BOXHO YMETh NMPABWIHHO 3aMEHSTH JEHUCTBHE OTOPOIIECHHBIX CBA3ed uX peakmusmu. [Ipu
OTOM HAJ0 MOMHHUTBH, YTO PEaKLHUs CBSI3U HAIPaBJIEHA B CTOPOHY, IIPOTUBOIIOJIOXHYK TOW, B
KOTOPYIO CBSI3b IIPEIATCTBYET NEPEMELIECHUIO Tena. ECau CBA3b NPENATCTBYET MEPEMEIICHUIO TEJla
M0 HECKOJIbKUM HampaBJICHUSIM, HaNpaBJICHHUE pEaKIUUu CBS3M HEM3BECTHO, €€ OOBIYHO
pAacKIaAbIBAIOT IO MpPaBUJy MapajuiesorpaMMma Ha COCTAaBIIAIOIIME, HAINPABJICHHBIE MApAJIIEIBHO

0CsAM KOOpJUHAT.

Jexkmusa Ne2
IInan nexkuyuu

Cucrema cxoasmuxesi cuji. ['eomerpudeckuil crnoco0 omnpeneieHusl paBHOIECHCTBYOIIEH
CHCTEMBl CXOJSIIMXCS CHI. ['eomMeTpuueckoe YCIOBHE paBHOBECHS. AHATUTHUYECKHH CIOCO0
OIpE/CIICHNE PaBHOJACHCTBYIOIIEH. AHAIUTUYECKOE YCIOBHUE YPABHEHMS PaBHOBECHUSI CHUCTEMBI

CXOISIIUXCS CHIL.
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Teopnﬂ MOMEHTOB CHJI. MOMEHT CHJIBI OTHOCHTEIILHO TOUKH KakK BCKTOD. MOMEHT CHIIBI
OTHOCHUTEIEHO OCH. 3aBHUCHMOCTh MCKAY HUMMU. MOMEHT CHJIBI OTHOCUTEIBHO TOYKH Kak

anreOpanveckas BEIMINHA.

Ocnoenasn uacmo JleKkyuu.

Cucmema cxooauuxcs cu

Ilpusedenue cucmemvl cX00WUXCSL CUL K PABHOOCUCMBYIowell

Ha MaTCpHaJIbHBIC TCJIa MOI'YT ﬂeﬁCTBOBaTB Pas3siin4HbIC CUCTCMbI CHII -CXOOAIIUXCA,
napajjiCJIbHbIX, IMPOMU3BOJIbHO PACIHOJOXCHHBIX Ha IINIOCKOCTH HJIM B IPOCTPAHCTBEC. OZIHOﬁ us3
Hauboee IMPOCTBIX ABJIACTCA CUCTEMA CXOAAIIUXCA CHUJIL.

Cucmemoii CXOO}IM/!Z/DCC}Z cujl Ha3bIBACTCA CHUCTEMA CHJI, JIMHUHU ,HeﬁCTBI/IH KOTOPBIX

IIEPECEKAIOTCS B OJTHOM TOUKE.

Teopema. Cuctema cxogALMXCA CUN SKBUBANIEHTHA OAHOWN CU-
ne (paBHOoAEeNCTBYIOWEN), KOTOpas paBHa reomMeTpUYecKom
CYMMe BCEX CUA M MPOXOAUT Yepes TOUKY nepecevyeHma ux n-

Jokazamenvcmeo. IlycTh 3aaHa cucTeMa CXOZSIIUXCS CHII |fl, IEZ, . |fn, MPUJIOKEHHBIX K
TBepAoMy Teny. CoriacHo ciencTBuio U3 akcuoMsl |1l mepeneceM cuibl Mo TUHUSAM UX JIEHCTBUSA B
TOYKY TiepeceueHust 3Tux JuHui (puc.2.1). CkiaasiBasi CUIIbI |El u IEZ , HA OCHOBaHHUH aKCUOMBI [V
MOJYyYUM HX PaBHOJECHCTBYIOLIYIO: ﬁz = |f1 + |32, WHJIEKC PaBHOJEHUCTBYIOIIEH COOTBETCTBYET
HOMepYy N00aBIsieMO CHUIIBL. 3aTeM, CII0KHB ﬁz c |53, HalileM pPaBHOJECHCTBYIOIIYIO TPEX CHII
F.F, Ry

Ry=R, + F;=F, +F, + Fs.

— —

Jloiins, Takum 06pasom, m0 mocnenHel cuisl F,, momyunm pasmoneiictyromyo R Beeit

CUCTCEMBbI n JAHHBIX CHUJI.
— _ — - - n _
k=1
HOCTpOGHI/Ie paBHO)IeI\/'ICTBYIOH_[eI\/'I MOYKET OBITH YOpOuIi€HoO, €CJIM BMECTO ITapalICIorpaMMoOB
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IOCTPOUTH CHIIOBOI MHOTOYTONbHHUK (puc. 2.2). OT konua Bexktopa F; otnoxkum sexrop F,, ot ero

KOHLI@ OTIIOKUM BekTop F3 1 T.1. Tlomyunm, uto BekTOp, Maymmii OT Havyana nepBoro F; k KoHiy

— —

nocneanero F,, ssusercst pasozeiictyromei R.

HpOCTpaHCTBeHHBIﬁ MHOTI'OYT'OJIBHUK, KOTOpI:IfI IMOJIYYCH YKa3aHHbIM CHOCO6OM, Ha3bIBACTCA
CHUJIOBBIM MHOTI'OYT'OJIBHUKOM. Eciu JJI1 HaXOXJACHU A paBHOZ[ef/'ICTBYIOLL[ef/'I IIpyu MOMOIIIX CHUIIOBOI'O
MHOI'OYroJIbHHMKa HMCIIOJIB3YIOTCA  IIpaBWJla TICOMCTpHUHU, TO TakOM Cc1oco0 HaXO0XJICHHUA
paBHOHeﬁCTBymmeﬁ Ha3bIBACTCA I'COMETPUUCCKHUM CIIoco0oM.

ZA s

i
@)
-y

Puc. 2.1 Puc. 2.2

HaubGonee oOmmM MeETOIOM OIpeAeneHUs MOIYJS UM HaMpaBlICHUsS PaBHOACHUCTBYIOIICH
SIBJIAETCSA aHAJTUTHYESCKUH METO/I.

BcnomuauMm, 9t0 npoekyus cunvl Ha ock €CTh anredpandeckas BeIMYMHA, paBHAs IPOU3BEICHUIO
MOMAYJISl CHJIBI HA KOCHHYC yTrjla MEXIYy BEKTOPOM CHJIbI U TIOJIOKHUTEIHHBIM HAIPaBICHUEM OCH.
Ecnu 3TOT yromn ocTpbiif, - IpOEKIIKs MOJOKUTENbHAS, €CIIU TYIOW, - OTpUIaTeNIbHAs, a €CJIU CHJIa

MNEPpNCHAUKYJIIpHA OCH, - €€ IMPOCKIHA HAa OCb PaBHA HYIIIO. TaK, I CHJI, I/1306pa)KeHHLIX Ha

P

i
Y

Puc. 2.3
F,=Fcosa; Q,=Qcosa=-Qcosg; P, =0.

— —

Hpoekuueﬁ CUJIbl F HA NJ10CKOCMb Oxy Ha3bIBACTCSA BEKTOP ny, 3aKJIFOUECHHBIM MCKAY

—

MMPOCKIHAMHA Havdadlla U KOHIIA BCKTOPa CHJIbL F Ha 3TY INIOCKOCTb (pI/IC. 24)
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Taxum 06p330M, B OTJIMYHEC OT MNPOCKIHWH CHUJIBI HAa OChb IPOCKIUA CHJIBI Ha IIJIOCKOCTH €CTh

BCJIMYMHA BCKTOpPHAA, TaK KaK OHa XapaKTCpU3yeTCsi HC TOJBKO CBOUM MOAYJICM, HO H

HarpasjeHueM B miockoctu Oxy. Moaymnto Fx =F COS@, rae

— —

@ - yron Mexly HanpapJeHHeM cwibl F u e€ nmpoexiuu ny.

B HEKOTOpPBIX Cilydasx JUisi HAXOXKJIEHUS MPOCKIUU CHIIBI Ha
och ynoOHee HAWTH CHadana ee MPOEKUHUI0 Ha IUIOCKOCTh, B
KOTOPOH pAacmojioXKeHa 3Ta OCb, a 3aTeéM OJTY MPOCKIUI0
CIPOEKTUPOBAaTh Ha JaHHYK ock. Hampumep, B ciydae,

N300pakKeHHOM Ha puc. 2.4:
Fy = Fy cosa=Fcosgpcosa,
Fy = Fy sina=Fcosgsina.

N3 kypca BEKTOpHOW anreOpbl M3BECTHO, YTO MIPOCKIIUS

CYMMBbI BCKTOPOB

Ha

IMPOU3BOJIbHYIO OCh paBHA CYMMC HpO@KHHﬁ Ha TY K€ OChb CJIaraCMbIX BCKTOPOB. ITomecTum Hayajao

PSIMOYTOJIBHOM CHCTEMbI KOOPJIMHAT B TOUKY MepecedyeHus JIUHHUMA NeiicTBus cui (cM. puc.2.l),

IPOEKTUPYs COOTHOLIEHUE (2.1) Ha OCH XVZ, TOIYUHUM:

M=

R. =

x Fox =F + Foy +...+ Foys

x
Il

1

X
I
M=

Fry =Fiy + Foy +.0+ Ry

y ny:

x
Il

1

M=

Rz: sz:Flz+F22+"-+Fnz’

k=1

(2.2)

e Fyy, Fky’ Fy, - npoexunu cuner Fy na ykazannbie ocu, a Ry, Ry, R, - npoekuun

PaBHOZCICTBYIOLIEH Ha T€ K€ OCH.

9THUX CHJI Ha COOTBCTCTBYIOIIHC OCH.

[Ipoekunu paBHOAEUCTBYIOIIEW CHCTEMBI CXOIALIMXCSA CUJI HA
KOOPJIMHATHBIE OCH PaBHBI AJIF€OpanyecKUM CyMMaM MPOEKIUi

Hcnonp3ys Beipaxenus (2.2), MOXXHO HATH MOAYJb PaBHOIEHCTBYIOIICH:

n n n
R=,/RZ+R2 +R? = (klekx)Z +(kleky>2 ¥ (klekz)z.

a e€ HampaBiieHHE B cucTeMe KoopauHat OXy onpeaeiM 1Mo HampaBJIsIoIIM KOCHHYCaM BEKTOpa

R: cos(R,i)=R,/R; cos(R,j)=R,/R; cos(R,k)=R,/R.
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Yenosus paesHoeecusl cucmemabsl CXO@)ZLL;MXC}Z CuJl

Panee ObUIO YCTAaHOBIIGHO, YTO CHCTEMa CXOISAIIMXCS CHJ OKBHBAJICHTHA OJIHOMN
PaBHOJICUCTBYIOIIEH Crie (|El, |32, ey |En) ~ R. Orcrona CIEAYET, UTO
JAJIsI PABHOBECHSI CHCTEMBI CXOISIIIUXCS CHJI, NPHJIOKEHHBIX K TeJly, He00X0aAuMO H
A0CTATOYHO, YTOOBI PABHOAEHCTBYIOIIAS UX PABHAJIACH HYJIIO:
R=0. (2.3)
CrnenoBaTeibHO, B CUJIOBOM MHOTOYTOJIBHUKE YPaBHOBEHICHHON CHCTEMBbI CXOJSIIMUXCS CUJI KOHEII
MOCJIEIHEW CHUJIbI JOJKEH COBNAJaTh C HA4yaJOM IEPBOM CHUJIbI; B 3TOM CJIy4yae TOBOPAT, YTO

CUTIOBOU MHO20Y20bHUK 3amKHym (puc. 2.5).

4 F3 [TpoexTupys paeHctBo (2.3) Ha ocH X,Y,Z, MOIXY4YUM
.
\\\ CKaJIIpHBIE PAaBEHCTBA!
~
F, > R =0; R,=0; R,=0.
Fo |
ﬁ 0 ! [Ipunumas BO BHMMaHUE paBeHcTBa (2.2), mosyyaem
1

AHAIIMTUYCCKUC YCIIOBUA PABHOBCCUS CUCTEMBI CXOAAINUXCA

CHIJI:

n
kZ:Fkx =Fi + Fox .+ F =0;
=1

n
kleky =k, +Fy +..+ Ry =0

n
|<Z1sz =k, +F;, +..+F,; =0,

J

(2.2)

J1s1 paBHOBeCHsI CHCTeMbI CXOASIIMUXCH CHJI HeO0XOAMMO M JOCTATOYHO PABEHCTBA HYJIIO
aJiredOpanyecKuX CyMM INPOEKUHH BCeX CHJ JAaHHOM CHCTEMbl HA KAXKAYI0 U3 KOOPAMHATHBIX
oceit.

JUist 4acTHOro ciydasl IUIOCKOM CHCTEMBI CXOIAILIMXCS CHJI, PACIIONIOKECHHBIX, HAIpUMEp, B
riockocTi OXY, TpeTbe ypaBHEHUE (2.4) BBINOIHIETCS TOKIECTBEHHO.

HpI/I PEIICHUHU 3aJa4 4aCTO IMOJIb3YIOTCA meopeMod O mpex napallejibHblX CU-J1dx.

Teopema. Eciin moa NEMCTBUEM TPEX CUJI TEJIO HAXOOUTCS B
PABHOBECUU U JIMHUM JEUCTBUS JIBYX CHJI MEPECEKAIOTCS, TO
BCE CHJIBI JIEXKAT B OJHOW NJIOCKOCTH, U UX JIMHUU JIEUCTBUS
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Hoxaszamenvcmeo. IlycTb Ha TEJNO IEHCTBYET CHCTEMA TPEX CHII Ifl, |52, |E3, pUYEM JIMHHUU
JIEUCTBUS CHUIT lfl u IEZ nepecekaroTcs B Touke A (puc.2.6).

CornacHo cneactBuio u3 akcuomsl Il cuiel lfl u |32 MOKHO IIEpPEHECTH B TOUKY A, a 1o
akcuoMe IV ux MOXHO 3aMEHUTH OJIHOW CHJIOM ﬁl’ IpAYEM ﬁl = |El + |52. Takum oOpasom,
3aJlaHHas CUCTEMa CUJI IIPUBEJIEHA K JIBYM CHJIAM ﬁl u |E3. ITo ycnoBuro T€OpEMBI TEJIO HAXOAUTCA
B PAaBHOBECHUH, CJIEJJOBATEIBHO, CHIIBI |33 " ﬁl JOJKHBI UMETh OOLIYIO JIMHUIO AeHCTBHs, OTCIOIa

cienyer, 4ro cuna b3 pacnonoxkena B Toil ke miockoctd, yro u cwisl F u Fy, u nmHun

HeﬁCTBHH BCCX TPEX CUII IEPECCKAIOTCA B 0I[HOI71 TOYKC, 4YTO U Tpe6OBaJIOCI> JOKa3aTh.

Teopu;l MOMENRMOB CUJl.

I[J'IH peUICHUA 3a/la4u IIPUBCIACHUS HpOPI3BOJ'II;HOI>i CHCTCMBI CUJI K HpOCTCﬁIHCMy BUAY U 3a1a4U
O PaBHOBCCHH HpOI/I3BOJ'H:>HOI71 CUCTCMbI CHJI IIPCIKIC H606XOI[I/IMO IIO3HAKOMHUTBCA C TaKHMMH
BaXXHBIMHM IIOHATHUAMU CTAaTHUKHM, KaK MOMCHT CHJIbBI OTHOCHUTCJIBbHO TOYKH, MOMCHT CHIJIbI

OTHOCHUTCIIBHO OCHU, MOMCHT IIapbl CHUJIL.

Momenm cunvi omHocumenbHo Mo4Ku

PaccMOTpHM TBEPIOE TENO, B TOUKe A KOTOporo mpuioxena cuwia F (puc.3.1). IIposenem u3

pou3BoJLHON Touku O B Touky A pamuyc-Bektop I .

—

Momenmom cunvt - omnocumenvro mouxu O naswisaercs sextop Mg (F), pasubiit BexroprOMy

MMPOU3BCACHUIO paJinyCa - BEKTOpa F TOYKH MNPUITOKCHHUA CUIIbI OTHOCUTCIIBHO TOYKHU O na BCKTOD

—

cunsl F
Mo (F)=TxF. (3.1)
3 OMpPEACICHUA BEKTOPHOI'O NPOU3BEACHUA CICAYET, YTO

BekTop My (F) manpapsen nepnenaukynsipHo m10CKOCTH, IPOBEIEHHOI Yepe3 BHIGPAHHYIO

— —

Touxky O W JIMHHMIO JAeiicTBHsI cWabl F, B Ty cTopoHy, 0TKyaa Mbl BHAHM, 4TO cuiaa F

CTPEMHUTCH BPAalATh TeJI0 BOKPYI TOYKH O MPOTHB 4YaCOBOM CTPEJIKH.
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Puc. 3.1

Monuyns Bektropa Mo (F) pasen moxymio Bekroproro npoussenenus (3.1), T.e. NPOU3BEIEHUIO

—
—

monyneit F u I Ha cunyc yria Mexay 5TuMH BeKTOpaMu

— . _ N —
Mgy (F)=F rsin(r, F) (3.2)
3a yrosu Mexay BEKTOpamMu |E url, YCIIOBHO MPUJIOKEHHBIMU B OJTHOM TOUKe, Hanmpumep 4 (cM.

puc. 3.1), npuHUMaeTcs yroua 0., He MPEBBIIAOIINNA TT.

[Iposenem mpsmyro LL, Ha koTopoii nexur BekTop cuinbl F (qumMiO neifcT- Bus cuibl), u
omycTuM u3 Touku O Ha 3Ty npsamyro neprneHaukyssp OD.

JlnHa MepneHauKyssapa, paBHas KpaTdyallleMy pacCTOSHUIO OT Touku O 10 JUHUU JeHCTBUS

— —

cwiel F , naseisaercss nievom cunvr F omnocumensno mouxu
O:
h=0D=rsin a.
C yuerom atoro u3 ¢popmyisl (3.2) ciaenyer, 4To
MOOYIb MOMEHMA CUIbl OMHOCUMENbHO MOYKY PABEH NPON3BEACHUI0 MOAYJISI CHJIbI HA TIeY0

CHJIBI OTHOCHUTEJILHO TOM TOYKH
mg (F) =F h.
Ecmm F #0, T0 Mo (F) =0 Ttompko npu h=0, t.e. korma nUHUS TEHCTBUS CHITBI MPOXOIUT

qCpe3 NCHTPp MOMCHTA O. MoMeHT CHIIBI HU3MCPACTCA B H-m.

Takum oOpazom, mo ¢opmyne (3.1) OAHO3HAUHO OMNPEAETSIOTCS MOAYJIh M HAMpaBICHHE
BEKTOpAa MOMEHTA CHIIbl OTHOCHTENHLHO TOYKHM, OJHAKo JuHus jeiicteus Bektopa Mg (F) ne

omnpeaciicHa. Tak kax MOAYJIb MOMCHTA CHJIBI OTHOCHUTCIIBHO TOYKH O 3aBHCHUT OT MOJOXKCHUS

TOYKHU O, TO IJI1 OAHOBPEMCEHHOI'O ONIPCACIICHUA BCIIMYNHBI MOMCHTA CHUJIbI OTHOCUTCIIbHO TOYKHU @)

—

Hn IINIOCKOCTH, B KOTOpOf/'I O9Ta TOYKa M CHJIA F PacCIiOJIOKCHEI, 6y/:[eM paccMaTpuBaTb BEKTOP
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Mo (F) npunoxennsim B Touke O, HA3BIBAEMON yermpom Momenma.

B cnyuae, xorgja Ha Teno AEHCTBYET CHCTEMAa CHUJI, PACIOJIOKEHHBIX B OJHOM IUIOCKOCTH,
BEKTOPbl MOMEHTOB CHJI OTHOCUTEIBHO TOYKH, PACHOJIOKEHHOM B OTOM K€ IUIOCKOCTH,
napajuieIbHbl U MOTYT OBITh HANpaBJieHbI MEPHIEHAUKYISIPHO IUIOCKOCTH B Ty WJIM UHYIO CTOPOHY,

YTO IO3BOJIACT CKIIAJAbIBATh UX MCXKIY coboit anre6paI/IquKH.

Aneebpauueckuti MOMeHM CUIbI OMHOCUMENbHO MOYKU OTIpe-
JIENIAETCA KaK CKaJsIpHAs BEJIMYMHA, PaBHAs NPOU3BEICHUIO
MOJIyJISl CHJIBI HA IUIEYO, B3SITOMY CO 3HAKOM IUIKOC, €CIU
CUJIa CTPEMHUTCA IOBEPHYTh TEJIO BOKPYr TOYKH IPOTHB
YaCOBOM CTPEJKH, U MHUHYC - €CJIM II0 YaCOBOW CTPEIIKE
OTHOCHUTEIBHO 3TOM TOUYKH

mo(F)=%F h. (3.3)
Tl cityas, H306paKeHHOTO Ha pHC. 3.2
Mo (F) =—F hy;
Mo (F,) = F, hy;
Mg (F3) =0.

Ecnu coBmectuts ¢ Toukoi O (LIEHTPOM MOMEHTA) Hayajo MpsIMOYTOJIbHON CUCTEMBI KOOPAUHAT

i d

OxyZ, OCsAM KOTOpOﬁ COOTBETCTBYKOT BCKTOPLI l, J,k, TO BCKTOP MOMCHTA CUJIbI OTHOCHTCJIIBHO

Toukd O MOKHO NpeaACTaBUTL B BUJAC CYMMBEI €TI0 COCTABJIAIOIIUX IO OCAM BBI6p3HHOI>i CHCTCMBI

KOOpAHUHAT:
Mo (F) = Mo, (F)I +mg, (F) ] + Mo, (F)K, (3.4)
rre mOX(If), moy(lf), moz(lf)) - IPOCKITUH

BekTopa Mg (IE) Ha OCU KOOP/MHAT.

HYCTB X, y, Z - KOOp)]I/IHaTLI TOYKHU HpI/IJ‘IO)KGHI/IfI
CUIIBI, paBHBIE IIPOEKIMAM paauyca' BekTopa I Ha
cootBeTcTByIOIME ocu, a Fy, Fy, F, - npoekuun

BEKTOpa CHJIBI Ha T€ k€ ocH, Toraa dopmymny (3.1)

JJI1 MOMCHTaA CHJIbI OTHOCHUTCIBHO TOYKHU O MOXHO

pHC.3.2 3alMucCaTb B BUAC ONPCACIUTCIIA, PACKPbIB KOTOpBIfI

0 3JIEMEHTaM NEPBON CTPOKU MOTyYUM
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K
=
F, (3.5)

= (YF, — zF)) + (zF, — xF,) ] + (xF, — yF )k

[IpupaBuuBas npasbie yactu (3.4) u (3.5), 3aMeTUM, YTO MPOECKIHH BEKTOP rﬁo(lf) Ha OcH

KOOpAMHAT ¢ HayaioM B Touke O Oynyr paBHBI KO3(pUIMEHTAM NpPU €AWHUYHBIX BEKTOpax B

npaBoil yactu paBeHctna (3.5):
mOx(IE):ny _ZFy; mOx(IE):ZFX _XFZ;

. (3.6)
mOx(F) = XI:y - ny

Momenm cunvt omrocumenvro ocu

—

IlycTh B Touke A TBEpaOro Tena npuioxkena cuna F . BribepeM och Z 1 Ha Hell IPOM3BOJILHYIO

touky O (puc. 3.3).

—

IIposeneM uepes Touky O muockocTs OXY, NEpHeHIUKY/ISPHYIO OCH Z, U CIIPOEKTUpYeM cuity F

—

Ha 3Ty INIOCKOCTh. HOJ'Iy‘{I/IM BCKTOP CHJIbI ny , Ha4aJo

—

A1 W KoHeN Bi KOTOPOrO COBNAarOT C NpOeKIusAMU Hadana A u koHua B cwiel F ma oty

IIJIOCKOCTB.

Puc. 3.3

Momenmom cunvt omHocumenbHo ocu Ha3bIBAETCSI MOMEHT MMPOCKIMU CUJIbI Ha IIJIOCKOCTD,
NEPNCHAUKYIIAPHYIO OCH OTHOCHUTCIIBHO TOYKU NEPECCUCHUSA OCHU C IMIIOCKOCTBIO. On OIPECACIIACTCA

KaK CKaJlsdpHasA BCIWYMHA, paBHAA B3ATOMY C COOTBETCTBYIOIIMM 3HAKOM IHPOU3ZBECACHHUIO MOAYIIA
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MMPOCKIHU CHJIBI Ha IINIOCKOCTh, NNEPIICHAUKYIIAPHYIO OCH Ha IIJICYO MPOCKIUN CUJIbI OTHOCHTCIBHO

TOYKH MEPECCYCHUS OCH C IIOCKOCTBIO.
O6o03naunm M, (F) - moment cunbt F ornocurensho ocu z, mpoxopsuieit uepes touky O,
TOTJIa B COOTBETCTBUU C ompeneiaeHueM u hopmyioii (3.3)

m, (F)=mq(F,)=tFyh (3.7)

rae ny - MOZyNb IpoeKuuu cuiibl F Ha mnockocts Oxy, NepHeHIUKYIAPHYIO ocH Z; hi - miedo

—

CHUJIBI ny OTHOCUTEJNIbHO TOUkHU O nepeceueHus ocu Z ¢ IocKocThio Oxy.

VYcnoBuMes 3Hak naroc TpPUCBaMBaTh B ciydyae, Korja, HaOmoonas ¢ IOJOXKUTEIbHOTO
HAMpaBJICHUSI OCH, MBI BHJIUM, YTO CHJIa CTPEMUTCSl BpAIllaTh TEJIO BOKPYT OCH MPOTHB YaCOBOU
CTPEJIKU, ¥ 3HAK MUHYC - €CJIH 110 YACOBOU CTPEJIKE.

Od4eBHIHO, YTO TPU BHIUKMCICHHMH MOMEHTAa CHJIBI OTHOCHTEIBHO OCH IUIOCKOCTD,
NEPIEeHIUKYIAPHYIO OCH Z, MOKHO MPOBOAMTH 4epe3 JIIoOyI0 TOUKY Ha OCH, TaK KaK BEJIMYUHBI,
BXOJISLIME B IIPABYIO 4acTh paBeHCTBA (3.7), IpU 3TOM HE U3MEHSIOTCSL.

Momenm cunbt  omuocumenbHo ocu yINOOHO BBIYUCIATH, MPUACPKHUBASCH CIEAYIOLIEH
MOCIIEA0BATEIbHOCTH ICUCTBUM:

- BbIOpaTh Ha OCH TMPOU3BOJBHYID TOYKY W TIPOBECTH uepe3 Hee IUIOCKOCTb,
NEePIEHINKYISIPHYIO OCH;

- CIIPOEKTHPOBATH CHITY HA 3Ty TUIOCKOCTB M BBIYUCIUATH MOYINb MPOEKIIUH CHJIBI;

- OIYCTUTb NMEPINEHIAUKYISP U3 TOUKU MEPECeYEeHUs] OCHU C IUIOCKOCTBIO Ha JIMHUIO JACUCTBUS
HPOEKIMH CHJIbI U HAWTHU €ro JAJTUHY;

- BBIYUCIIUTh MOMEHT CHJIBI OTHOCUTEIBHO ocH 110 dhopmysie (3.7) v onpenenuTh ero 3HakK.

N3 dhopmyns (3.7) cnenyet, 4To MOMEHmM CUunbl OMHOCUMENbHO OCU PaseH HYMio 00 B Cllydae,

KOI'Jla CuJjia MapajijiesibHa OCH (Tak Kak ny = 0), mubo, Korjaa JUHUS JAEUCTBUS CUJIBI IIEpECcEeKaeT

OCh (TaK KakK hl = 0) Z[pyrI/IMI/I CJIOBAaMU MOMCHT CHUJIbI OTHOCUTCIIbHO OCHU PAaBCH HYJIO, KOrJa CHUJIa

M OCh HaXOJATCS B OMJHOU INIOCKOCTH.

—

MomeHT cuibl ny OTHOCHUTENbHO TOYKH O MOXXHO BBIYHCIHTH M To Qop-  myne (3.5),

nonoxkuB B He Z = 0 u F; = 0 (cm. puc. 3.3). Tak kak KOOPAMHATHI X U ) TOUYKH A1, B KOTOPOM

— —

IMPUJIOKECHA CUJIa ny , PaBHBI COOTBCTCTBYIOIIUM KOOpAWHATAM TOYKHU A IPHUITOXKCHUS CUJIBI F y a

— —

IIPOEKIIUN CUIIBI ny Ha ocu x U y - npoekuusam Fy u Fy cuner F | To

Moy (Fy) = (0F, — yF,)K. (3.8)

—

U3 (3.8) ciemyer, 4To BEKTOP rﬁo(ny) HalpaBJIeH TaK ke, Kak BekTop K, T.e. Mo ocu Z.
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—

CJ'ICI[OBaTeJ'IBHO, BCJIIMYHMHA MOMCHTA CHUJIBI ny OTHOCHUTEIBbHO TOUKkH O paBHa INPOCKIKWHU BEKTOpA

—

Mg (ny) Ha OCh Z, a COrNIacHo (3.6) paBHa IIPOEKLMH BEKTOPAa MOMEHTA CHJIbl F OTHOCHTENBHO

ToukH O Ha Ty )K€ OCb;
Ortcrona ¢ yuetoM BeipakeHus (3.7) cneayer eme 0lHO ONpeIeICeHUE MOMEHTa CHIIbI OTHOCUTEIBHO
ocH:

MOMCHT CHJIbI OTHOCHTCJIBbHO OCH PaBC€H IIPOCKIMH HA 3Ty O0Cb BEKTOpa MOMEHTA CHJIbI

OTHOCHTEJILHO JIIO00H TOYKH HA OCH.

—

Takum 006pa3oM, MOMEHT CHJIBI  OTHOCHTEIEHO OCH Z, IIPOBEICHHOM Yepe3 Touky O,

mz(lf) = mO(IExy) = mOz(IE) = mOz(IE)COSY,

—

e My (F) - mopyns Bexropa momenta cunbi F otHOCMTensHO Touku O; Y -yrom mexniy

sektopom My (F) u nonoxurensusiv nanpasnenuem ocu (cm. puc.3.3).

—

AHaoru4Ho 118 MOMeHTOB cuiibl F oTHOCHTEnBHO oceii x 1 y ¢ HayanoM B Touke O 3anuuIeM
m; (F)= mOx(F)’ my(F) = mOy(F) :

Torma, Bocmonb30BaBmKCH (Gopmymnamu (3.6), MOKHO 3amUcaTh MOMEHTBI CHIIBI OTHOCHUTEIIBHO

oceif KOOpIMHAT B BUJIE
m, (F) =yF, - zF;
m, (F) = zF, — xF,; (3.9)
m, (F)=xF, — yF,.

—

MO,Z[y.]'IL MOMCHTA CHUJIbI F OTHOCHUTCIIbHO HaYaJla KOOPpAWHAT O

= 2/ 2/ 2/
Mo (F) = /m2(F) + m2(F) + m2(F). (3.10)
Vrubl, cocTaBiisieMblie BEKTOpoM Mg (|E) C TIOJIOKHUTEITHFHBIMU HAIPABICHUSIMA OCEH KOOPIMHAT X,

» Z (I/IJ'II/I CANHUYHBIMU BCKTOpPpaMHU i,j,k 9TUX OCCﬁ), OIPCACIIIIOTCA 110 HAIlIPaBJISOIIUM

kocunycam Bektopa Mg (F):

cos[mo(F),i]ﬁL(Fﬁ)); Cos[mO(F),j]:_rr:yiﬁ;;
0 0
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Ipumep. B TOUKEe A TPAMOYTOIBLHOTO MapajuIeenuIieaa co CTOpoHaMu a, b, ¢ mpuioxena cua
F , manpasnennas no nuaronanu AD mepenmeii rpanu (puc.3.4). OnpenenuTs MOLYJIb MOMEHTa

—

CHIJIbI F OTHOCUTEIBHO ToUkH O.

CoBMmectuM ¢ Toukoi O Hayajlo MPSAMOYIOJbHOM cucTeMbl KoopAMHAT OXYZ ¥ BBIYMCIUM

—

CHavajga MOMEHTHI cullbl F oTHOocuTenbHO oceli koopauHar. J{jis 5TOro Bocnosb3yemcs hopMyIoit
(3.7) m pekOMEHJOBaHHOM TMOCJIEIOBATEILHO- CThIO JICHCTBUI. BriOMpaemM Ha ocH X TPOU3BOJIBHYIO

touky O1 u mpoBomuM uepe3 Hee iockocTh ABDO1, mepnenaukymnspayio ocu x. [Ipoektupyem
cuny F Ha 5Ty miockocTs ¥ BeIYMCIISEM MOAYIJIb IPOCKIMH CHIIBL. B JIaHHOM Cilydae MpOeKLus

cunbl F ma mnockocts ABDO1 (wm Ha m00yI0 HapalebHyIo IIOCKOCTh, Hanpumep OYz) paBHa

camoit cune F,_ =F, a ee momyns momymo, cumer F

. v = F. Onyckaem wu3 Touku O

nepecedeHust ocu x ¢ miockocTeio ABDO:1 mepneHnukynsip Ha JHHUIO EHCTBUS MPOSKIUHU CHIIBI

— —

F na nnockocts ABDO1, KoTOpas B HalleM cilydae COBHANAET ¢ JIMHUEH neiicTBusa cuibl F, n

HAaXOJ¥M JIJIMHY 3TOT0 IIEPHEHIUKYIIApA =CcSina , TIe sino =
Yy p YIp

a’ +c?
z e E
o)) T -
Fry |
A 1’}';: .
— e
Fxzla £
L T S .
b/ .
O| ”’
4"

Puc. 3.4

—

BerunciaseM MOMeHT cuiibl F  oTHOcHTEnsHO ocu x mo dopmyne (3.7) M ycTaHaBIMBAEM, YTO

MOMCHT UMCCT 3HAK MHUHYC, TdK KaK C ITOJIOKUTCIIbHOI'O HAIIPABJIICHUA OCHU X Mbl YBUIHUM, KaK CHUJIA

F crpemutcs Bpamars napanienenunen BOKpYT OCH X O YaCOBO# CTPEJIKE

m_ (F)=—F h =—Fcsin a.

—

AHaJIOTUYHO BBIYUCISIEM MOMEHTBI CHIIBI F OTHOCHTEIIFHO OceH Y WU 7 KaK B3dATBIC C

COOTBETCTBYIOIIMM 3HAKOM MOMEHTHI Tpoekimii cuibl Ha miockoctd AO100; (F..) u ABEO;

(ny) COOTBETCTBCHHO NEPIECHIAUKYJIAPHBIC OCIM ) U Z OTHOCUTCIIBHO TOYCK IEPECCUCHUA Ouo0O;

ITUX IUIOCKOCTEN C OCSIMHU y U Z
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m (F)=-F, b=F cosab;

—

m,(F)=-Fy b=F sinab.

Tot ke pe3yabTar nmosyduM, ucnoib3ys Gopmyinsl (3.9). KoopauHatel TOUKHM A MPUIIOKECHUS

—

cuel F

x=b, y=0; z=c

HpOGKL{I/II/I CHUJIBbI F Ha KOOpI[I/IHaTHBIG OCH.
F.=0; Fy =Fsinao; F,=—Fcosa.

ITocie moacTaHOBKH ATHX 3Ha4YeHUH B popmydsl (3.9) Haxonum

m, (F)=yF, - zF, =—cFsinq;
m, (F) = zF, — xF, =bF cos a;

m, (F) =xF, — yF, =bFsina.

—

ITo dopmyie (3.10) moayss MmoMenTa cunbl F orHOCHTENBHO TOuKKM O paBen

Puc.2.6

Mo (F) =/m2(F) + m2(F) + mZ (F) =

—JE2c2sin? o + E2b2cos? o+ F2b2sin? a =

2.2
— EJc?sin o + b2 =F\/&+b2.

a’ +¢?

Jlexuusa Ne3

IInan nexkuyuu

Teopm[ MOMEHTOB map CuJI. ITonsTue o nape Cui. MoMeHT Imapa CHUJI KaK BCKTOP. TeopeMa

00 »skBHBaJieHTHOcTH map cui. CpoiictBa map cui. ClokeHHE Map CUJl, PACIOJIOKEHHBIX B
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MIPOCTPAHCTBE M HA TUIOCKOCTU. YCJOBHSI PaBHOBECHS CHCTEMbI Map CHUJl B MPOCTPAHCTBE W Ha

IIJIOCKOCTH.

CucreMa npoM3BOJIBHO Pacmoio:KeHHbIX cuil. [IpuBenenue cun k 1eHTpy. Teopema
Ilyanco. I'maBHBIM BEKTOp M TJIaBHBII MOMEHT CHCTEMBI CHJI, X BBIYMCIEHUE. AHAJIUTUYECKUE
YCJIIOBHSI M YpPaBHEHHS pPaBHOBECHUS IPOU3BOJBHON TMPOCTPAHCTBEHHON CHCTEMBI  CHII,

HpOH3BOJ’IBHOﬁ IJIOCKOM CHCTEMBI CHJI U CUCTEMBI napauiC/IbHbIX CHUJL.

OcHoenasn uacmsp JeKuuu

Chnoosicenue 08yx napannenvhuwix cun. Ilapa cun.

PaccmoTpuM cuctemy AByX napasuleIbHBIX CHJI, IPUIIOKEHHBIX B TOUKax 4 U B TBepAoro tena

U HAmNpaBJCHHBIX B OJHY CTOpPOHY (puc.3.5).MoXHO MOKa3aTh, YTO PABHOJACUCTBYIOIIAS TaKOMN

CHUCTEMbI CWJI MapajulelibHa CHJIaM U HAMpaBJIEHA B Ty € CTOPOHY, a €€ MOJYJIb PaBEH CyMMe
MOAYJIEN ITUX CHIL

JIuHus n[EeUCTBHUS PAaBHOACUCTBYIOIIECH MEJUT OTPE30K MEXKAY TOUYKAMH MPHUIOKEHUS CHJI

BHYTPCHHUM 06p8.30M Ha 4acCTu, O6paTHO MMpONOPLHUOHATIBHBIC MOAYJIISIM CUJI, T.C.

AC F
R:ﬁ+5;§6:§.
1

Puc.3.5

Ecnu xe k TCJIY NPUIJIOKCHBI IBC MapaJJICIIbHBIC, ITIPOTUBOIIOJIOKHO HAITPABJICHHBIC U HC PaBHLIC
10 MOJYJII0 CuiIbl, Hanpumep F1 > F2 (puc. 3.6), To uX paBHOAEHCTBYIOIIAs MapaieibHa CUJIaM |
HaIpaBlieHa B CTOPOHY OOJBINEH CHIIbI, a MOAYJIb PABHOJCHCTBYIONIEH paBeH Pa3HOCTH MOJyNei
9TUX cuil. JINHUA NeHCTBUS PaBHOACUCTBYIOMICH JACTUT OTPE30K MEKIY TOUYKAMU MPHIOKESHUS CHIT
BHEIITHUM 00pa3oM Ha YacTH, 00paTHO MPOMOPIUOHATEHBIC MOTYIISIM CHJI, T.€.

 AC F,
R=F-F); —=-2
BC R

VYuuteiBas, uro BC = AB + AC, u3 nocnenHen NpormopIuy MOIyInM:
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F
AC=—2—AB. (3.11)
F-F
HpeZ[HO.HO)KI/IM Tenepb, qTo MOILYHI/I Hapanneanblx nu HpOTI/IBOHOJIO)KHO HaHpaBHeHHbIX CHUJI

paBubl: F1 = F2. Moayns paBHozeicTByromieit 3Toil cucremsl cun R = F1 — F2 = 0, a nunus

JIeHCTBUsI paBHOIEHCTBYIOMIEH coryiacHO (3.11) 6eckoHeUHO ynajaeHa OT JUHUN EeHCTBHS CHIT Fl u
F2. Od4eBuIHO, YTO TaKasl CHCTEMa CHUJI HE MOXET ObITh 3aMEHEHA OJTHOW CHJIOW U B TO K€ BpeMs

HE SIBIISETCS yPaBHOBELICHHOMW, Tak Kak cuibl Fp m F, He wHanpasneHsl 1o omHOM mnpsMOii.
[TosTOMy ee paccMaTpUBAIOT KaK CaMOCTOSTENIbHBIA CUIIOBOH (DaKTOp M HA3BIBAIOT MAPON CHJI WK

IPOCTO Mmapoii, 0603Hauas ( |El, |f2) (puc. 3.7).

Ilapoti Ha3pIBaeTCsl COBOKYIHOCTh BYX PaBHBIX 10 MOJIYJIIO, NApPAJUIEIBHBIX U IIPOTUBOIOJIOKHO
HaIIpaBJICHHBbIX CWJI , HE JIeKAlIMX Ha OAHOM mnpsaMou. Hapsny ¢ cwiiofl mapa sBIsSeTCS TaKUM
CHWJIOBBIM (DaKTOpPOM, YIPOCTHUTH KOTOpBIM Henb3sl. [110CcKOCTh, B KOTOPON pacroyiOKEHbI CHIIbI
naphbl, Ha3bIBACTCS MIOCKOCMbIO Oelicmeusl napsl, a PacCTOSIHUE MEXIY JMHUAMHU JEHCTBHS CHII

napsl - niaevom d napel.

Teopema o cymme momenmos cun napvl. Momenm napoi

o = =/
JIist TOro uTOOBI OLEHMTh MHTeHCHUBHOCTH Bo3feiicteus mapel (F,F') ma tBepmoe Terno,
BBIYUCIINM CYMMy MOMECHTOB CHIJI, COCTaBJISAIOIIINX Hapy, OTHOCHUTCIIBHO HpOI/I3BOJ’IBHOI>i TOYKHN O

npoctpaHcTsa (puc. 3.8).

Teopema. CymmMa MOMEHTOB CHJI, COCTaBIIIOIIMX Iapy,
OTHOCUTEJIBHO TOYKM HE 3aBHCUT OT BbIOOpa TOYKHU U
paBHa MOMEHTY OJHOM M3 CHJI Iapbl OTHOCUTEIBHO TOYKH
NPUJIOKEHUS APYTOM CUIIBIL.
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Jokasamenscmeso. TlposeneM n3 Toukn O paamyChl-BEKTOPBI [y M [ TOUYEK NPHIIOKEHHS CHII

napsl, a U3 Touku B paguyc-pektop I' Touku A. B COOTBETCTBHMU ¢ ONpEIEICHAEM MOMEHTA CHJIbI

OTHOCHTEIBHO TOUKU

Mo(F) =Ty xF u Mo(F) =Ty xF".
Torma cyMmMa MOMEHTOB CHII TTapbl OTHOCHTEIBHO TOuku O paBHa

Mo (F) + Mo (F) =Ty xF + Ty x F'.
Tak kak F'=—F 10 My (F) + Mg (F") = (Fy — F3) x F.
YuntsiBast, ut0 [y — g =T, OKOHYATEIBHO MOTYIHM

Puc.3. 8

Momenmom naper HaspiBaeTcs BeKTOp M, paBHBI BEKTOPHOMY NPOM3BEIECHUIO PaIHyca-
BekTOpa I TOUKM NMPHIIOKEHHsT OJXHON U3 CUJI Tapbl OTHOCHTENBHO TOYKH MPUIIOKEHHS JIPyroi Ha

BEKTOP CUJIBL:

!

M=FxF wm M=F"xF'

rae ' = AB ua puc. 3.8 He nokasas.

MOMEHT Napbl OTHOCHTEJILHO JII000i TOYKH paBeH MOMeHTY M 3Toii mapskl.

M3 onpexesienusi BEKTOPHOIO TNPOM3BeIEHHs CJeAyeT, 4YTO0 BekTop M  HampasjeH
NepHeHAUKYJISIPHO IJIOCKOCTH JeHCTBHA napsbl (cM. puc. 3.8) B Ty CTOPOHY, OTKyJAa Mbl BH-
JAUM, 4TO Mapa CTPEMHUTCH BPalaTh TeJI0 NPOTHB X012 YaCOBOM CTPEJIKH, a €ero MOAyJb PaBeH

NPOU3BeAeHNIO MOIYJIsl O/IHOW M3 CHJI Mapbl HA MIe4o 0 mapbl

AN
m=F rsin(r,F)=Fd.
BCKTOp MOMCHTA Iapbl (I’ﬁ) MOJIHOCTBIO XapaKTCPU3yCT HeﬁCTBHe napbel Ha TBEPAOC TCJIO, TAK

KaK HaIIpaBJICHUC BCKTOpPa m OMpPEACIICT IIOCKOCTDH JIeNCTBUSA mapbsl U HAIIPABJIICHUEC, B KOTOPOM
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mapa CTPEMHTCS BpallaTh TEJIO, @ MOAY/b BeKTOpa M OmpenenseT HHTEHCHMBHOCTh BO3IEHCTBHUS
napbl Ha TeJo.

W3 ompeneneHus MOMEHTa Maphl CIEAYET, 4YTO BEKTOp M  MOXeT ObITh IIPOBEICH
NEPIEeHIUKYISAPHO TUIOCKOCTH JCHCTBUS Mapbl yepe3 0Oy TOYKY ATOW IUIOCKOCTH, T.€. JIMHUS
NEICTBUS BEKTOpa MOMEHTA Mapbl HE olpejaeseHa. Takue BEKTOPbl Ha3bIBAIOTCA CBOOOIHBIMU
BekTOopamu. Takum 00pa3oM, BEKTOP MOMeHTa mapbl M CBOOOIHBIH BEKTOP.

C yueToM 3TOro, HE JOKa3bIBasl JPYTHE MU3BECTHBIE TEOPEMBI O Mapax, chopMynupyem MmodTu

OYCBUJIHBIC CBOWCTBA Iap.
Ceoticmea nap

1. Cymma npoekiuii Ciil mapbl Ha JJI00YI0 OCh paBHA HYJIIO.

2. He u3meHss neiicTBus napsl Ha TBEPJOE TEJO, €€ MOKHO IEPEHOCUTh B IUIOCKOCTU JEHCTBUS
napbl U B apaJuIeIbHYIO €l IUIOCKOCTh B MPEJesiax 3TOro Teja. JTo CelyeT HEMOCPEICTBEHHO U3
OTIpeNieNIeHUs] MOMEHTa Mapbl KaKk CBOOOJHOTO BEKTOpa, KOTOPBIM IMapajuieIbHO caMoMy cebe
MOYKHO IIEpEHOCUTb B JIHOOYIO TOUKY TeJa.

3. Ilapbl 5KBUBAJNIEHTHBI, €CIM KX MOMEHTBI BEKTOPHO PABHBI

(lfl, lfl)~( ﬁz, IEZ), ecmu My =M, .

DTO OYEBUJIHO, TAK KaK, HE U3MEHSS COCTOSIHUSI CBOOOIHOTO TBEPJIOTO TeJia, ICUCTBYIONIYIO Ha
Hero napy ( lfl, Ifl) MOKHO 3aMEHUTH Mapoi ( Ifz , |32 ), KoTOpast pu ycinoBuu My =M, uMmeer Ty
*e (WM MapajulelbHYI0 i) MIIOCKOCTh JeMCTBUS M CTPEMHUTCS BpallaTh TEJO B TY K€ CTOPOHY, C
TOW JK€ MHTCHCUBHOCTBIO, Kak 1 mapa ( lfl, lfl).

Otcrona, B CBOIO Oouepe/ib, CIEAYET, YTO HE U3MEHsS JeUCTBUE Napbl HA TBEPAOE TEN0, MOXKHO
[IOBOPAYMBATh Iapy B IUIOCKOCTH €€ JCHCTBHUS Ha IPOM3BOJIBHBIA YIroJl, a TakKe MEHATb
OJHOBPEMEHHO IIJIEY0 U CHIIBI IIaphl, OCTABJIAS HEU3MEHHBIM MOMEHT I1aphl.

4. TlpousBosibHaAs cucTemMa Map SKBUBAJIEHTHA OJHOW Mape C MOMEHTOM, PaBHBIM BEKTOPHOM
CyMME MOMEHTOB Map CUCTEMBI:

m=ny +m, +...+Mm,.

JlelicTBUTENHbHO, BEKTOPH MOMEHTOB MPOU3BOJIBHOW CUCTEMBI MAap COCTABJISIOT MPOU3BOJIBHYIO
CUCTEMY CBOOOIHBIX BEKTOPOB (ml, m2,...,mn). IlepeHocst KaxIplii W3 O3THX BEKTOPOB
napajuleJIbHO caMOMy ce0e B MPOM3BOJIBHYIO TOUKy Tena (puc.3.9), moixyduM SKBUBAJIEHTHYIO

CUCTCMY CXOIAAIHNXCA BCKTOPOB. CKJ'IaI[LIBaH MOCJICAOBATCIIBHO KAXAYIO IIapy BEKTOPOB II0
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n

—

IpaBUITY MapajIeiorpaMMa, HallIeM pe3yIbTUPYIOIUi BekTop M = z my
k=1

Puc. 3.9

5. [lg paBHOBeECHUS TBEpJOTrO Teja MO ASHCTBUEM NPOU3BOJIBHOM CHCTEMBI Iap HEOOXOIUMO U
JI0OCTaTOYHO, YTOOBI BEKTOPHAsi CyMMa MOMEHTOB I1ap CUCTEMbI PaBHSIACh HYJIIO.

Oro cienyer U3 npeaplyniero. Tak Kak Mpou3BOJIbHAs CHUCTEMA ap SKBUBAJIEHTHA OJIHOM mape
¢ MOMeHTOM M, HOJHOCTBIO ONPEAETISAIOIINM JCHCTBIE PE3yIbTUPYIONIEH Maphl Ha TBEPIOE TEINO,
TO YCIIOBHUS, IIPU KOTOPBIX 3Ta Iapa JKBHUBAJIEHTHA HYJIO, CBONATCA K OJHOMY BEKTOPHOMY

PaBCHCTBY
n —
ka :O.
k=1

[IpoekTHpys TOCJEIHEE BEKTOPHOE PABEHCTBO HAa OCH IMPAMOYIOJBHOM CHCTEMBI KOOPWHAT,
3aITUIIEM YCIIOBHSI PABHOBECHS MPOU3BOJIBHOM CHCTEMBI Iap B BUJE TPEX CKAISAPHBIX PABEHCTB
n n n
kax:()’ kayzo’ kazzo’
k=1 k=1 k=1

rae My, My, My, - Dpoexkuy BeKTOpa MOMeHTa K - i ITapbl COOTBETCTBEHHO Ha

ocH x, y, Z.

Korga mapel pacnosiokeHbl B OJHOW IJIOCKOCTH, BEKTOPHI MOMEHTOB Map,
HaIlpaBJICHHbIE NEPHEHAMKYJSIPHO 3TOM IUIOCKOCTH B Ty WM JIPYIyK0 CTOPOHY, OKa3bIBarOTCS
napaijaCJIbHbBIMU. B sTom CJIyda€ MOMCHTEI ITap MOXXHO CKJIaJIbIBaTh anre6pa1/meCK1/1.
AureOpanyecKuii MOMEHT NAPbl BBIYMC/SIETCS KAK NPOU3BeACHHE MOAYJS OJHON U3 CHJI
napbl Ha IUIeY0 Mapbl, B3iTOE€ €O 3HAKOM ILIIOC, €CJIM Mbl BHIMM, YTO NMapa CTPEeMHTCH
BpalIaTh TeJI0 MPOTHB YaCOBOi CTPEJIKH, H MHHYC, €CJIM 110 YaCOBOii cTpeiike m = £Fd.

[Tapy cwmn wdacto wu300paxarOT JIYroBOM CTPEIKOHW COOTBETCTBYIOIIETO HAIPABJICHHUS,

pacnoiokKEeHHOM B TuIocKocTu napsl (puc.3.10).
Torga u3 nm. 4 u 5, O4EBUIHO CIENYIOT NI 6 U 7.
6 @ 6. Cucrema map, pacrnojOXEHHBIX B OJHOM INIOCKOCTH, SKBUBAJEHTHA
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OJTHOM TIape ¢ MOMEHTOM, PaBHBIM aJITeOpandecKoi CyMMe MOMEHTOB TIap CHCTEMBI:
n
m= > m,
k=1

7. ns paBHOBECHsI TBEPJIOrO Tejla MOJ JCHCTBUEM CHUCTEMBI I1ap, PaclOJIOKEHHBIX B OJHOU
IUIOCKOCTH, HEOOXOIMMO M JOCTaTOYHO, 4TOOBI ajlredpandeckas CyMMa MOMEHTOB Iap CHCTEMBI

PaBHAIACh HYJIO:

HpOI/I3B0.]'II>Haﬂ CUCTEMA CUJI

IIpuBeneHue cCUJIbI K TOYKE

Panee MbI YCTAaHOBUJIU, YTO BCKTOP CHUJIbI MOYXHO IEPCHOCUTH 11O JIMHHUU IIGIZCTBPI?I B .]HO6yIO

TOYKY TeJIa.

[ToripoGyem cuiy F (puc. 5.1) nepeHecTu B Kakyro-HUOY b TOUKY O, HE PACIIOJIOKEHHYIO Ha

JIMHUU NEUCTBUSL.

IIpUnoKUM K STOM TOYKE JBE YpaBHOBEIIMBAIOIIUECS
-
m _'| _'ll = (v
cunel F' w F"', mapamnensnbie cune F u pasmbie eit mo

BCIIMYHHCE, FI: F”: F .

—

s B pesynbrare nonyuuMm cuity F ' paBuyto cune F wu

MpUIIOKEHHYI0 K Touke (. To ecTh Mbl Kak Obl IEpEHECIH

—

3amanHyro cuty F u3 Touku A B Touky O, HO pH STOM

Puc. 5.1 = =1 o
TOSIBUIIACH T1apa, obpasoBanHas cwiamu F u F''. Mowmenr sroii

—

mapet M=FxF =Mq(F), pasen momenty 3amannoii cunsr F ornocurenso Touxu O.

— —

o« % ~ 1 “ o«
Hpouecc 3AM€EHbL CUJIbl F pasHou eu cuiou F , NPUTIONHCEHHOU K MOUYKe O, u napou Hasvleaemcs

npusedenuem 3mou cunvl K mouxe O.

Touka O HaswIBaeTcs TOUKOH NpuBeneHus; cuna F', mpunoxkennas x Touke nmpuBeneHus, -

pUBEIEHHOM crilol. [TosiBUBIIAsACS Mapa — MPUCOEIUHEHHON apOo.
CaoxeHnue CHJI, IPOU3BOJBbHO PACHOJJOKCHHBIX B IIPOCTPAHCTBE

HYCTB JaHa CUCTEMaA, COCTOAIAasA N3 HCCKOJIbKUX MMPOU3BOJIbLHO PACITIOJIOKCHHBIX CHUIT (Ha puc.

5.2 mokasausl Tpu cunsl F1, Fo, F3). TpeGyercst cnoxurb 3T CHiIBl M TIOCMOTPETH, YTO B

pe3yNbTaTe MOTYIUTCS.

32



[IpuBeneM Bce CHIIBI K MPOM3BOJILHO BBIOpaHHOM Touke O, HEeHTpy npuBeneHus. [lomydanm
CUCTCMY MNPUBCACHHBIX CHII,

NPUIOKEHHBIX K TOouke (), paBHBIX
., =

3aJJaHHBIM CHJIaM: F =F,

. -, =

Fo=Fy, F3=F3, u cucremy

MMPUCOCAUHCHHBIX nap, MOMCHTBI

KOTOPBIX paBHbBI BCKTOpaM MOMCHTOB

3aJJAHHBIX CHJI OTHOCHTENILHO IEHTpa
npusenenus  O: M =Mqg(F),

My =Mg(F), Mg =Mg(Fs)

(Ha puc. 5.2 caMux map HET, OKa3aHbI

Puc. 5.2

TOJIBKO BCKTOPLI UX MOMCHTOB).

CoxuB IIEPpBYKHO CUCTEMY, CHUCTEMY CXOIAMNIUXCA TMPUBCACHHBIX CHII, HaAIIpUMEP,

IIOCTPOEHHEM MHOroyronbHuka cuil OABC, noimyuuM ux paBHozeiicTByromyo R', koTopas paBHa
BEKTOPHOM CyMMeE 3TUX MPUBEJACHHBIX CHJI, a 3HAYHUT, ¥ 33JIaHHBIX CHJI, IOTOMY YTO OHU BEKTOPHO

PaBHBI,

—

RI:zFiEZFi. (5.1)

A CIIOKHB CHCTEMY TIap, HAPUMED, MOCTPOEHUEM MHOTOYIOJLHUKA UX BEKTOPOB MOMEHTOB
OA'B'C’, nomyunm mnapy, MOMEHT KOTOpOi M 0 DaBeH BEKTOPHOH CyMMe MOMEHTOB
IPUCOEMHEHHBIX Tap WK CYMME MOMEHTOB 3a[aHHBIX CHJI OTHOCHTEIBHO LIEHTPA IPHBEICHUS

MOZZmFZMO(ﬁi) (5.2)

Cura R', pasHas BeKTOpHOi CyMMe 3aJaHHBIX CHUI, HA3BIBACTCS 21AG6HBLM 6EKMOPOM STHX
cui. TIpusioxkena 3Ta cujla K LEHTPY NPUBEIEHUS.

Moment M O > DaBHBIIl BEKTOPHON CyMMe MOMEHTOB 33/laHHbIX CHIJI OTHOCHTEJBHO LIEHTpa
TIPUBEIEHNS, HA3BIBAETCS 21AGHBIM MOMEHMOM THX CHII OTHOCHTENBHO IIEHTPA TIPUBEICHHS.

InaBuplii BekTop R' MOXHO HaiiTm Tak e, Kak HAaXOJWIM paHee PaBHOJEHCTBYIOIIYIO
cxomsmuxcs cui (em. 11, §2, hopmyna (2.2)).

[Tpoekuuu ero Ha ocu (cM. puc. 5.2):
Riy=2X{=2Xj; RS/ =2Y/=2Yi: R :Zzli =2.7Zj.

IToaTOMY MOZIYJB TJIABHOTO BEKTOPA
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R=JEXD? + (X2 + (222 ©3)

Hampasnenue Bektopa R' onpenensercs ¢ moMoipio HapapIsSOIMX KOCUHHYCOB: COSOL = _).( ,
R’ y R'z =1 .
cosp = ?, COSy=—-, rae Q, B, v — yrasl mexxay Bekropom R' n manpasnenusmu oceit

X, y, Z.
Tak kak BCKTOPbBI MOMCHTOB IMPUCOCAWMHCHHBIX IIap TAKXC 06pa3y10T CUCTCMY CXOIAIIUXCA

BEKTOPOB, TO U TJIaBHBIM MOMEHT Mo HaX0AUM aHAJIOTMYHBIM CIIOCOOOM

MO:JM3+M§+M§, (5.4)

rie Mx,My,Mz — npoekunn Bexkropa M@ Ha ocu. Ilpoektnpys ero Ha OCH, IHOIyYHM,

INpuHUMasA BO BHHUMAHHEC, YTO MNPOCKIUA BCKTOpa MOMCHTA CHJIbI OTHOCHUTCIIBHO TOYKM Ha OCh,

NPOXO/SALLYIO YePe3 ATy TOUKY, €CTh MOMEHT OTHOCHTENBHO ocH (3.4),
My :Z[Mo(ﬁi)]x :ZMx(ﬁi)a
My =Y [Mo(F)ly =2My(F), (55)
M, ZZ[MO(ﬁi)]z :zMz(ﬁi)-
Dtn npoexunmn M., M, M, Bektopa riaBHoro momenta M@ Ha ocu, paBHbie

anre6pa1/1quKHM CyMMaM MOMCHTOB 3aJIJaHHBIX CUJI OTHOCHTCIBbHO OCGI\/JI, MMpOXOAAIINX Y€PEC3 LHCHTP

MMPpUBCACHUS, HA3bIBAKOTCA INIABHBIMHU MOMCHTAMU CUJI OTHOCUTCIIBHO COOTBECTCTBYIOIIUX oceil.

Monyis rnasaoro momenta M o Haxomures no (5.4) wim, ¢ yuerom (5.5),

= \12 = \12 = \12
Mo = (IZML B M FOR+[EM (). 69)
HaHpaBJ'IeHI/Ie 9TOT O BeKTOpa MO>XXHO HaﬁTH C IIOMOIIBIO HaHpaBJUHOIU;I/IX KOCI/IHYCOB:

M M M
Coso = M—X cosPy = M—y CoSyq = M—Z (5.7)
0 o) 0

rae o, 31,Y1 — yrust mexay Bekropom M o u HanpasnenusiMu oceii x, y, Z.

HUmak, npu CHodceHuu cujl, npou3BoJIbHO pacnolONCERHbIX 6 NpoCcmpdarcmee, 6 061/1/!6]!/1 crydae

—

nonyuaemces cuna R', npunosicennas k yenmpy npusedenus, u napa ¢ momenmom Mg .

JlBa BakHBIX 3aMedaHus. IlepBoe, — riaBHbIA BekTop R' He sBnsercs paBHOAeicTBYIOMIEH

—

R 3aJaHHBIX CHJI, TAK KaK OH H€ MOXCT OJHWH 3aMCHUTH Jlel\/’ICTBI/Ie BCE€X CHJI, a TOJIBKO BMECTEC C

MTapou.
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—

Bropoe — rnaBHblii BekTop R' Kak BekTOpHas cymMMa 3amaHHBIX CHJI HE 3aBHCHT OT
TOJIOKEHUS! LEHTpa npuBeaenus. A rnasubii Moment M 3aBucHT, Tak Kak MOMEHTBI 3aaHHBIX

CHJI OTHOCUTCIIBHO HCHTPA NPUBCACHUA U3MCHATCS, CCJIM 3TOT HCHTP 6YI[CT B IPYromM MCCTC.

Jexkuusa Ned
IInan nexkuyuu

CucreMa mNpOU3BOJBLHO PacCHOJ0KEeHHBIX CHJI. Bo3MOXHbBIE cCilydyau NpUBEIACHUS
MPOU3BOJIHON CUCTEMBbI CHJI K LEHTpy. Teopema BapuHboHa O MOMEHTE pPaBHOACHCTBYIONIIECH.
CocpenoToueHHbIE U paclpeielieHHbIe CUilbl. PaBHOBecHEe cOWIEHEHHOU cucTeMbl Tel. CTaTuYecKu

OnpeaACIMMBIC U CTATUYCCKH HECOIIPCACINMBIC CUCTCMBI.

Kunematuka Touku. Bregenue B kuHeMatuky. 3agaun KHHeMaTuku. KuHemaTtuka TOYKH.
CriocoObI 3a/1aHusl IBYDKEHUS TOYKU. Y PaBHEHUS TPACKTOPUHU TOYKHU. OIpeneseHrne CKOPOCTH IPU

BCKTOPHOM, KOOPAWMHATHOM U crocobax 3aJaHusd IBUXKCHUSA TOYKH.
OcHnoenasn uacmo JeKkuuu

KOHG‘-IHO, BO3MOJKHBI PA3JIMYHBIC PE3YJIbTAThI CIIOKCHHA CUJIL.

1. MoKeT 0Ka3aThCsl, YTO IJIaBHBI MOMEHT OTHOCHTEILHO BHIOPAHHOTO IIEHTPa MPHMBEICHHUS
O oxaxercs pasubim Hymo Mg =Y Mg (Fj) =0, a rnasusiii exrop R'# 0.

910 3HAYUT, YTO B PE3YJIbTATC CIIOXCHUA IIOJYUYUTCA TOJIbKO CHJIA, pPaBHAAd TJIABHOMY

—

BekTOpy. M OHa, 5Ta cuia, B JAHHOM YacTHOM ciydae sBIsieTcss paBHOAelcTByromeir R Bceit
cucteMbl cui. JIMHUS JEHCTBUS pPAaBHOJACUCTBYIOMIEH OyAET MPOXOAWTH dYepe3 HTOT IEHTP
MIPUBEJCHUS.

B »3TOM wyacTHOM ciydae MMeEEeT MECTO O4YEHb

Ba)kKHasl U MOJIe3Has TeopeMa — meopema Bapunvona.

[lycTh Ha Teno MEHCTBYET HECKONBbKO cui Fi

(i=12...,n) u y HUX CYIIECTBYET

paBHOstelictBylomas R =Y Fj, mupuioxennas k

neHTpy npusenenus O (puc. 5.3).

ITokaxem paanyChl-BEKTOPBI, IIPOBCACHHBIC U3 Puc. 5.3

HEKOTOpOil Toukn A: [ — pamuyc-BeKTOp TOYKH
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NPUIOXKeHUs paBHOAeHctByromell; [} — towek Mj, Touek mpmnoxenms cun Fj, rae

1=12...,n. Y no6asum BekTOpBI Pj, coenuusiiomue Touky O ¢ Touxamu M.

—

Mowment cun Fj otHOCHTENBHO TOUKH A: M A(lfi )=T; x lfi . A tak kak I} =Tg +pj, 10

M A(Fi) =To x Fj +pj x Fj = To x Fj +Mo(Fj).

CymMMa MOMEHTOB BceX  JeMCTBylolmMx cun  Fj  oTHocuTensHO — Toukd A
YMA(F) =X (o xFi)+XMo(Fi). Ho Y(foxF)=ToxXFi=foxRi=
=M A (ﬁ) . A cymma Z M 0 (|E| ) =M O, PaBHAa rJaBHOMY MOMCHTY CHJI OTHOCHUTC/IbHO TOYKH
0, KOTOPBIN B 3TOM YaCTHOM ciyyae paBeH HYJIIO. [TosTomy
> Ma(Fi)=Ma(R).

Ecnu Yy cucmemvl Cull uUmMeemcs pCISHanlZCWlSyIOWCl}Z, mo MOMEHMm pCISHanlZCWlSyiOWGZZ

omHocumenvHo 000U mouku A pasen 8eKMOPHOU CYMMe MOMEHMOS8 8CeX CUll OMHOCUMENbHO
MO MOYKU
Ma(R) =2 Ma(F). (5.8)
CnencrBue. Eciam cnpoekTHpOBaTh 3TO BEKTOPHOE PAaBEHCTBO Ha KaKyl-HUOYIb OCb,
HanpuMep Z, MPOXOJAIIYyI0 Yepe3 TOUKy 4, To, UMesl B BUIY JIOKa3aHHbIN paHee pe3ynbraT (3.4),
NOJy4rM TeopeMy BapuuboHa B 1pyroit gpopme.
Ecnu y cucmemsl cun umeemcsi pasHoOeuCmeyouds, mo MOMeHm ee OMHOCUMENbHO 11000

ocu pasen aneebpauieckoll cymme MOMEHMO8 8cex CUl OMHOCUMENbHO YMOU OCU
Mz(§)=ZMz(|Ei) (5.9)

2. Bo3aMoXkeH U JIpyroi ciyyai, mpu KOTOpPOM, HAa00OpOT, TJIaBHBII BEKTOP paBeH HYIIIO ( R'
= (), a rIaBHBIH MOMEHT OTHOCHTEIBHO MAHHOTO LieHTpa O He paBeH HYIo ( M o #0). 910
03HAYAET, UTO B PE3YJIbTATE CIOKEHUSI CUJI MOJTYYUTCS TOJIBKO Iapa ¢ MOMEHTOM M 0-

A Tak KaKk MOMEHT Mapbl CHJI OTHOCHUTEJIbHO JIF0OOH TOYKHM paBeH MOMEHTY 3Toil mapsl (1V,
§2), To B 9TOM Ci1y4ae, Korjaa R' = 0, TT1aBHBIN MOMEHT HE 3aBHCUT OT BbIOOpA LIEHTPA MPUBEACHUS.
OTtHocutenbHO 110001 Touku O OH OYAET 0OIMHAKOB U PaBeH M o= Z M 0 (lfl ).

3. U, HaKkoHel, MOXET OKa3aThCs, YTO M TiaBHbIM Bektop R', u rmasmeii moment M

paBHBI HYIIIO. B stoMm CIydyac CUJIbl YpPAaBHOBCHIMBANOTCHA, a TCJIO IIOJ JEHCTBHEM OTHX CHII

HaxXoJUuTCA B paBHOBCCHUMU.
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A TaK kak R'= \/(Z Xj )2 +0Q.Y, )2 +(Q.Z; )2 u TJIaBHBIH MOMEHT

MO = \/[ZM X(lfi )]2 +[ZM y(lfi )]2 +[Z|V| 7 (ﬁ,)]z , (5.3) u (5.6), To s paBHOBECHS

TEJIa HeO6XOI[I/IMO BBIITOJIHCHHUE ICCTHU yCHOBHﬁ:
I
in=0; e Mx(lii)zo;
DY =0; e M y(l?i) = 03 (5.10)
> Z; =0; e Mz(F)=0.
3TI/I yCJIOBI/ISI Ha3bIBAKOTCA ypaBHeHI/IHMI/I paBHOBeCI/Iﬂ CHII, HpOI/I3BOJIBHO paCHOHO)KeHHBIX B
IIPOCTPAHCTBE.

B YaCTHOCTH, €CJIM CHJIbI PACIIOJIOKCHBI B OJIHOM IIJIOCKOCTH, TO, HAIIpaBUB OCH TakK, YTOOBI

ochb Z crana NepHeHJuKyIspHa oToil miockoctd, Tpetbe ypasHenne » Zj =0, uerseproe
> My (Fj)=0 umnsroe > M y (Fj) =0 obparsrcs B TOKAECTBA, @ B IECTOM — MOMEHTbI CHII

OTHOCUTEJIIBHO OCHU Z 6y,[[yT PaBHbI MOMCHTAM OTHOCHUTCJIBHO TOYKH O, TOYKHU IICPCCCUCHUA OCHU U
IIJIOCKOCTH.
OCTaHyTCfI TOJIBKO TpI/I ypaBHeHI/ISI M3 HICCTH.
Z Xi =0;
Y, =0; (5.11)
Y My(F)=0.

Taxk xak B cucreMe ypaBHeHuil (5.10) ypaBHEHHSI MOMEHTOB Y/I0BJIETBOPSIOTCS OTHOCUTENBHO
0001 OCH, TO TAKUX YpaBHEHUII MOMEHTOB MOKHO COCTaBUThH OOJIbIIIE TPEX, XOTh BCE LIECTh.
TouHo Tak ke B cucteme ypaBHeHUH (5.11) 171 MIIOCKOM CUCTEMBI CHJI MOKHO COCTAaBUTh U

ABa, U TpHU YpaBHCHUA MOMCHTOB. HOBTOMY BO3MOJKXHBI TPU BapHUaHTa:

> Xi =0, > Xi =0, >Mai =0,
>Yi=0, ¢l >Mai =0, XMgi=0,/lll (512
> Mai =0. > Mgi =0. > Mci =0.

[IpaBna, uMeroTcss orpaHrueHus Ha BbIOOp Touek u oceil. Hanmpumep, npu ucnons3oBanuu |l
BapHaHTa TOUYKU A U B He JOJDKHBI JIEKaTh Ha NPSAMOM, EpIEeHAUKYIsApHON ocH; a B III BapuanTte —
TOYKH A, B 1 C He TOJKHBI pacroaraTbCs Ha OJTHOUW MPSIMOiA.

[Tpumep 5.1. Pama AB (puc. 5.4) ynep:kuBaercsi B paBHOBECHUHU IIAPHUPOM A U CTEP’KHEM
BC. Ha xpato paMbl HaxoauTcs rpy3 BecoM P. OnpenennuM peakiuy [MapHupa U YCHINE B CTEPIKHE.

[Topsinok pemieHust 3a1a4 OCTAETCs MPEXHUM (CM. mpuMmep 2.2).
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PaccmatpuBaeM paBHOBECHE paMbl BMECTE C TPY30M.

CrtpouMm pacueTHyIO cXeMy, U300pa3uB paMmy CBOOOIHBIM TEJIOM U MOKa3aB BCe

1
CHIIBI, IEACTBYIOIIME Ha HEE: PEaKluu CBs3el u Bec rpysa P .

y
X, 1 X ..
A: a P D
8
. 5)( e o
C &->"" S

Puc. 5.4

OTHU cuIbl 00Pa3yOT CUCTEMY CHUJI, IPOU3BOJIBHO PACTIONOKEHHBIX HA IIIOCKOCTH.

Kakum BapmantoM ypaBHeHuil (5.12) HyxHO Bocmonb3oBarbes? JKenmarenbHO COCTaBUTh
TaKU€ ypaBHEHHUA, 4YTOObl B HUX ObUIO MO OAHON HeuwsBecTHOU cuie. [loatomy mompobyem
Bocrnosib3oBathes Il BapmanToMm, cocTaBisisi ypaBHEHHS MOMEHTOB OTHOCHUTEIBHO TPEX TOYEK,

TOYCK MCPECCUCHUA JIMHUM JCHUCTBUS HeU38eCMHbIX CHIL.

B Hamieil 3ajaye 3To Touka A, Ie NPUIIOKEHBI HEH3BECTHblE X AU Y A; Touka C, rae

—

MNEPECCKAar0TCs JIMHUHU ﬂeﬁCTBHH HCU3BCCTHBIX CHJI YA n S , TO4UKa D — touka MMEePCCCUCHUA JIMHUM

nedicteust cun X ou S . Ho, mockonbKy paccrosiuust 10 Toukd D HaxomsTest He 04eHb MPOCTO,

Bocrosib3yemcs |l BapuaHTOM, COCTaBMB YypaBHEHHE MpOEKIMH CHJI Ha OCh y (Ha OCh X
HPOEKTHPOBATH HEIb3s, T.K. OHA MepreH UKy sipHa npsiMoid AC).

W1 mpexzae 4yeM COCTaBiIATh ypaBHEHUs, CAETAEM €Ile OJHO Ioje3Hoe 3aMmedaHue. Eciu Ha
pacueTHON cxeMe MMEEeTCsl CHIIA, PACIIONIOKEHHAs TaK, YTO IUIEUO €€ HaXOAUTCS HEIpOCTO, TO MPHU

ONpCACIICHNN MOMCHTAa PCKOMCHAYCTCA IPCABAPUTCIIBHO PA3JIOKUTH BEKTOPD 9TON CHJIBI Ha JABC,

— —

Gosee ynoOHO HampasleHHble. B 1aHHOM 3a/aue pasnoxkum cuity S Ha gse: Sy u S y (em. puc.
5.4) Takue, 4TO MOAYIH UX Sy =S sina, Sy = S Cosa.
CocTaBsieM ypaBHEHHUS: >Yi =0; Ypo—P—-Scosa=0;
D> M =0; —Pa-S,a-5,b=0;
> M¢j=0; Xp-AC—-Pa=0.
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a
U3 Broporo ypaBHeHus Haxomum S =—P . U3 Tpertbero ypaBHEHUS

acosa +bsina

p2_p 2
AC b+actga

a
acosa + bsina

Teneps u3 neporo ypapuenus nomyunm Y, =P + Scosa =P| 1-

PacnpenesiéHnbie CHIIbI

Panee Mb1 paccmaTpuBaii  JIEMCTBME HA TENO JIMIIb COCPENOTOYECHHBIX CHJI, CHJI
MPUJIOKEHHBIX K OJIHOM TOYKe. HO MOYKHO MPHUBECTH psii IPUMEPOB, KOT/Ia CHUJIbI PACTPEAECISIOTCS
o BceMy 00BEMY Telna, Mo IIIoIaau win no anuHe. KcraTu, Bec Tena, Cuila TSKECTH, 3TO TOXKE
pacnpenenéHHas cuiia, pacmpenenéHHas Mo 00bEMY Tena, MOTOMY YTO Ha KaXIyH TOYKY €ro

JefCTByeT cuia, e€ Bec. A Mpu pelIeHUH 3a/1a4 Mbl BEC TEJIa TI0Ka3bIBAEM B BUJIE COCPEAOTOUECHHOM

cunbl P, paBHOelicTBYyIOIEN BCEX CHIL, TIPUIOKEHHON K IIEHTPY TAKECTH.

MoOKHO BCTPETUTH CHJIBI PaCIpeeNIEHHBIE 10 TUIOCKOCTH, 1O TTOBEPXHOCTH (HAIpUMEp, CHET,
JeKalMil Ha KpBIIIe; JaBJICHUE ra3a WIHM JKUIKOCTH Ha MOBEPXHOCTh cocyaa). U cuibl, KOTOphIE

pacupeacisaroTCA 110 JUHUM.

Bce »stm pacnpenenéHHHe CHUJIbl XapaKTCPHU3YIOTCAd HNX HNHTCHCUBHOCTBIO — cuion g,
z[eﬁCTBonmeﬁ Ha C¢AUHHUIY 06’LéMa, iomaan Wjin JJIKWHBI TCIIa. Pa3MepHOCTL HMHTCHCUBHOCTH -

H-m3, H'm?2, H-m™L, cooTBeTCTBEHHO.
b b b

JleHicTBME Takux CHJI Ha TeNo 3aMeHseM omHoi cwiod Q, paBHomelcTByromen 5THX

pactpenenéHHbIX CHUll.

BbiiesiiM Ha pacCTOSIHMM X Y4acTOK JIMHUU JUTHHOM  dX. g A y (dx Q
Ha »ToM yuacTke Ha Teo AeHCTBYeET aiieMeHTapHas cuiaa dQ = r /"' N G(%)
g-dx.
C
U, unrterpupys no Beeit ymmae AB = |, momyunm
Y \A 4 Vv Yvy Y ‘X
| | A o
pasrozeiictayromyro Q = [dQ = [qdX. 3uauwr, B
0 0
Puc.6.8

BEJIMYMHA PABHOACHCTBYIOIECH paBHA TUIOMIAM 3aKIIOYEHHONW MEXIy juHuer ( = ((X) u

OCBIO X.
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Touxy npunoxkenus cwisl Q Wiy, nydine, TMHUIO JEHCTBUS €€, MOKHO HAWTH C HOMOIIBIO

teopembl Bapunbona (5.8).

MowmenT paBHozeiicTByomeii Ma(Q) = QXc, a cyMmMa MOMEHTOB 3JieMeHTapHbIX cuil dQ

- |
oTHOCHTeNbHO ToOH ke Touku A pasma » MA(dQ)= IdQ - X. IlpupaBHAB HX, NOIYyYHUM
0

}dQ-x
Xo =2—n—

Q

paccMaTpuBaeMoOii IUIOIAAM. 3HAYMT, TOUKA TPUIOKeHUs cuabl Q K Teny u JauHUs neicTBUS €8

, HO TI0 aHayoruyHou (opmyie (6.4) ompenensercs KOOpAMHATA IEHTPA THKECTH

OIIPCACIIAIOTCA HCHTPOM TAXKCECTU 9TOM MJIOIIA M.

Ecau pacupeaciiCHUuC Harpys3ku OIIPEACIIACTCA JIMHEHHBIM 3aKOHOM, MOAYJIb

paBnozeicTByromel Q u nmMHuA 1efcTBUS €€ HaXOaUTCs TOBOJILHO MpocTo (puc.6.9,a u b).

A mpu pacmpenelieHMd IO 3aKoHy Tpamneuuu (puc.6.9,C) e€ HyXKHO pa3ienuTb  Ha

Tpeer.HBHHK u HpﬂMoerHI)HI/IK nu HaXOIUThb COOTBECTCTBCHHO IBEC CHUJIbL
1 .
Q ZEQﬂ e Q, =0yl

Ecnu cuna pacmipeaciicHa He 1o HpHMOﬁ JIMHUH, TO paBHOHeﬁCTByIOHIaH HaXoauTCsa HCEMHOI'O

CIIOXKHEE.
Q a.
0 =const Hanpumep, nmpu IaBleHHMH SKUIKOCTH WIM Ta3a Ha
YVVVVVVY vvv YVYVVVVVY BHYTPEHHIOIO CTEHKY pr6],1 B KaKOM-HI/I6y,Z[B eé CeUeHUH.
051
« | > X
l q HalinéM paBHOACHCTBYIOILYIO TaKOW pacrpeneIEéHHON
CWJIBI Ha YacCTh CTEHKH TPYyOBbl, KOTOpas onpezesiéHa Ayrou ¢
L w7 yriom 2a (cM. puc.6.10).
C.
Qz 1_ 1T
11 gl ql o
1T . Ha yuwactok ayru, ompenensemsiii yriaom de,
A
l q, neiicTByet snemeHTtapHas cuia dQ = q-dl = gq-R-d o,
YYVVVVYVY VVV VVVVVVVYY
181 rae R— panuyc nyru.
1/21
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A Ha BCIO IyTy JEUCTBYET paBHOJAeHCTBYIomas Q,
paBHas CyMMe€ IPOCKLHN BCEX 3JIEMEHTapHBIX CHJI Ha

BCPTUKAJIBHYIO OCh CUMMCETPHH, TO €CTh

(04 o
Q= [dQ-cose= [ grRcosp-dp=
- -

= quin(p“i‘a=2quina.

Puc. 6.10
T
Tak Ha Moj0BUHY TPYOBI IEHCTBYET cuia (ipu OL = E ), paBHas Q = 2qR.

Kunemamuxu mouxu

Cnocobwl 3a0aHUs 0BUNCEHUS MOUKU

Kunemamukoti Ha3pIBaeTcsl pa3faen TEOPETUYECKONM MEXaHMKH, B KOTOPOM H3Yy4YaroTCA
MEXaHUYECKUE JIBMKCHUSI MaTePUATBHBIX TOYEK U TEJI C YUCTO T€OMETPUIECKON TOUKH 3PCHHS BHE
3aBUCHUMOCTH OT JACMCTBYIOIINX HA HUX CHIL

B xuHematuke pemarTcs 08e 0oCHO8Hble 3a0aYlU.

1. YcTaHoBiIeHHe MaTEMAaTHYECKUX CIIOCOOOB 3aJaHus ABUKEHUS TOUEK U TEJl.

2. Ormpenenenre 10 3aJaHHOMY 3aKOHY JBHKEHHE BCEX OCHOBHBIX KHHEMAaTHYECKHUX
XapaKTePUCTUK TaKUX, KaK TPAeKTOpUsI NBIKEHHUS, CKOPOCTh W YCKOPEHHE TOYKH, YTJIOBBIC
CKOPOCTH U YTJIOBbIE YCKOPEHHUS TEIL.

[Ipu nBWXKEHWUM Tela €ro TOYKHM B OOIIEM ciaydae MOTYT JBUTAThCS IO Pa3TUYHBIM
TPACKTOPHSIM, HAPUMEpP, MPU KaUYE€HUU KOJIeca MO MPSMOMY PENIbCy IEHTP KoJjeca JIBHKETCS 0
npsIMOM JIMHWUW, a TOYKH 000Aa Mo nukiouaaM. [losToMy H3ydeHHE 3TOTO pasjena HAauHeM C
W3YYCHUS JBUKEHHS TOUKH, T.€. C KHHEMAaTUKHU TOYKH.

3amaTh ABMKEHWE TOYKHA O3HAYACT HAWTH CIIOCO0 OMpeeTeHuUs €€ TOJIOKEHHUST B IPOCTPAHCTBE
B 1000 MOMEHT BpeMeHHU. K OCHOBHBIM cImoco0aM 3aaHus IBM)KCHHUST OTHOCSITCS: €CTeCTBEHHBIMH,

KOOPAMHATHBIM U BEKTOPHBIN.
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Ecmecmeennwiii cnocob 3adanus 0sudicenus mouxu. YToOBI OMPENETUTh TOJOXKEHUE TOYKU
€CTECTBEHHBIM CTIIOCOO0OM, TOJIKHBI OBITH U3BECTHHI (puc.8.1):

a) TPACKTOpHS JABWKCHHSI TOUKH M (JIMHHS, KOTOPYIO OMHUCHIBACT B MPOCTPAHCTBE TOYKA MPHU
CBOEM JIBMKEHUN);

0) Hauajo0 OTCYeTa KPUBOJIMHEHHONW KOOPAUHATHI S - Touka O;

B) HampaBlICHUE [OJIOKUTEIHHOTO OTCYETa KPUBOJIMHEWHON KOOPAMHATHI (YyKa3bIBaeTCs
CTPEJIKOM MJIM 3HAKOM ““+7°, “-”);

) 3aKOH M3MCHCHHS KPHUBOJMHEHMHOW KOOPJIWHATHI B 3aBUCUMOCTH OT BpPEMCHH
S=S(t).

B nmagane JABWKCHUA IIpU t =0 Touka M MOXKeT HaXoaAUThCsA HE B Ha4YaJI€ OT-CUECTa O, a Ha

HEKOTOPOM PACCTOSHUU So OT HEero. JTO TMOJIOKEHHUE TOYKH Mo OyaeM Ha3blBaTh Ha4YadbHBIM
MOJIOKEHUEM TOUKH.
OTcrozia cilelyeT, 4To S He NpOiJeHHOe PacCTOSHUE TOYKOM 3a BpeMs {,a paccTosiHue OT

Touku M 1o "Hagasa orcuera O .

Puc. 8.1.

Ipumep. Touka ABMKETCA MO TIPAMOI IMHUM T10 3aKoHy S = 21 2 _ 3(cm).

OmnpenenuTs MOJOKEHUE TOYKH 4Yepe3 2 ¢ IOcie Hadania

_—
Mg O M,
JIBAKEHUS.
So Sy
. ol »l BriOpaB Hawano orcuera B Touke O W TIOJOXKHB B
3aKoHe jBrKeHns L =0, HaiineM paccrosHue S = —3 cM
Puc.8.2 A » HamiAeM p 0 ’
OTIpEIENIAIONIee HavalbHOE MOJOKEHHEe TOYKH Mo (puc.
7 4 M

8.2.). Uepes aBe CeKyHIBl S =2 - 22 —3=5 cM u Touka

OyIeT HaXOJIUTHCS B TMOJOKEHUH M 1 .

OueBUAHO, 4TO 3a 2 C TOYKA MPOWUIET PacCTOSTHUE B &

CM.
0) 5 Koopounamnuii cnocob 3adanus 06udiceHusi mMouKu.
Y i [TosokeHre TOYKU B MPOCTPAHCTBE MOXKHO OMPEACITHUTH C
_________ 17X
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MTOMOIIIBIO JIEKAPTOBOM cHCTeMBbI KoopauHat OXyz (puc.8.3). [Ipu 1BMKEHUN TOYKU €€ KOOPIMHATHI

6YI[yT MEHATHCA. ECIM M3BeCTHBI 3aKOHBI M3MESHEHUS KOOpAUHAaT

X = X(t);
y = y(t); (8.1)
z=12(t).

TO MOXKHO B JIF000M MOMEHT BPEMCHU ONPC-ACIUTH ITOJIOKCHUC TOUKH.

VYpaBHenus (8.1) Ha3bIBalOTCS ypaBHE-HUSMU JABH)KEHUS TOUKH B IEKAPTOBBIX KO-OpAMHATAX.

Ecnu Touka JABHMIXKCTCA B IINIOCKOCTH HMJIN 11O HpHMOﬁ JIMHUH, TO IIPHU COOTBCTCTBYIOIICM B5160pe

KOOp,Z[I/IHaTHOﬁ CHUCTEMBI, €€ IBHXKCHHUEC MOXKET OBITH 3aaaHO B IICPBOM CJIyda€ ABYMSA YPaBHCHUAMU,

BO BTOPOM - OJHUM.

VYpaBHenus (8.1) mpenctaBisitoT coOOM OZHOBPEMEHHO YpaBHEHHUS TPACKTOPUM TOYKU B

napameTpuueckoi ¢opme. MCkiounB W3 HUX MapaMmerp t (Bpemst), MOXXHO HAWTH ypaBHEHHE

TPAeKTOPUHU B KOOPAUHATHOU popme.

Hpujvzep Haiitu TPACKTOPUIO JABUKCHHUA TOYKH, €CJIN €€ NBUIKCHUC OIIMCBIBACTCA YPABHCHUAMM:

x:&2+2
y =6t?,
TIe X, y - BBIPAXKCHbBI B CAHTUMCTpPAX, t - B CCKYHax.
OHpeI[eJ'II/IM TPACKTOPUIO ABUIKCHUA TOYKHU. 3 BTOPOT'O YPaBHCHUSA HAXOJAUM t2 = X HO,[[CTaBI/IB

9TO 3HAYCHUC B IICPBOC YPABHCHUC, ITIOTTYUUM
1
X:Ey+2 T 2X—y=4.

DTO ypaBHEHHE NpIMoi TuHuM (puc.8.4).

[Tpu { =0 touka umeer KoopauHaTHl Xo=2, Yo=0.
W3 ypaBHeHUs ABUKEHUS BUIAHO, YTO C TEYCHHEM
BPEMEHU  KOOPJAMHATBl TOYKH  YBEIWYUBAIOTCS.
CrnenoBaTenbHO, TOUYKA JBUYKETCS BBEPX IO IPSIMOM
MoM. Hanpumep, depe3 nBe CEKyHIbI TOYkKa OyaeT
UMETb KOOPAUHATHI X2=14, y>=24.

Bexmopnuiii cnocob 3a0anus 08udicenus mMoyKu.
Ecnu nmpoBecTn BEKTOpP U3 HEKOTOPOW HEMOABHIKHOU
touk O B Touky M (puc.8.5), TO IaHHBII BEKTOp

OyzieT onpenesaTh MOJIOKEHNUE TOUKH M.

! [

O|/My 10 20 x cm

g
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3aKOH W3MEHEHHUS 3TOT0 BEKTOPA SIBJIAETCS BEKTOPHBIM ypaBHEHUEM JIBUXKEHUS TOUKU
r=r(t)

[Ipu nBMXXEHUU TOYKHU PAAUYC-BEKTOp OyIeT MEHATh CBOIO BEIWYMHY (AJIMHY) U HaIlpaBJICHHUE.
Konen paamyca-BekTopa OyneT OMUCHIBATh HEKOTOPYIO KPHUBYIO (TpaeKTopuio Touku M), KoTopas
HA3BIBACTCSI TOIOTPad)oM STOTO BEKTOPA.

Ecnu navano nexapTtoBoit cucteMbl koopanHaT OXyz moMecTuTh B TOUKy O, TO panyc-BeKTOp

F=xi+Yj+zk,

rae X(t), y(t), z(t) xoopauHaThl TOUKH M.

Ota ¢opmyna yCTaHABIMBAET CBSA3b MEXKAY KOOPAMHATHBIM U BEKTOPHBIM CIIOCOOAMHU 3a/laHus

JBHXKXCHUA.

Jlekumst Ne5
IInan nexkyuu

OnpeﬂeneHI/Ie CKOpPOCTH IIPpH BCKTOPHOM, KOOPAWHATHOM H crocobax 3aJaHusd IBHXCHUA
TOYKHU. CKOpOCTb TOYKHU IMPU €CTCCTBCHHOM crocobe 3aJaHus IBHUXCHHA. YCKOpeHI/IG TOYKH IIpU
BCKTOPHOM U KOOPJAWHATHOM crocobax 3aJaHus IBUKCHUA. EctecTBenHbIiC ocu KOoopauHatT BGKTOp
KPpHUBU3HBI, PAANYC KPUBU3HBI TPACKTOPHUH. YCKOpCHI/IC Inpun CCTCCTBCHHOM croco0e 3aJaHusAg

JABMKCHUS TOYKH
Ocnoenas uacmsp JeKuyuu

Ckopocmb mouxu
Onpeodenenue ckopocmu mouKku npu 8eKMOPHOM CNocode 3a0anust O8UNCEHUSL.

[Iycts Touka aBmxkerca mo 3akomy [ =T (t) (puc.8.6). B moment t oma maxomutcsa B

—

nojioxkeHun M, onpezenseMoM paauycom-Bektopom I . Uepes Bpems Al rouka 3aiimer

nonoxenue M1 u GyneT HMeTh pajiuyc-BeKTop [7.

Puc. 8.6
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- r =
Torma cpenHsisi cKopocTb TOYkKM M ch :E’ rie Ar - NPpUPAIICHUE paanyCca-BCKTOpa 3a

npomexyTok Bpemenu. At Bekrop cpemHeil ckopocTH HampapieH Tak ke, Kak Bektop Al ( cm.

puc. 8.6).

Eciu At — 0, To cpennss ckopocts ch OY/IET CTPEMUTHCS K CKOPOCTH TOYKHM B MOMEHT

BpPEMEHHU t.B npenene OyneM UMeTh

- R . Ar dr
V=1imVep = lim —=—.
At—0 At—0 At dt

CKOpOCTb TOYKH B JaHHBIA MOMCHT BpEMEHU paBHa

NMPOM3BOIHOM OT paINyca-BeKTOPA ITOH TOYKH N0 BPEeMEHH.

=l

dt
Taxk kak MMpEaACIIbHBIM HalIpaBJICHUCM BCKTOpa Ar SABJIICTCA KaCaTClibHasA, TO BCKTOP CKOPOCTHU
TOYKHU B )IaHHBIﬁ MOMCHT BPCMCHHU HaIIPaBJICH IIO KacaTeJILHOH K TPACKTOPUHU TOUKU B CTOPOHY

JBHXKXCHHUA.

Onpeoenenue ckopocmu mouKku npu KOOPOUHAMHOM CROCO0e 3a0anUsT OBUNCEHUS

Tak xak F=XT+y]+Z|Z,To

- er' d = dZ e
V=—I+—yj+—k. (8.2)
dt dt dt
BekTtop ckopocTH, Kak W BCSKHI BEKTOpP, MOKHO PAa3JIOXHTh Ha COCTABIAIOIINE MO OCAM
KOOpJUHAT
V =Vyi +Vy j+Vyk . (8.3)
CpaBuuBas (8.2) u (8.3), 3amedaeM, 4TO npoexkyuu cKOpocmu moyKky Ha KOOPOUHAMHbLE OCU.
dx dy . dz
dt dt dt

3Has MMPOCKIHNU CKOPOCTHU TOUKU HAa OCH, MOXHO ONPCACINUTbL €€ MOAYJIb W HAIPABJICHUC II0

dbopmynam

V=\/>'<2+y2+22

% y ;
cosa=—, COSp=—, COSY=—,
Y b=y LAY
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a o
Trac ’B’y - yrjbl MCXKAY BCKTOPOM CKOPOCTH U IIOJIOXKUTCIBbHBIMU HAIIPABJICHUSAMU OCCU

COOTBETCTBCHHO X, Y, Z.
Onpe()ezzenue CKopocmu mod4Ku npu eCcmecmeennom CROCODE 3a0aHUs 06UNCEHUA

[ycts 3a Bpems Al pamumyc-Bexkrop Toukm nomyumn npupamenue AP, a kpuBonmHelinas

—

- . r
xoopauHata npupamenne AS. Torma V = |im E YMHOXHMB W pa3lieJiuB MpaByK 4YacThb Ha
At—0

AS , pazo6beM Ipejen Ha Ba pejeNna:
- AF AS . AS . AF dS dr
V=Ilim——=Ilim —/ lim —=——.

At—>0AS At At—0 At AS50AS  dt dS

Mopyne BekTOpa d%s paBeH eAMHMIIE KaK IpeJes OTHOLICHWS JJIUHbl OECKOHEYHO MaJon

XOpAbl K JJIMHC CTSATHBAEMOM €10 AyTu. HOCKOHLKY IpeaACIbHOC IMOJIOKCHHUEC XOpAbl COBIAAACT C

dr . Ar
HaNpaBlIeHUEM KacaTelbHOW K KPHBOH B HaHHOH Touke, To BekTop —— = |jm ——= =7¢

dS  AS—0AS

npeaACTaBIACT coboit CI[I/IHI/I‘IHHﬁ BCKTOp KacaTeJbHbBIN K KpHBOfI B JaHHOU TOYKCEC, HaHpaBJ’IeHHHﬁ
B CTOPOHY HOJIOXKHUTCIIbHOTO OTCUETA KOOPANHATLL S.

CJ'IC,I[OBaTeJ'IBHO, BEKMOp CKopocmu nov4Ku

v =‘Z—f 7o = ST =V, 70, (8.4)

Trac S :VT - NPOEKYUsl 6eKmopa CKopocmu noYKU Ha KacamelbHyio OCb K ee mpaeKmopuu.

BexTop ckopocTH, Kak OblJI0 YCTAHOBJIEHO paHee, HalpaBiIseTcs 0 KacaTeIbHOW K TPaeKTOPHUH

IBwkeHusa. Ha ock T OH IIPOCKTUPYCTCA B HATYPAJIbHYIKO BCIIMYUHY, [IO3TOMY AAJIBIIC MHICKC 4

6 V, =V
YJIEM OIYCKaTh, T. €. OyIET CUATAThH, YTO :
Yckopenue mouku
OnpeneneHue YCKOPEHHS ~ TOYKH  TPH BEKTOPHOM
Vi croco0e 3aaHusA ABWKEHUS
[ycts B MomeHT 1 ckopocth Touku pasHa V , a mpu U+ At
crana pasHoii Vq. V3menenne ckopoctn 3a Bpems At Gymer
M, AV

AV :\71 ~V . Torma cpeliHee YCKOPEHHE ch :E. Kaxk

Puc. 8.'\(71 46



BUJTHO U3 3TOH (OpMyIbI, BEKTOP ch HanpassieTcs Tak ke, kak Bektop AV (puc.8.7).

VcKkopeH#e TOYKH B MOMEHT 1 HaxoauM Kak MmpeebHOe 3HAaUCHHE ch mpu At — 0

- AV dV dPF
W=]limWg=Ilim——=—-=—. (85

At—0 A0 At dt g2

YckopeHue TOYKH eCTh IepBasi NMPOW3BOIHAS MO BPEMEHH OT
BEKTOPa CKOPOCTH HJIM BTOPasi IPOM3BOIHAN OT paguyca-BeKTopa
TOYKH.

Onpedenenue ycKopeHusi mouKU npu KOOPOUHAMHOM CNOCOOe 3a0aHUsi OBUHNCEHUS

Tak kak T =Xi + Y] +zK , 10

2 2 2
K X= - Z~ 2y o - e
W9 X AT s T W WL T W T+ WK
2 2 2 y z
dt dt dt
CpaBHI/IBaﬂ MOCJICAHUC NIBA PAaBCHCTBA, 3aMCUYACM:
2 2 2
dt dt dt

T. €. NPOEKYUU YCKOPEHUsL MOYKU HA OCU KOOPOUHAM PABHBI BTOPHIM IPOU3BOJHBIM 110 BPEMEHHU OT
COOTBETCTBYIOIUX YPABHEHUN IBUKEHUS.

Ecnu u3BecTHBI IPOEKIIMU BEKTOPA YCKOPEHHUS, MOXKHO HAWTH €r0 MOJTYJIb:

W = \/Xz + y2 + 72
" HaITpaBJICHUC
cosa=—; COSf :l;
W W

rie % By YIIIBI MEXKy BEKTOPOM YCKOPEHHS

W U TOJIOKUTCIBbHBIMU HAIPaBJICHUAMU oceit
X,Y,Z COOTBETCTBCHHO.

Ilpumep. JIBuxeHue TOYKHU 3aJ1aHO

ypaBHenusmu X =3l, y = —4t2 +10, rae x, y

- BBIPAXKXCHBI B CAHTUMCTpaAx, a t-8 CCKYyHJaX.

OHpCI[eJ'II/ITB YCKOPCHUC TOYKHU. Hckaounus BpeMA
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t, momy4unm ypaBHeHHE TpaeKTOpHH: Y = —5 X

2 110.910 ypaBHeHHE napadoisl (puc.8.8).

HaXOI[I/IM IMPOCKIMH BEKTOPA YCKOPEHUA Ha OCU

Torna moxyns yckoperus W =8 cm/c?. Tak kak MpOeKIHs BEKTOpa YCKOPEHHsS HAa OCh X paBHA

HYII0, 4 Ha OCh Y OTpHLIaTEJIbHA, TO W HaITpaBJICH BEPTHUKAJIbHO BHU3.

Onpeodenenue ycKoOpeHUs moyKu npu eCmeCmeeHHOM CROCoe 3a0aHUA OBUNHCEHUA .

Hpemﬂe YeM IMPUCTYIIUTH K OHNPCACICHUIO YCKOPCHHUA, IMNO3HAKOMHMCA C HCKOTOPbBIMHU

HNOHATUAMH U3 T PepeHIIaTHLHON TeOMETPUH.

Ecmecmeennas cucmema Koopduﬂam

[TycTh nMeeTcst HeKOTOpast MPOCTPAaHCTBEHHAs KpuBas (puc.8.9).

Bo3bmem Ha 3T0ii KpuBoii 1Be Omu3kue Touku M 1 Mi. [IpoBeseM B 3THX TOUYKaxX KacaTelbHbIE T

u Tl. qepe3 KacaTeJIbHYI0 7 MIPOBEICM IIOCKOCTD, ITAPaAJLICIIBHYIO KacaTelbHOU Tl.

Ecnu touky M1 mpubnmkare K Touke M, MIOCKOCTh, OCTaBasCh MapalljieIbHON KacaTeIbHOM

Tl, 6y,Z[CT IIOBOpauyuBaTbCsA BOKPYr 7. Us MOMCHT, KOI'’la TOYKa M1 coBmagaeT ¢ TOYKOM M,

IJIOCKOCTh 3aiMeT onpeneneHHoe nosioxkenue l. Ilnockocte | HazeBaeTrcs compukacarowetics

niockocmvlo KpuBod B Touke M. Ecnm kpuBasg miockas, TO Bcs KpuBas OyneT JexaTb B

coanKacanmeﬁc;I IIJIOCKOCTH.

ITpoBenem, 3arem, mnockocTh Il uepe3 Touky M, nmepneHIUKYIApHYIO KacaTelbHOM 7. OJTa

n '[1/

Il

\

\

\ ﬁOh
N M,
Y AmE
1] ~ lM_ |
10
Puc. 8.9

IUIOCKOCTh HA3bIBAETCS HOPMANbHOU NIOCKOCmblo. JIuHUS
IIEPECEUECHMS CONIPUKA-CaroIIecs INIOCKOCTH U HOPMaJIbHOU
IJIOCKOCTH HAa3bIBAETCS 21ABHOU HOPMANbI0 KPUBOU B TOUKE
M. O6o3nauum ee N. Hopmanb, nepneHAUKYIsIpHAS
IJIaBHOM HopManmn N W KacaTelnbHOM 7, Ha3bIBaeTcs
6unopmanvio D.

[Inockocts 111, mposenenHas uepes D u 7, sBmsercs
KacamenbHol N10CKOCMbio K KpUBOH B TOUKe M.

Takum 00pa3om, MbI MMOJIY4UM CHCTEMY ocei 7, N, Db,

KOTOpasA Ha3bIBACTCS €CTECTBEHHOM CHCTEMOM KOOpAUHAT,

rae 7g,Np, 60 €€ OpTEL

Kpususna u paouyc kpususnol aunuu
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Ecnmu Touka M aBMXKETCS O KPUBOM, TO 3TU OCH TakKe OYIyT JABUTATHCS BMECTE C TOYKOM,
MCHsIA CBOC HaHpaBHeHI/Ie B HpOCTpaHCTBe.

BBenem emie oqHO MOHATHE - NOHATHE O KPUBM3HE U paJuyce KPUBU3HBI JUHUHU. Bo3bmeMm Ha
KpUBOH J1Be Om3kue Touku M u M. (puc.8.10) 1 npoBeneM B 3THX TOYKAX KacaTelbHble T U T1.

Yron MCKAY 9TUMU KAaCaTCIIbHBIMU HA3bIBACTCS Y210M CMEHICHOCMU A([)

IIpenen sroro otHomenus npu Ao —> 0 HaswiBaeTcs kpueusnoii runuu 6 mouxe M:

K= lim ch: lim — .
Aoc—0 Ac—0 Ac

Puc. 8.10

Benuunna, oOpaTHast KpUBU3HE, Ha3bIBACTCS pao0Uycom Kpugusnsl aunuu 6 mouke M p = —.

K

Ecnu oTnoxuth P HU3 TOYKH M 1o riaaBHOM HOpMaJIK B CTOPOHY BOTHYTOCTH JIMHUH, [TOJTYyIUM

Touky C, KOTOpasi Ha3bIBACTCS YEHMPOM KPUBU3HDL.

Teneps MOXHO NMPUCTYNHTH K OIPEACICHUIO YCKOPEHUs TOUKH. ITycTh Touka M nBumxkeTcs 1o

HEKOTOPOH MPOCTPAHCTBEHHON IMHUH 1 uMeeT ckopocTh V' (puc.8.11).

M 0 Vv

[
L

\ 4

6

Puc. 8.11
[ToacraBuM BeIpakeHHE BEKTOpa cKopocTH (8.4) B popmyy (8.5):
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_dvV d d7,
W=—=— = +vV 0
dt  dt (V7o) T dt

O‘IGBI/II[HO, YCKOPCHUC COCTOUT U3 JABYX COCTABJIANOIIUX. HepBasI COCTaBJIAIOIIAd HaIllpaBJICHA

BJ10JIb KacaTEeJIbHOM T B CTOPOHY BO3pacTaHMsI KOOPJIAMHATHI S IIPU
dv _dS .

— ==2-§>0

dt dt

¥ B IIPOTHBOINONOXKHYIO cTopony npu S < 0. YToOs! onpeaenurs MOLylb U HAIPaBIEHUE BTOPOTO

dz

cjaraéMoro, paCcCMOTpuM IpPpOHU3BOAHYIO d— HOCKOJ’IBKY TO ABJIACTCA BEKTOPOM C ITOCTOAHHBIM
t

MOAYyJEM, TO €ro Npou3BOJHAA MO BPEMCHU MMPEACTABIIACT coOoi BCKTOp, HepHeHI[I/IKYHHpHHﬁ 'Z:O

Y PaBHBIN:

dt At—>0 At
IZie (- CAMHUYHBINA BEKTOP [IABHONH HOPMAIM K TPACKTOPHH TOYKH.

YuuTteiBas, 4To

A A A ' d7, Vv
lim =2 = lim as lim —q):d—sl{_i 0 —2 :§ﬁ0 =—Tp.
At—0 At At—0 At AS—-0 AS  dt Yo, d p yoj
TakuMm o0pa3oM, yCKOpEHUE TOUKU
2
W =—dV fo +V—ﬁ0.
dt 0

I/ITaI(, YCKOPCHUC TOYKH COCTOUT U3 ABYX COCTABJIAOIINX. O,Z[Ha COCTaBJIAOIIAA HAIIPpAaBJICHA 1O

KacaTeJbHOM K TPACKTOPUHU U HA3BIBACTCSH KACAMENbHBIM YCKOPERUEM. Ero MMpoeKNIHrA HA OChb T

dv d 23
T qt?2
t
Btopas cocrapnstomnias HanpaBiieHa MO TJIaBHONW HOPMajd B CTOPOHY BOTHYTOCTH TPaeKTOPHH,
HA3bIBACTCSI HOPMATIbHbIM YCKOPEHUeM, a €ro MOIYJb
2
Vv
Wp =—.
Yo,
IIpu ecTecTBeHHOM cnocode 3aJaHUsl ABHKEHHUS YCKOPEHNE TOYKH
HaX0IUM KaK BEKTOPHYIO CyMMY ABYX B3aMMHO
NepNeHIMKYJSAPHBIX BEKTOPOB KACATEJbLHOI0 M HOPMAJIbHOIO
YCKOpeHuil
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W =W, +Wp,.

Monyns yekopenus W = w/Wzg +an :

Yacmuvie cayuau:
- TOYKa JBUKETCA IO MPSMOI IMHUU C IEPEMEHHON CKOPOCTHIO.

ycxopeHue mo4Ku

2 2
WT:—dV;tO; Wi, :V—:V—:O; W =W_;
dt Yo, o0

TOYKA JIBUKETCS MO0 KPUBOM € MOCTOSHHOM MO BEIUYUHE CKOPOCTHIO.

VYckopenue Touku

dv V2
Wy =—=0; Wy =—=0; W =W,.
dt o,
B HepBOM cnyqae CKOpOCTL TOYKHU HM3MCHAJIACh TOJIBKO IIO BCIIMYMHEC, U €C y'CKOpeHI/IC paBHO
KacaTeJ'ILHOMy y'CKOpeHI/IIO. BO BTOpOM cnyqae CKOpOCTL TOYKHN MCHAJIACH IIO HaHpaBHeHI/IIO, Hu

YCKOpEHHE PaBHO HOPMAIbHOMY ycKOopeHHIo. [103TOMy KacarelibHOE yCKOpEHHE XapaKTepHU3yeT

HN3MCHCHHUEC CKOPOCTH 110 BEJIMYUHEC, 4 HOPMAJIbHOC - 11O HAITPABJICHUIO.

Ilpumep. S =t 2 _ 5t + 10 m. Onpenenuts yckopenue Touku npu t1=2c u 1 =3¢ (puc.8.12).

ds
CKOpOCTh TOYKH V=E=2t—5. Ipu ti1 =2¢  Vy= -Im/c Tlpu t2 =3¢ V,=lm/c.

CrnenoBarensHo, mpu {1 =2c CKOpPOCTHP TOYKHM HampaBieHa II0 KacaTellbHOH B CTOPOHY
OTpHILATENIbHBIX 3HAYCHUIT KPUBOJIMHEHHBIX KOOPAUHAT, a ipu { 2=3¢ - B CTOPOHY MOJIOKUTENBHBIX

3HAYEHUI KOOPJIUHAT.

M2\72

S .~
Wh
Mo nput, =3¢ Mo
Puc. 8.12
dv
Bennunna kacatenbHoro yckopenus toukn Wi = E=2 M/c (MOCTOSHHAs, HE 3aBHCHT OT

Bpemenn). Tak kax W, >0, Bexrop W Hanpasnen 1o kacarenbHON B CTOPOHY [OJNIOKHUTEIBHOTO

HaITpaBJICHHUA OCH T.
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HopmanbHoe yckopeHue:
vV VS
mpu t1=2c Wp =—==0,2w/c?; npu t=3c Wp =—=-=0,2 m/c?.
R R
Tak Kak COCTaBJIAIONIME PAaBHBI 1O MOMYIIO, TO YCKOPEHHsS TOYKH B 3aJaHHBIE MOMEHTHI

BpeMeHU OyyT paBHBI

Wy =Wy = W2 +W§ =2 wic.

[Ipu t 1=2¢ HaIpaBJIEHUE KacaTeJIbHOIO0 YCKOPEHUS MPOTUBOIOIOKHO CKOPOCTH, a IPU t =3¢
o0a BeKTOpa MMEIOT OJMHAaKOBOe HampasiieHue. CreoBareabHO, B MOMEHT t 1=2¢ nBmxenue

TOYKHU 3aMCAJICHHOC, B MOMCHT t 2=3c — YCKOPEHHOC.

Jlekus Ne6
IInan nexkuyuu

IIpocreiimme BuUAbI JABHKEHHMs TBepaoro rtenaa. llocTynarenbHoe IBHKEHHE TBEPIAOTO
Tena. TeopemMa O TpaeKTOpUAX, CKOPOCTSIX M YCKOPEHMSX TOYEK TBEpPAOro Tejna IIpH
NOCTYNaTeIbHOM JABM)KEHUU. BpalieHue Tesa BOKpYTI HENOJBUKHOW OCH. YPAaBHEHUS BpAIlCHHUS.
VYriioBas CKOpOCTh U yriioBoe yckopeHue tena. CKOpocTh U YCKOPEHMs TOYEK Tejla MPHU BpallleHun
BOKPYI' HENOJBMKHOM OCH. BEKTOpHBIE BBIpaXXEHHS CKOPOCTH, KacaTEJIbHOIO M HOPMaJIBHOTO

YCKOPCHUA TOYKH Bpalllaromierocs Teja.
Ocnoenas uacmsp JeKuyuu

Ilpocmeiimue 6uodvl 0suricenuss meepoo2o mena

K mpocreiliiuM ABMKEHUSM TBEPAOrO Tejla OTHOCATCS IMOCTYNATENbHOE [IBHXKEHHE U
BpallaTeibHOE.
Ilocmynamenvnoe osudicenue meepooco mena
[TocTynaTenbHBIM Haszvi6aemcs O08uUdCeHue meepoo2o mend, npu KOMOpoM N00as npamas,
npo6edeHHas 6 meie, OCMAemcs 60 6peMs OBUNCEHUS NAPALIENbHOU CB0eMY HAYATbHOMY
NONOAHCEHUIO.

HYCTB TBEPAOC TCJIO JABHIKCTCA MOCTYHNATCIbHO OTHOCHUTCIBHO HGHOHBI/I}KHOI\/'I CHUCTEMBbI

koopzuHaT OX1y121. CBSDKEM JKECTKO € TEIOM MOJBIDKHYIO CHCTeMy KoopauHat Axyz. ITycts Fp -
paznyc-sexktop Toukn A, Tg - paanyc-Bekrop Touku B, a p - paguyc-BekTop, onpenenstommii

nojoxeHue Touku B B moaBmkHOl cucTeme koopauuat (puc.9.1).
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Tak kak paccMaTpuBaeMoe TeJo aOCOJIOTHO TBEPAOE W OHO JIBHKETCS TOCTYHATeIbHO, TO

5 = const. U3 pucynka cieayer
fg=Ta+p (9.1)
[Tycts B MoMeHT BpeMeHu [ Teno 3anumaio nosoxxenue I, a B MOMEHT (t + At) - MOJIOXKEHHUE

II. Torma Afp Gyxer BEKTOPOM HEpeMEIICHHUs TOUKH A a AFR - BEKTOPOM IEPEeMEIICHUS TOUKH

B 3a npomexyrox  Bpemenu Al.

Iockoneky P =CONSt , to orpesku AgBgy n AB pasubl n mapamiensHsl u, Ce0BaTENbHO,
durypa AgBgBA - napannenorpamm. Takum o6pazom, Afp = Al .
U3 paBenctsa (9. 1.) ¥ ycloBHs IIOCTOSHCTBA BEKTOPA P CIELYET, 4TO

TPA€KTOPUH BCEX TOYECK Te€Jja, ABHKYHICIoCd IMOCTYNaTe/JIbHO,

OMHAKOBBLI.

Bo —~

X1

Puc. 9.1

3aMeTUM, 4YTO TPAEKTOPHUSIMH TIOCTYMATEIbHO JBIDKYIIETOCSd Tela MOTYT OBITh CaMble
pa3HoOOpa3Hbie KpuBble. Hampumep, Ky30B aBTOMOOWIS Ha MPSMOJIMHEHHOM TOPHU30HTAIHLHOM

y4acTKe JOPOTH JBHKETCS MOCTYMATENbHO. IIpH 3TOM TpPAaeKTOPHH €ro TO4eK OymyT MpsAMble
muann. A cnapuuk AB (puc. 9.2) npn spamennn OA u OB (OA: OlB) TaKKe JIBUKETCS

MMOCTYNaTCJIbHO (J'IIO68.$I MNpOBCACHHAad B HCM IIpsAMasg OCTACTCA HapaHHCHLHOﬁ €C HavaJIbHOMY
HOJ'IO)KCHI/IIO). Touku xe CIIapHHUKa [JOBUXKYTCA IIPU OTOM TII0 OKPYKHOCTAM OTHOCHUTCIIBHO

HEMOABIKHOM CUCTEMBI OTCUETA.
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O,

Puc. 9.2

Tak Kak jBe MPOW3BOJBbHBIE TOUKHM Teia 3a Bpems Al umeror reomerpuuecku paBHBIE
nepeMeLIeHus, TO
IPM NOCTYNATEIbHOM [BM:KEHMH BCe TOYKH TeJla HMEKT B

JAHHbIH MOMEHT BpeMeHH PaBHbIe CKOPOCTH M YCKOPEHHs

Va=Vg, Wp=Wg.
HOSTOMy IJIL U3YYCHUS IMOCTYIATCIIBHOIO JABUKCHHA TBEPAOTO TEJIa AOCTATOYHO HU3YYUYUTH

JBMKEHHE OfHOHN (IH000it) ero Touku (Hampumep nentpa Tsxectd C). B cOOTBETCTBHM ¢ 3THM

ypaBHEHUS
Xe =xc(1);
Ye = Ye(t);
Ze =2¢(1)

6YI[YT XapaKTCPU30BaTh HEC TOJIBKO ABUKCHUEC TOUKHU C , HO U IBMKCHHUE TCJIa B IICJIOM.

Bpawamenvnoe osuscenue meepoozo mena
Bpawamenvnvim Ha3pIBaeTCsl IBUKEHHUE TBEPAOTO TEa, IPU KOTOPOM BO BCE BPEMS JBHKEHUS
OCTAIOTCS HENMOJABWKHBIMU BCE €r0 TOYKH, PACIIOJIOKEHHBIE HA HEKOTOPOW IPSMOW, Ha3bIBAEMOU
ocbhl0 BpameHusi. Kakgas Touka BpalllaloOIIETOCsl Tejla, KpOME TOYEK, PACHOJIOKEHHBIX Ha OCH
BpaluCcHus, IBUKETCA 11O OKPYXKXHOCTH, nemameﬁ B IIJIOCKOCTH, nepneHmeyns{pHofI OCH BpalllCHUsA
Y UMEIOIEH LIEHTP Ha OCH.
[TonokeHre BpamIAIOMIETOCS Tela MOXET OBITh OMPENEIICHO B3ATHIM C COOTBETCTBYIOIIUM

3HAKOM YIJIOM (0 MECXAY ABYM: IOJIYIUIOCKOCTAMM, IIPOXOIAIMUMU Y€PE3 OCh BpaIlCHUA, OJHA U3

KoTopbIX | - HemoaBwkHa, Apyras II, xecTko cBszana ¢ Tesnom (puc. 9.3). Jlns onpenenenus 3Haka

(p COBMCHIAIOT C OCBIO BpAIICHMS KOOPAMHATHYIO OCh AZ M CYUTAIOT, UTO > 0, €ClIn JIsd
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Ha6J'IIOI[aT€J'ISI, CMOTPAILICTO C ITOJOXHUTCIBHOI'O KOHIIAa OCH A; Yyrojl (¢ BUACH OTJIOKCHHBIM OT

HEMOABUKHOM MOTYIIOCKOCTH ITPOTUB YACOBOM CTPEIIKH.
JIBWKeHHE, BpAIIaloMIerocss BOKPYT HEIMOIBMIXKHONH OCH Tena B JII000H MOMEHT BpeMmeHu [

OmpeaAcCIsICTCA YPABHCHUCM

o=o(t)
KOTOPOE HAa3bIBAeTCsl YpaBHCHHMEM BpAIICHUs. YToJ [OBOPOTa H3MEPSETCsl B pajJHaHax:
1pao=57°17'44". yi A
S~
[naBHBIMH KHHEMaTHYECKUMH N ~
~ ~
XapaKTepUCTHKAMH BPAIATEIbHOIO JIBHIKCHUS \\’VB
SBISIFOTCSL  YIJIOBask CKOPOCTH W YIIIOBOE
% AN\
YCKOpEHHE. /)
N I
ITycTh 3a HEKOTOPBI HPOMEKYTOK BPEMEHH
At =t —11 yron ¢ u3MeHHTCS Ha BEIUYUHY 7 o
/] -
A@p =@y —@1. Cpeonas yenosas ckopocmo ? €
i 7 N/
Telna 3a JAaHHBI IPO-MEXKYTOK BpPEMCHH % k
/]
4 1 A
®cp = ——. Ipenen, Kk KOTOPoMy CTpeMHTCS
p t ~|
[~~~
¢y TpH At, crpemsamemes k  Hymmo, A
Ha3bIBACTCS  YIJIOBOM CKOPOCTBIO Tena B Puc. 9.3
JaHHBIA MOMeHT BpemeHum t, wim mpocro
V2N0801L CKOPOCHIBIO.
Ap _de

W= i _—= =
AItITOAt dt

3HaK yIJIOBOM CKOpoCTH ompejenserca 3HakoM npupamienus A@, ecou Ap >0, 0o >0, u

Hao000pOT.

ITockonbky yron ¢ usMepsieTcs B pajMaHax, a BpeMsl B CEKyHJaX, TO €IUHMIIA U3MEpPEHHS
YTJIOBOM CKOPOCTH pajiiad B CEKyHAY (paj/c).
B Texmmuyeckux pacu€Tax 4Yacto BMECTO erTOBOﬁ CKOPOCTH MOJIB3YIOTCA ITOHATUEM YHCIIA
2m 7

000poToB B MUHYTY N . 3aBUcHMOCTh MeXAy O u N ompenensercs GopMynon M = ——

60 30
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ITycTh 3a HeKOTOpEHIH TpoMexyTok Bpemenn At =1y —1t; yrnoBas ckopocTs n3meHmnach Ha

A®

BenmnunHy AWM =09 — ®1. Bennunna Ecp = A_ HA3BIBACTCSI CPEOHUM V2TIOBbIM YCKOPEHUEM 32

npomexyrok Bpemenu Al . TIpenen, Kk KOTOpoMy CTpeMUTCS €cp TPHU At, crpemsimemes K HyITO,
Ha3bIBACTCA yenoebim YCKopeHuem B I[aHHBIﬁ MOMCHT BpPCMCHU t, WM TOpPOCTO YIJIOBBIM
2
Ao do d¢
At—>0 At dt  gt?

paauan Ha cekyHy B kajapare. Ecnu A > 0,10 € >0, ecmu Aw <0, 1o € <0. B Tom ciyuae,

YCKOPEHHUEM. € =@ . Enununa wu3MepeHus yrioBOrO YCKOPEHHUS

Il
§.

KOTJIa 3HAKM YIJIOBOM CKOPOCTM (D) M YIJIOBOTO yckopenuss € cosmagaror (@ ¢ >0),
BpallaTe]bHOE [BUKEHHE SBISETCS YCKOPEHHBIM, a Korja mpoTuBononoxubel (@ ¢ <0) -

3aMeIJICHHBIM.

Bexmopom yenoeoui ckopocmu TBEpPAOIO Tela, COBEPIIAOIIETO BPAlIEHUE BOKPYT HEMOABUKHOM
ocu, OyaeM Ha3bpIBaTh BEKTOp, PaBHBIM IPOW3BOJHOW yIiia TMOBOPOTa Tella IO BPEMEHU U
HaIlpaBJIEHHBIN BJIOJb OCH BpAIEHUS B Ty CTOPOHY, OTKyAa BpalICHHUE BUIHO IPOUCXOISIIUM

IMIPOTHB X044 4acoBOM CTPCIIKH

Bexmopom y2noeozo yckopenus 6ynem Ha3blBaTh BEKTOpP, paBHbIN MPOU3BOJHON MO BPEMEHU OT

BCKTOpA YFHOBOﬁ CKOpPOCTH

3 q)OpMyJ'H)I BUJHO, 9YTO BEKTOP g PACIIOJIOKECH KaK U BEKTOP (T) Ha OCH BpaliCHUs. Bennuunasr

— —

U € TPEICTaBISAIOT MPOEKIMU BEKTOPOB YIVIOBOM CKOPOCTH () M YIJIOBOTO YCKOPEHHMs € Ha OCh

Oz.
Ckopocmu U YyCKOpeHUA moUyeKk epaujarouiecocs meuna
Kak yxe paHblle oTMeuanoch, TpaeKTOpHUen 000N TOUYKU M Bpalaronerocsi Tena (Kpome

TOYCK, PACIIOJIOKCHHBIX Ha OCHU BpaH_[eHI/IH) ABJICTCA AyTra OKPYKHOCTH, JICKallad B IJNIOCKOCTH,

HCpHCHI[HKy.]'IﬂpHOﬁ OCH BpalllCHUA. Pa,Z[I/ch 3TOM OKPY’KHOCTU paBCH PACCTOAHHUIO TOYKU JO OCHU

spamernss Q)M =R (puc. 9.4)
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Eciu oTCUMTHIBATH AYroBylo KoopauHaty S Touku M 0T ee HauanpbHOro MONIOMkKEHUS Mg B
HaNpaBJIEHUK BO3PACTAaHKs yIila (0, TO 3aKOH aBmkeHus Toukn M mo myre okpyxkHocTH pamuyca
R Gyner umers Bun

S(t)=R-plt).

B aToM ciiyuae mpoekims BEKTOpa CKOPOCTH Ha KacaTelIbHYIO ONpenessieTcs 1o (Gopmylie

y_3s _d

= E = a (Rp)=R (jj_f = Rg; V = R 7. Benmuunna ckopoctn To4uku V onpeensiercs mo

popmyne V = oR.

Haiizem kacaTenbHOe, HOpMajlibHOE M abcomoTHoe yckopenus Toukn M . Kak msectnHo u3

KHMHEMATUKH, TOYKHU

2
w, =Y _rI? iR W, =R
dt dt2
2
Wn:\%:R(pzszz; Wi, = @2 Ri;
W =W, +W, .

KacarenanHoe YCKOPCHHUEC HAIIPABJICHO I10 KacaTellbHOM K TPACKTOPUHU B CTOPOHY BCKTOpa

—

CKOpPOCTH V , CCJIIM HAOBUXXCHUC YCKOPCHHOC, MW B IIPOTUBOIOJIOKHYIK, C€CIM 3aMCIJICHHOC.
HOpMaJ'ILHOC YCKOPCHUC HAIIPABJICHO I10 paguyCy OKPYKHOCTHU K OCHU BPAILICHH.

Mosyns abcomtotHoro yekopenus Toukn M Oyzer pasen
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W =W2 +W2 =R + £2R?:
W =Rvo? + 82.
Bexmopnble bipadicenus cKOpoCcmu U YCKOPeHus modex meia npu epaujenuu 60Kpye

HEenooBUNCHOU OCU

—

Jlokaxem, uto ckopocts V mro6oit Touku M (puc.9.5) MOKHO IIpeIcTaBUTh KaK BEKTOPHOE

IIPOU3BE/ICHUE

—

V=oxT. 9.2

Monyns BekTOpHOTO mpousBedeHus pasen V =orSino, a rsino=R u V =oR.

—

Hanpasnenue ckopoctu V coBmagaeT ¢ HampapjeHHEM BEKTOPHOIO IIPoU3BedeHHS O X T (cMm.

puc.9.5).

Puc. 9.5

- dr ar .

Tak xak V = pm 1 BekTOop I M3MEHsEeTCs CO BpEMEHEM TOJNIBKO 10 HANPABJIEHHIO, TO — = M X T

HYCTB ocwk Oz B cucreme OxyZ COBIIAAaCT C OChIO BpalICHUSA, TOTAa UMECM

Wy

g

i
V=axF=|0
X

< O =i

z

win Vy =—0,Y, VyZ(DZX, V, =0.
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[TocneqHue paBeHCTBA JAKOT MPOEKIMU BEKTOpa cKOpocTd Toukn M (X, Y, Z) BpaIaromnerocs
TBEPJIOTO TeJla Ha BEIOPaHHBIE OCU KOOPJIMHAT.

Bripaxenue st abconrotaoro yckopenus W MoxHO monyunts, auddepeHuupys paBeHCTBO

(9.2):

W :d—vzi(cﬁxf):d—wxf+6xd—r.
dt dt dt dt
Tak, kak
d_(D:g’ d_r:\7,
dt dt
TO

—

W=Exr+oxV.
BeKTOp § X f HaHpaBHeH I10 KaCﬁTeJ’IbHOﬁ K TpaeKTOpI/II/I TOYKHN H 6YI[CT COBIIagaThb II0

HAIIPaBJIEHUIO ¢ BEKTOPOM CKOPOCTH, €CIIHM BEKTOPHI (O M € COHANpPAaBIEHBI, U MPOTUBONOIOKEH

—

V , €CJIN é u (T) HallpaBJICHBI B IIPOTHBOIIOJOXHBIC CTOPOHEI. Ota COCTaBJIAOIIAA YCKOPCHUS

—

Ha3bIBACTCA BCKTOPOM KaCAaTCJIbHOI'O0 YCKOPCHH:, T.C. Wz- = :C: X I . BenuuuHa 3TOTO YCKOPCHUA

paBHa

BekropHoe mnpoussenenre O XV mpencrasnser coGoil BEKTOP, PACMOIOKEHHBIH B TLIOCKOCTH,
NEePIEHANKYIISPHOM OCH BpallleHHs U HanpasieHHsIH 110 paguycy R or toukn Mk touke Oy,

T.e. 10  HOpMalH K  TpaekTopuu.  BenuumHa  3TOro  yCKOpEHHMs  paBHa

; 0 2 v —~ \7
Whp =0V sin90~” =oV =0“R. Bekrop Wp =0 xV kak no BemuumHe, Tak Hu 110
HaNpaBIEHUIO BBIPAXKAET c000M HOpManbHOEe yckopenwe. YuurtwiBag, uro W, LW, ., monyns
abcomoTHoro yckopenus Touku M 6yzer

W =W2 +W2 =RVo®* +&2

Hanpasnenne W onpenensercs yriom 3

W, e T
tgp = =—, 0<p<—.
o W P 2
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Jlekuus Ne7
IInan nexkuyuu

IlnockonapajuiesbHOe IBH:KEHHE TBepaoro teaa. OnpeneneHue II0CKONAPAIIEIbHOTO
JBYDKEHUS TBEpAOro Tena. [IBHKeHHE IUIOCKOM (UIyphbl €€ IUIOCKOCTH. PasnojkeHue ABHIKEHMS
IUIOCKOW (Urypbl Ha IOCTYNAaTEeIbHOE BMECTE C IOJIIOCOM M BpalllaTeIbHOE BOKPYI IOJHOCA.
YpaBHEHUS JBMXKEHUS TUIOCKOW Gurypsl. Teopema 0 CKOPOCTH TOYEK IUIOCKOW ¢urypsl. CBOHCTBa
CKOpOCTEH TOYEK IMIOCKOH (PUTYPHI, JIeKAINX HA OAHON MpsAMOil. MTHOBEHHBIN LIEHTP CKOPOCTEH.
CriocoObl  ompenieneHusi IMOJIOKEHUs MTHOBEHHOIO IIEHTpa CKOPOCTEH IUIOCKOW  (UIypBHI.

Omnpenenenne CKOPOCTE TOUEK MIOCKON (PUTyphl ¢ TOMOIIbIO MTHOBEHHOTO LIEHTPA CKOPOCTEH.

Ocnoenas uacmsp JeKyuu

1IJIOCKOIIAPAJIJIEJIBHOE JIBHKEHUE TBEPJ[OI'O TEJIA

YPGSHeHMﬂ nijockonapaulieilbHo2co osudxdCeHUs

Cpenu pa3HOOOpa3HBIX JBIKEHUU TBEPJIOTO Tella OAHUM K3 CaMbIM PAacHpOCTPAaHEHHBIM B
TCXHUKC ABJIACTCA ABWIKCHHE, IIPH KOTOPOM BCC TOYKH TECjIa HNCPEMCIIAIOTCA B IINIOCKOCTAX,
napauieTbHBIX HEKOTOPOU HEMOJBMXKHOM (pealbHOM WM BOoOoOpaskaeMoii) miiockocTu. Takol BuJ
JBUKEHUSI B MEXAHUKE HA3BIBACTCS NIOCKONAPANNENbHbIM, UTN nAockum. IIpocTedmmm npuMepom
ABJIACTCA TMECPEMCHICHUC KHUIM II0 HOBCPXHOCTHU CTOJIA: BCE€ TOYKH TEJIa (KHI/IFI/I) JABUXYTCA
napajuieJIbHO HEKOTOPO HEMOIBMKHOM TIOCKOCTH (KPBIIIKE CTOJIA).

[IpoananuzupyeM NpoHU3BOIBHOE IJIOCKOMAPAILIEIbHOE JBUKEHHE TBEPAOTO TeJa, ONpPEACIIUM
€ro OCOOEHHOCTH M YCTAaHOBHM OCHOBHBIE pacueTHble ¢Gopmynbl. [lycTh Bce Touku Tena

MEePEMEIIAIOTCS B IIIOCKOCTSX, MapauieNbHBIX TiockocTu OXY (puc. 10.1,a).

o B
Z‘ Z“
Il
/O )/V /O
X X
A1 Bl Cl

Puc. 10.1
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Torza, COrIacHO ONpENEIEHHIO, PAcCTOsAHMA OT Tmpou3BombHEIX Touek Tenma A, B,C o
IJIOCKOCTH Oxy OCTaroTCs BO BCE BpeMs JBUKEHUS
nemsmennsivi: AAq = const, BB = const, CCq =const. Oto rosopur o Tom, 4TO mpsiMbIe
AA1,BB,CCq mBmxyrcs mocTymarenbHO, M TOYKH TEld, PACIONOKCHHBIE HA OJHOM
nepneHauKymipe k miockoctu Oxy (toukn Bq,Bo,Bg), Oymyr omuceiBate omunakoBbie

TPACKTOPUHU, HMETH OAMHAKOBBIC CKOPOCTH MU YCKOPCHHA. CJ'IG,I[OB&TCJIBHO, 3aaa4y M3YUCHUA

ABYKCHUSA TCJla B TPEXMCPHOM IMPOCTPAHCTBE MOXHO 3aMCHUTH 3aL[aqu71 HCCICOO0BaHUs OBHUXCHUA

mIocKol (Gurypsl S, TomydeHHOH B pe3ynbTaTe cedenus Tena miockocTeio L1 || OXy, B ee

wiockoctd 11 (puc. 10.1,6). ITlo M3BECTHOMY ABMIKEHHIO 3TOM (DUIYpbI MOXKHO OYIET CYIUTH O
JBIDKCHUU TBEPAOro Tesna B IenoM. Jlasee mosokeHHe IUIOCKOM (GUrypbl B €€ IJIOCKOCTH
OIIpEeIeTISIETCS TOJIOXKEHHEM JBYX JIFOOBIX €€ TOYEK WM MPSIMOM, MpHUHAIUIeKAIel 3Toi ¢urype.

[ToaToMy MONOXKEHHE TUIOCKON (UTYpBl OTHOCUTENIBHO OMOPHOM cUCTeMbl KoopauHaT OXy

OJITHO3HAYHO OIIPCACIACTCA 3aJaHUCM TPEX BCIIMYUH KOOPpAUHAT XA, yA TOYKH A U yria @ (pI/IC

10.1,8). CnenoBaTenbHO, (PyHKIMOHAIBHBIE 3aBUCUMOCTH

Xpa=Xalt) ya=yal) o=0lt)
SIBJIIAOTCHA ypaBHeHI/IﬁMI/I HHOCKOHapaJIHeJII)HOFO JOBUXXCHUA TBepIIOFO TCJIA. TaK KaKk 4YUucCII0
yYpaBHEHHIA TPH, TO B O0OIIEM CiIydae TeJI0 UMEET TPU CTETeHU CBOOOIBI. B UacTHBIX ciydasx Telo,

Y4aCTBYIOIIEC B INIOCKOIAPATIIICIIbHOM ABUKCHUN, MOKET UMETH IBC UJIN OJHY CTCIICHU CBO6OI[LI.

Pacnpeodenenue ckopocmeti npu niockonapanienbHom 08UNCEHUU

Hycte Fp © g  PaaryChl-BEKTOPbI MPOM3BOJIBHBIX TOYEK IUIOCKOH (UIypbI Au B,

npoBesieHHble U3 Hekoroporo uentpa O. U3 puc. 10.2, a cuenyer, uto g =TFp +Tga-

dr f
—A + m . 31echb
dt dt

[TponuddeperurpoBaB 3T0 paBEHCTBO BO BPEMEHH, 3alHILEM dFB / dt =

;B =\75 - cKopocTh Touku B, I’;A :\7A - ckopocTh Toukn A u '_}BA :VBA- [TockomnbKy
‘FBA‘ =const, To '_}BA = (Y)A X FBA'

BexTop VBA HA3BIBAETCS BPaLIaTeIbHON CKOPOCThIO Toukd B Bokpyr Touku A, koTopyro 6yaem
CUMTATh MOJIOCOM, a (DA - YIVOBAas CKOPOCTH 3TOrO BpAIIATENBHOTO ABWXKCHHS. B cuiy

ONMpCACIICHUA TINIOCKOIIApaJIJICJIbBHOI'O ABHUIKCHUSA BCKTOPLI VB ,VA n VBA JIC)KAT B ITIJIOCKOCTHU

JBIDKYIIEHCS IUIOCKOH GUIYypsl, a () p MEpHeHIUKYISIPEH 9TOH IUIOCKOCTH. Bbibepem Tpu
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npou3BoNbHbIe Touku mnockoii ¢urypsl A, B u C (puc. 10.2,6). B cuiy momy4eHHOro BBILIE

BekTOpHOTO paBeHcTBa uMeeM Vo =V p + @ po X TCp . AHAIOTMYHO, NPUHSB 3a MOJIOC TOUKy B,

mimem Vo =Vg +og xTeg wm Vg =V +®p X Tga + ®p X Fog. Yuntsisas, uto
lcA =Tga +TCB ¥ BbluMTas M3  HPEANOCICAHETO DABCHCTBA  IOCHCAHEE, HMEEM
(®p —®p)xTog =0. OueBuHO, YTO YPABHEHHIO Y/IOBICTBOPSET TONBKO YCIIOBHE M A = DR -
[locIe10BaTENBHO MPUCOEINHSAS K TPEM PACCMATPUBAEMBIM TOUKAM APYTHE, IOLYYHM, 4TO 3TO

YCIOBHE PAacHpOCTPAHSETCS Ha JIFOObIC TOYKH IUIOCKOH (GUrypel Mp =0 =0OC =...=0.

CrnenoBaTenbHO, M SABIAETCS YIIOBOM CKOPOCTBIO IIOCKOM (DUTYPBL.

Puc. 10.2
Uraxk, ghopmyna pacnpedenenus ckopocmeii TOYEK TBEPJOTO TeJa JUI TOUEK IIIOCKOU (PUTYpHI Au

B UMECT BU

_

\75 =\7A +\78A =\7A + o x AB (10.1)

_—

Bpawamenvnas ckopocmes mouxku B BOKpyr nosoca nepnenaukyisipaa AB u ee
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moxyis paser Vgp = @AB . Ha puc. 10.2, B, I moka3saHo Kak, 3Hasi CKOPOCTb TOUKH A H yrioByio

CKOPOCTbh (D, MO3KHO HaliTH CKOpOCTh ToukK B .

CxopocTh JTF000M TOYKH TUIOCKOW (DUTYphl paBHA BEKTOPHOW CyMMeE
CKOPOCTH TIOJIFOCa U CKOPOCTH HCCIIETyeMON TOYKH MPHU BpallleHUU
GUrypsel BOKPYT OCH, NEPHEHAWKYISIPHOH IUIOCKOCTH (QUTYpHI H

IIPOXOSIIEH Yepes MOIIOC.

TakuM 00pazoM, IUIOCKONApaIEIbHOE JIBUKEHHE MOYKHO paccMaTpUBaTh KaK HAJOKEHUE IBYX
JBYD)KEHUH: TIOCTYNATENbHOTO, 3aBUCSIIETO OT BHIOOpA MOIIOCA, M BPAIIaTEIbHOTO, B KOTOPOM YroOJl
U HampasJieHHE IOBOPOTa OT BbIOOpA MOJIOCA HE 3aBUCHT.
CBolicTBa CKOPOCTEH TOUEK IITOCKOW (PUTYPBI, JIKAIIMX HA OJHOU MPSIMOM:

- IPOEKLHUU CKOpOCTEH JBYX TOYEK TBEPAOrO Teja Ha OCb, IPOXOSIIYI0 YE€pe3 ATH TOYKH,
paBHBI MeXay coboii (puc. 10.3,a);

- KOHI[bI BEKTOPOB CKOpPOCTEH MPSMOIIMHEHHOTO OTPEe3Ka PAaCIOIOKEeHbl Ha OJHOW MpsIMOU (pHC.
10.3,6);

- €CIIM U3BECTHA CKOPOCTb OJAHOW TOYKM IUIOCKOM (PUIYypbl, TO MOKHO IOCTPOUTH rojporpad
BO3MOXKHBIX CKOpocTed apyroii Touku (puc.10,B), KOTOpbI€ TOJE3HBI [JIi HU3y4YEHUs

IIOCKOIIApaJJICJIbHOI'O ABUKCHUS.

Puc. 10.3

Menoeennviu yenmp ckopocmet
3HAUUTELHOTO VYIPOIIEHUST B TMOHMMAaHUM KapTUHBI PACIPEEICHUs CKOPOCTEeH IpH

IJIOCKOIIapaJlJICIbBHOM ABUXKCHUH TBEPAOIro TEJIa MOXHO IIOJYYUTH, C€CJIM B KAYCCTBC IIOJIFOCA

BbIOpaTh TOUKY, CKOPOCTh KOTOPOM B JAHHBII MOMEHT BPEMEHHU PaBHA HYIIIO.
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Menosenuvim yenmpom ckopocmeti (MIC) Ha3piBaeTCs ABMXKYIIAACS TOYKA, MPOXOJAas B
KaX/Iblii MOMEHT BPEMEHH uepe3 TOUKY Teja (IUIOCKOH (pUrypsl), CKOpOCTh KOTOPOM B 3TOT MOMEHT

paBHa HYJIIO.

Teopema. BO BCSKOM HENOCTYNATEIbHOM JIBUKEHUHM IUIOCKOMN
burypsl B €€ IJIOCKOCTH B KaXJbIi MOMEHT CYIIECTBYET TOYKAa,
CKOPOCTh KOTOPOH B 3TOT MOMEHT OOpaImiaercs B HyJlIb U 3Ta TOYKA

OyzleT eIMHCTBEHHOM.

Jloxazamenvcmeo. IlycTh B HEKOTOPBI MOMEHT BpEMEHH () - YIJIOBas CKOPOCTb ILIOCKOM
burypsi, a \7A - CKOpPOCTb €€ TOYKHU, KOTOPYIO cuuTaeM u3BecTHOH (puc. 10.4, a).

BBINOJIHEM TE€OMETPHYECKOE TToCTpoeHue: u3 Toukn A mposenem mpsamyto AL B Hanpasienue
BEKTOpa \7A M TOBEpHeM ee Ha yron 77/2 B cTOpoHy BpauleHus Iiockoil ¢uryps. Ha

nomysenHoMm syde orinokum orpesok ACy =Vp/o. s toukn Cy Gymem umers
\70\/ =\7A +\7CV A Bekrop \7CV A HalpasJIeH POTUBOIOJIOKHO \7A. Ero monyns paseH
VCVA =o- ACy . CnenosarensHo, VCVA =—\Vp u VCV =Vp —Va =0, e touxa Cy

ABJIACTCA M]_[C COBepI_HeHHO O4YCBHUAHO, 4YTO 3Ta TOYKa CIWMHCTBCHHAA. I[eﬁCTBHTCHLHO, €Cli,

Hanpumep, Touka C Takke MIHOBEHHBI LIEHTpP CKOPOCTEH, TO MPUHSB €€ 3a IMOIIOC, MOTyYHM

ckopocts  toukn  Cy \70\/ =Vc +®xCCy =®xCCy #0, uro mporusopednt

JOKAa3aHHOMY BBIIIC.

a § B

Puc. 10.4

Tenepy, mpunumas 3a nomoc MIIC, Oygem wuMerh A JIOOBIX TOYEK IUIOCKOW (UTYpPHI

V =0xT. Orciona creayer, u4ro pachpejeleHHe CKOpOCTell Touek Tela  MpH
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IJIOCKONAapaJUIEIbBHOM JIBMDKEHUHM B KaXIbli MOMEHT TOYHO TaKO€ K€, KaK U MPU BpaIaTEIbHOM
JBUKEHUM. POib HENMOABMKHOM OCH MrpaeT mpsiMas, MPOXOAAIIAas 4Yepe3 MIHOBEHHBIM IIEHTp
CKOPOCTEM NEPHNEHAUKYIIPHO IJIOCKOCTU IBW)KEHMS, KOTOpas Ha3bIBACTCS MEHOBEHHOU OCbIO
spawenuss mena (puc. 10.4, 6). Ipyrumu ciioBamMH, B KaXIbIi MOMEHT BpPEMEHHU JBH)XCHHE
IpeJICTaBiIsieT coO0M BpalleHne BOKPYT MIHOBEHHOI ocu. Takum o0pa3zoM, CKOPOCTh JIF000M TOUKU
IUIOCKOW (UTYpBI MEPIEHANKYIIpHA paJnycy-BEKTOpY, coenuHstomeMy 3Ty Touky ¢ MLC, u

HanpaBneH,H B CTOPOHY BpaieHus: Gurypsl. MOXHO moKasatb, 4to pamumyc-Bektop Toukun Cy/,

npoBeeHHbIH u3 nomoca A, onpenensercs no popmyne I AG, = ® ><\7A / (02 (puc. 10.4,B).

Pasnuynbie criocoObl OnpeACIICHUA IMOJIOXKCHNA MIHOBCHHOI'O LICHTPA CKOpOCTeﬁ IIOKAa3aHbI B

Tadi. 1.

Tabauua 1

N3BecTHBIE TapamMeTphl Cnoco0s1 HaxoxaeHust MLIC Pacuernas popmyna

Bennunna, 1 Hampasiie-HHE Q

5 p \\L (—\ // L
cKopocTell KakoH — 100 [ N %
TOYKH IUJIOCKOH (QUTyphl U V

yriioBast CKOpOCTb

BenmnunHa u HamnpasiieHHE

CKOPOCTH OJHOM TOYKH H

JMHANA BEKTOpa CKOPOCTH

Va

IpPYro  TOYKHM  IUIOCKOU JInHna BekTOpa

Vg
—=~gKopocrT. 2/

\7(*:? Cv

burypsl

S

Va V3
ACy BGy
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[Tponomxkenne Tad. 1

W3BecTHbIE MapamMeTphl

Cnoco0s! HaxoxaeHuss MIL[C

Pacuernas popmyna

|
VIMHMA BeKTopa \/
| P VB

—— 4 —CKOPOCHY—>
S | I B

VA ZVB, o=0

Benmnmuunaer u HaITpaBJICHUIA

CKOpoOCTEn TOYEK

JBYX
burypsl,

PacCIIOJIOKCHBI Ha HpHMOﬁ,

IJIOCKOU TOYKH

MIEePIEeHIUKYIAPHOM

CKOPOCTSIM

CKOPOCTH  HaIIpaBJICHbBI B

OOHY CTOPOHY U HECPABHLI

CKOpOCTH  HAIIpaBJICHBI B

OJIHY CTOPOHY U paBHBI

CKOpPOCTH  HAIIPaBJICHBI B

Pa3HbIC CTOPO-HBI

= =0
AC, BC,
Va-V
oo JATVB
AB
o=0
Va _ Ve __
ACy BCy
_VA+VB
AB

66



Oxonuanue Tadim. 1

N3BecTHBIE MapamMeTphl Crnoco6s1 Haxoxenus MIIC Pacuernas popmymna

[Tnockas ¢urypa xaTurt-cs

oe3 IMPpOCKAJIb3bIBAHUA 110

HeHO,I[BI/I}I(HOﬁ IOBCPXHOCTHU

I'eomerpuueckoe mMecTo mocienaoBarelbHbIX MojokeHnid MIIC OTHOCHTENBHO HENOABUKHOM
CHUCTEMBbl KOOPJIMHAT HA3BIBACTCS HENOOBUICHOU YEHMPOUOOU, a OTHOCUTEIBHO CHCTEMBI
KOOPJIMHAT, JKECTKO CBS3aHHOM C TEIIOM, - NOOBUMCHOU YeHmpoudou. MOXHO MOoKa3aTk, 4TO MPHU

JABHKCHHHU TCJIa IIOABHIKHASA HCHTPpOHUAA KATUTCA 110 HEMNOJABMXKHOM 0€3 CKOJIbKEHHS.

Jlekms Ne8
IInan nexkuyuu

IInockonapauienbHOe JBHM:KeHHe TBepaoro Ttena OmnpeneleHne yCKOPEHUH TOYeK
wiockoi ¢urypsl. Teopema 00 YyCKOpEHMHM TOY€K IIOCKOH (UIypbl. AHaJIMTUYECKHH CIIOCOO
ompesieNieHus] YCKOPEHUI TOoYeK IUIOCKOM (urypsl. MrHOBEHHBIN IIeHTp yckopeHuil. CrocoObl
OIpPENICIEHUs] MIHOBEHHOI'O LIEHTpa YCKOpeHHH. OIpelesieHue YCKOPEHUS TOUYEK C IOMOIIbI0

MTHOBEHHOTO LIEHTpa YCKOPEHUM.
Ocnognasn uacmo nexyuu

Pacnpeoenenue yckopenuil npu niockonapanieibHom O08UNCeHUU

Jns ompeneneHus: YCKOPEHMsI MPOM3BOJIBHOM TOYKHM IUIOCKOM (UIyphl BOCIOJIB3yeMcCs

TIONTy4EeHHBIM BbIlle BhpaskenueM ckopoctd Toukn B Vg =V a + @ X Fga u naiizem yckopenue

TOYKHU B KakK IMPOU3BOAHYIO IO BPECMCHU OT CKOPOCTH VB

_ dVg dv dr 0
Wig =98 _Na 5. Oea 0O b
dt  dt dt  dt
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BBO,Z[?I 0603H3‘I€HI/I$I, IMMOCJIICAHEC PABCHCTBO MOXKHO IICPEITUCATDH TaK:
AT _\AJ A7 Bp A7 OC

e W A= d\7A / dt - yckopenue nomoca,

BA = E X Igp = € X I'gp - BpalaTenbHOE YCKOPEHUE TOUKH )
Vvoc_- dFBA_~ \7 = (~ - )
BA =X dt =X BA =MX\OX rBA - OceCTpeMI/ITeJ'IBHoe (I/IJ‘II/I

LIEHTPOCTPEMUTENILHOE) YCKOPEHHUE TOUKU B .

Yckopenue J1r000i TOYKH TUIOCKON (UTYPBI PaBHO BEKTOPHON cymMe
TPEX YCKOPEHMH: YCKOpEHHUS IOJII0Ca, OCECTPEMHUTEIBHOIO U
BpalIaTEeIbHOIO YCKOPEHUM HCCIEAYEMOM TOYKH IIPU BpallCHUU
IUIOCKON  (UTYyphl BOKPYr OCH, MEPHEHANKYISIPHONW IJIOCKOCTU

burypsl 1 mpoxoAsIei yepes Mmoroc.

B cuity onpezenenus miockonapaiensHoro asmkenns OLFga u €17 . [TosTomy Bee BeKTOpSI
Wo W, W 4 WO newar B miockoctn asmymeiics ¢urypsl. Ha puc.10.5 nokaszano
B VWA Wpa BA JIBHIKYIIL YPBL puc.10.
— . — —_ _’ - B .
reOMETPUYECKOE TIOCTPOEHHE BEKTOPA WB =W A +WB a-tae Wea =Wy A{) +WBOX.
i Bp | AL B
Bpamarenshoe yckopernne Wga LAB , ero senmumna Wga =€ AB. OcecT-pemutenbHoe

YCKOpEHHE Wé’/i nanpasneso no AB or touku B x Touke A, ero momyms WBOX\ — ©2AB.

O4eBHUIHO, YTO

Wap = W2 f +fwes P = ABVE? + 0

Puc. 10.5
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Menoeennvll Yyenmp ycKopeHuu

Beenem B paccmotpenne yron O, obpasosannbii AB u WpRa u otknansiaemsiii or BekTopa

WpgA B Hanpasnenun yriosoro yckopenus. U3 puc. 10.5 BuHO, 4TO

Bp

W
tga = BA :%, OS(IS%
Wga o

yroJI HE 3aBUCHUT OT BBIOOpA MOJIFOCA M B KK/l MOMEHT BPEMEHHU OH OJJMHAKOB ISl BCEX TOYCK
¢burypsl. Jlanee BBeneM MOHATHE MTHOBEHHOT'O IIEHTPA YCKOPEHUIA.

Menosennvim yenmpom yckopenuti (MILY) Ha3zpiBaeTCs IBWIKYIIASACS TOYKA, MPOXOMSINAs B
KOKIBIA MOMEHT BPEMEHH uepe3 TOYKYy Tena (IIOCKOH (UTyphl), YCKOpEHHE KOTOPOW B ATOT

MOMCHT paBHO HYJIIO.

Teopema. Ilpu nnockonapaiiesbHOM ABM)KEHUHU TeJa B cy4yae, Koraa
® ¥ € He PaBHBI OJHOBPEMEHHO HYIIIO, B KaXIblii MOMEHT BPEMEHH
MOKHO HAWTHU TOYKY IIOCKOW (PUTYpBI, YCKOpEHHE KOTOPOH B ATOT

MOMCHT PaBHO HYJIO U 3Ta TOYKa 6y,HeT €JUHCTBECHHOM.

Jokazamenscmeo. Iycts W p - yckopeHune onHo# 13 Touek miockoit Gpurypsi (puc. 10.6, a).

4\

Puc. 10.6

IIposenem vepes Touky A momynpamyro AL nox yrnom o = arctg 8/ ®° , OTCUMTHIBAEMBIM OT

W A B HanpaBleHWH yriIoBoro yckopenus. Jamee omnoxum wa AL orpesox
ACy =Wp / \ g? +ot. Haiinem yckopenne toukn Cyy . BbiGpas 3a momoc Touky A,
3anMIIeM WCVV ZWA +VVCWA'
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[TocKONbKY WCW A =Cw AV el +rot =W A a Bekroper W A’WCW A cocrasmsior ¢ AL
OJIMHAKOBBIN yroJI, paBHBIA O, TO WCW A =—Wp 1, cienoarensHo, WCW =0.
BBIUMCIMM TeNeph YCKOPEHUE IIPOU3BONILHON TOUKM, HPHHSIB WCW 3a momoc. Tak Kak,

WCW =0 To

=

c =Weg,, ; W =CyCve® +0?;
D:VVDCW; WD ICV\/D\/82+C{)4;
VVE :V\_]ECW; WE =CwEV82+a)4,

a HaNpaBJICHUsI YCKOPEHUH OMpeAestoTes yriaom oL = arctg 8/ 602 (puc. 10.6, 6). Takum oOpazom,

=

€CJIM B Ka4eCTBE IOJIFOCA MPHUHITH MCHOBEHHBIN IIEHTP CKOPOCTEH, TO YCKOPEHHE JIFOOOH TOYKHU
TeJa HaUJEeTCs 10 TOMY K€ MPABUITy, UTO U YCKOPEHHE TOUKH MPU BPALATEIbHOM ABUXKEHUU. Pob
HEIMOABUKHOM OCU UTpaeT npsmasi, HEPIeHIUKYIApHas IJIOCKOCTH JABMKEHUS U IPOXOASILAs Yepes3
MILY. CnenoBatenbHo, 3Has noyoxkenne MY u yckopenue kakoi-HUOYb OHON TOYKHU MIOCKOU
(buUrypsl, MO>XHO TTOCTPOUTH BEKTOPHI YCKOpPEHU Bcex €€ ToueK.OCHOBHBIE CITOCOOBI OMpeIeTIeHUs

nosnoxenuss MY nokaszansl B Ta01. 2.

Hexomopuvie kunemamuueckue c80ticmea MeHOBEHHbIX YEHMPOS
cKopocmeu U yCKOpeHuu

He cnegyer cmemmBaTh MOHATHS MTHOBEHHBIX LIEHTPOB CKOPOCTEM M YCKOpPEHMH - 3TO, BOOOIIE

% — %

roBOpsi, pa3Hble TOYKHU. Takke HaJo pa3iandarh CKOPOCTh ch u yckopenue W aw JBUKEHHE

MIIC u ckopocTh \7CV Y YCKOpPEHHE WCW TOYKH TIJIOCKOM (UTYpPHI (KaK U3BECTHO VCV =0),c

KOTOPOM B JIaHHBI MOMEHT BPEMEHHU COBIAJA€T MIHOBEHHBIN LIEHTP. AHAJOTUYHBIE PACCYyKICHUS
nmerot mecto u st MILY. Haiinem ckopocts, ¢ kotopoit MIIC aBHKETCSI OTHOCUTEBHO OMOPHOM
CHUCTEMBI KOOPJUHAT.

Jna 3TOrO npoauddepeHuupyem o BPEMEHHU BEKTOPHOE PaBEHCTBO

~ L . oxV
I’CV =TIp + er A=Fa+ —2A (puc. 10.7). B pe3ynbraTte nosyuyum
Q)

- - COXWA—§XVA
VCV =VA+ (02

(10.2)
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Tabmuma 2

N3BecTHBIE TapaMeTphl

Crnioco0sI HaxoxaeHus MIY

Pacuernas popmyna

Benmnunna, u HampaBieHne
YCKOpEeHus:  Kakod  smbo
TOYKHU TIOCKOH (UTYpHI U €€
YIIJIOBasi CKOPOCTh M YTJIOBOE

yCKOpeHue

— e¢#0, o#0

— ¢#0, =0

— =0, %0

Benuuunbl u  HampaBieHUs
YCKOPEHHIl  ABYX  TOYEK

IUIOCKOW (DUTYpBI
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I[lonb3ysich TPOU3BOIOM B BHIOOpE TOUKH A, MPEANoJI0KHM, YTO B HEKOTOPHI MOMEHT BPEMEHH

touka A mockoii guryps cosnagaer ¢ MIIC. Torna
\7A =\7CV =0, VVA :V\_]CV u

V. —oxWg, o
CV =X CV O i

_ %
WCV =V o X ®. Ilocnennss ¢Gopmyna ompenenser

BCJIIMYMHY W HaIlPpaBJICHUC YCKOPCHHA TOYKH IUIOCKOM

burypsl, KOTOpasi B JaHHbIII MOMEHT BPEMEHU SIBIISIETCS

MIIC. UHTEpecHO OTMETUTH, YTO WCV HE 3aBUCHUT OT

YIJI0BOTO YCKOPEHUs MII0CKOH (urypsl. BHOBE BepHeMcs

Puc. 10.7

x popmysie (10.2) u monosxum, uro Touka A cosnamaer
¢ MI1Y. B cuny \7A =\7CW : V\7A :VVCW =0 numem \7CV :\70W —§><\70W /0)2 WIN
oazlcoz\7* +ExV J
Cy Cy

V. =
Cu e+t

*

Ecm €=0 (co # O) TO VCW =V oy CrnenoBatenbHO, IPH PAaBHOMEPHOM BpAILIEHUU CKOPOCTH

TOW TOYKHU IUIOCKOH (PUTYpBI, KOTOpast B JaHHBII MOMEHT BpeMeHHu coBnajgaer ¢ MIY, BekTopHO

paBHa ckopoctu aBrxkeHuss MLIC.

JleknmsiNe9
IInan nexkuyuu

CaoxHoe 1BU:KeHHe TOYKH. OTHOCUTENIBHOE, IEPEHOCHOE U a0COIIOTHOE JBUKEHHUE TOUKH.
Teopema o cnoxenun ckopocreil. Teopema Kopuonuca o CIIOXKEHHH YCKOPEHMH. YCKOpPEHHE
Kopuonuca, npuunna ero nosineHus. Moayns u HanpasieHue yckopenus Kopuonuca. YacTHblit

cnyqal?l NMOCTYNAaTCJIbHOI'O MIEPCHOCHOI'O ABUIKCHUA.
Ocnoenas uacmep JleKkyuu.

CJl102KkHO€ IBUKEHHNE TOYKHU

1. A0coII0THOE, OTHOCUTE/ILHOE U NIEPEHOCHOE ABH/KCHUS TOYKH

I[OBOJ'ILHO YaCTO BCTPCHACTCA ABUIKCHUC TOYKH, COCTOSAMICC M3 HCCKOJIBKHUX JIBIKeHHi. BoT nBa

HarsIAHBIX ITPpUMCPA.
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[TepBbrii. HaOmromaTenb, CTOAMMNA Ha BBICOKOM O€pery peKd, CMOTPHUT Ha MPSMOJIHHEHHO

JBIKYIIUICS TETUIOXO, Ha BEpXHEH maimyde KoTo-

N TN TN
m A \ \ pOro Mo OKpPYXHOCTH XoauT maccaxwup (puc. 10.1).
A e
w \_/ \dl HaGnronaTenp ’k€ BHAWT JIOBOJBHO  CIIOXKHYIO

«3aroryinuHy» (IMyHKTUpHAs JIMHUSA) KaK pe3yibTatr
Puc. 10.1 CIIOKEHUS PSIMOJIMHEHHOTO JIBUKECHUS u

JBUKCHHUS TI0 OKPY>KHOCTH.

Bropoii npumep. CTepxeHb BpaliaeTcsi B INIOCKOCTH BOKPYT ocu (), a 10 HEMY JIBUXKETCSI KOJICUKO

M (puc. 10.2). HemoasuxHBIN HAOMIOAATENb YBUIUT ABMKEHUE KOJICUKA 10 CITUPAIIH.

OTH IBUXKEHUSI UMEIOT COOTBETCTBYIOIIME Ha3BaHUS: aOCOTIOTHOE, OTHOCUTEIBHOE U MIEPEHOCHOE.

Abconomubim  O8udiceHuem Ha3BIBACTCS JBHKCHHE TOYKH,

KOTOpO€ BHJAUT HEMOJBHKHBIM HaOMIoAaTe b («3aroryanHay

Y COHUpajb B HAIIUX [IPUMEPax).

OmHocumenvubiM 08UNCEHUEM — JBUKEHUE TOYKH, KOTOPOE

yBUen Obl HaOIIOJATENh, JBUTASCH BMECTE CO Cpemoi (c

TCILIIOXO0A0M M CO CTep)KHeM). B nammx IIpuMeEpax — 9TO JABU-

JKCHHUC IMaCCaKUpa IO OKPYKHOCTHU HaA Hany6e TCII10X04a U

Puc. 10.2

MPSIMOJIMHEITHOE CKOJIbKEHUE KOJICUKA I10 CTEPHKHIO.
llepenocnoe Osudicenue — 3TO ABWXKEHUE CPEJbl, IO KOTOPOM JBMKETCS TOUKa (MPAMOIMHEWHOE
JBUKEHHE TETJI0X0/1a M BPAIlleHHE CTEPIKHS).

[Ipu uccrnenoBaHnU CIOKHOTO ABMKEHUS TOUKH MOJe3HO npuMeHsTh «lIpaBuiio octanoBkm». s
TOr0 4YTOOBl HEMOJBMXKHBIM HAONIOAATENh YBUIEI OTHOCUTEIBHOE JBM)KEHHE TOYKH, HaJ0
OCTaHOBUTH NEPEHOCHOE JIBH>KEHUE. Toraa OyneT NpoUCXOAUTh TOJIBKO OTHOCHUTEIBHOE
nBrkeHue. OTHOCUTENBbHOE IBM)KEHHE CTaHeT a0COMIOTHBIM. W HAoOOpOT, €ciaM OCTaHOBHTH
OTHOCHUTEJIbHOE [BM)KEHHUE, IMEPEHOCHOE CTaHeT aOCOJIOTHBIM M HEMOJIBMXHBINH HaOIo1aTeIh
YBUAMT TOJIBKO 3TO IEPEHOCHOE JABUKECHHUE.

B nocnenneM ciydyae mpu ONpeeN€HUN MEPEHOCHOTO JBMKEHUS TOUYKM OOHApY)KHMBAETCS OJHO
OYCHb BAXKHOE 00CTOSTENHCTBO. [lepeHOCHOE MBUKEHHE TOUYKH 3aBHCUT OT TOTO, B KaKOl MOMEHT
OyZeT OCTaHOBJIEHO OTHOCHUTEIBbHOE JBM)KEHHE, OT TOrO, IJieé TOUYKa HaXOIUTCS Ha cpele B ITOT
MOMeHT. Tak Kak, BOoOIlle rOBOps, BCE TOUKH CpPeIbl IBUXKYTCA MO-pasHOMY. [loaTomy noruunee
OTIPENICIIATh NEPEeHOCHOEe OBUMNCEHUE MOYKU KAK aOCONOmMHOe O08UdceHue mou mouku cpeovl, ¢
KOMOPOU co8naoaem 6 OAHHbIL MOMEHM OBUNCYUWASC MOYKA.

Tak, mEepeHOCHOe IBMKEHHE TMacCaXupa — OTO JBIKEHHE TOW TOYKH NalyObl, Ha KOTOPOH
HaxoAuTcs maccaxup. M B mpuMepe C KOJIEUKOM — 3TO ABMKEHHME TOM TOYKU CTEP)KHS, I7Ie
HAXOJIMTCS KOJICYKO B TAHHBI MOMEHT (JBIIKCHHUE IO OKPYKHOCTH paguycom OM).
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Emeé neckonbko onpeaeneHuu.

—
—

. o, W
Abconomnoil ckopocmvio u abconiomuvim yckopenuem mouku (7' 7 ) OyneM Ha3bIBaTh CKOPOCTh

U YCKOPECHHE MPH a0COIOTHOM JIBHKCHUH.

. or, W,
OmHuocumenvHoll ckopocmpio u omHocumenshovim yekopenuem (77’ 771 ) — CKOPOCTH U yCKOPEHHUE

TOYKHU B OTHOCHUTCIBHOM JABHXXCHUU. Hepenocnaﬂ CKOpOCnib U nepeHoCHOoe YyCKOpeHUe mouKu

Ve, W, y y
(“€* "7€) — 510 abcomoTHAS CKOPOCTH U A6CONOTHOE YCKOPEHHUE TOM TOUKH CPE/bl, ¢ KOTOPOi
COBIIAJACT JABMXKYIIASCA TOUKA B JAHHBII MOMEHT BpeMeHH. Bce 3Tu IBMXKEHUST MOXKHO T10-

HpO6OBaTB OIPCACIIUTL C MOMOIIBIO KOOPAMHAT U BCKTOPHBIM CII0COOOM.

Ha puc.10.3 moka3zanbl HEMOJBMKHBIC OCH X, Y, Z M JBIDKYIIHECS OCH Xi; Y1; Z1.

KoneuHo, abCoIOTHOE JBHKEHHUE TOYKH M OIIpEACIAECTCS YpaBHEHHUSIMU
X = Xx(t),

y = y(),

z = z(t). (10.1)

OTHOCHUTENBLHOE ABHUIKCHUC — B ABWIKYIIUXCA OCAX YPAaBHCHUSAMU

X =X(t)

yi=Yi(t),

z=nu().

(10.2)

VYpaBHeHui, OIPEIEIISIOIINX MIEPEHOCHOE

JIBIDKEHUE TOYKHU, HE MOXKET OBITH BOOOIIIE. ¥
Puc.103 4~

Tak Kak, Io OIIPECACIICHUIO, MEPEHOCHOC

IBIDKEHHE TOYKU M — 3TO IBHIKEHUE OTHOCHUTEILHO HEMOJBIDKHBIX OCEl TOM TOYKH CHUCTEMEI

O X1Y,Z . . .
1 1y1 1, C KOTOpOH COBIIAZAaCT TOYKA B JAHHBIM MOMCHT. HO BC€ TOYKH INOABUKXHOU CUCTCMBI
JBHKYTCS IO-pa3HOMY.

F=F(t
AOCOoIIIOTHOE ABHUKCHUEC TOUYKHU M ONpeACIIICTCA PaAuyCOM-BECKTOPOM ( ) , 4 OTHOCHUTCJIIBHOC

n=n(t) fo,
ABWIKCHUC PaJnyCOM-BCKTOPOM . Pa,[[I/IYC'BCKTOp OIPECACIIACT ABWIKCHHUC Hadalla

MOJIBIDKHBIX OCedl 1 (HO HE MepeHOCHOE JBIKEHHE TOUKH M!).
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2. Onpenesienue adCOJIOTHON CKOPOCTH TOYKH

r=ro, +h
AOCOIFOTHASI CKOPOCTh TOYKH dt . Ho o Th (cm. puc. 10.3),

o X!

F=xl +Vih+zk 1.1 .
rie N=%h*Yh Zlkl, a 1o Jo K OPTHI IOABWKHEIX Ocell.  [TosTomy

drol d
+ —(Xh + + z1ky) =
at d(11 Y111 11)

dr; . ki
_do  Dap g dap xlﬂ y1% 34
dt  dt dt dt dt dt dt (10.3)

U=

- =

(opThI s Jl’ 1 — mepeMeHHBIE, TaK KaK HAIPABICHUE UX MEHSETCS, QYHKIUHM BPEMEHHU t).
Hcnosb3ys METO/I OCTAHOBKH, C TIOMOIIbIO BhipakeHus (10.3) MOKHO ONpEIEIUTh OTHOCUTEIBHYIO

CKOPOCTb TOYKH U TIEPECHOCHYIO. HeﬁCTBHTGHBHO, OCTaHOBHUB ICPCHOCHOC ABUKCHUC, NBUKCHUC

o, =const, |, = i, = K, =
oceit XU YDA 10 ecrs, momowms O I, =const, j, =const, Kk, const

ypaBHenus (10.3) monyunm
L Ox- d - d
Or = Xl 2 h+ Ak kl
at e P e (10.4)

A OCTAaHOBUB OTHOCUTEJIBHOE [IBUXKEHHUE TOUYKU M (Xl =const, y; =const, a1 zconSt),

MIOJIyYUM €€ IIEPEHOCHYIO0 CKOPOCTh
dro, i iy dkq

Ve=—"+X—+V1—+2U—

dt  dt Crdt dt

[Tostomy u3 popmymnsl (10.3) cneayer, uro abCOMIOTHAS CKOPOCTh TOUKH €CTh BEKTOpHAs

CyMMa JIByX CKOPOCTEN — MEPEHOCHON M OTHOCUTEIBHON

V="0e + Ur . (10.5)

OM =s=3t2
ITpumep 10.1. Koneuko M nBHXKETCS 10 BpallarOLIEMYCsl CTEPAKHIO TaK, YTO (cm)

u P= 2t (pam) (puc. 10.4).

Panee ObLIO YCTAHOBJICHO, YTO TPACKTOPUA OTHOCHUTCIBHOI'O ABMXXCHHUA — IIpsAMasA JIMHHA, COB-

S = s(t
najarouias co CTEPKHEM, M JBI)KEHHE ITO ONpPENEeNsIeTcss ypaBHEHHEM ( ) Tpaektopus

TOYKN M TIpy NEPEHOCHOM JIBM)KEHHM B MOMEHT BPEMEHH { — OKpPYKHOCTb PaJnyCcOM OM =s,
[To3TOMy OTHOCHUTENIBHAS CKOPOCTh

_&_ -1
or =$=6tcm-c Y HalpaBJIeHA IO KacaTEIbHOM K

TPaeKTOPHH BIIOJb CTepKHA (cM. puc. 10.4). [leperocHas
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ve=OM 0= sp =3t*-2 = 6t°fii -i*

CKOPOCTh KOJIEUKa, KaK IPH BPAIIEHUH BOKPYT OCH,

HanpaBrnen BeKTOp 3TOHl CKOPOCTH MO KacaTeJbHOM K TPAeKTOPUU TOYKU MPH MEPEHOCHOM
JBIDKCHHH, TEPICHIMKYISIPHO CTEpXKHIO. AGCOMIOTHAas CKOpocTh Komeuka M = Ue Tor,

Mouyis ee, Tak Kak ve Lo,

UM :\/v§+v? :6t\/l+t2 Al - A

Onpenenenue a0COJIOTHOIO YCKOPeHHsI TOUKH. Y ckopeHue Kopuosuca
YckopeHre TOYKHM — TiepBas MPOU3BOJHAS IO BpPEMEHH OT BeKTopa ckopoctu. [lostomy

a0COJIFOTHOE YCKOpeHue, ucmoib3ys popmyiy (10.3):

ds _d°fo, dx1r+d2ylj d®z o o(dxadi dyidi dz dk

W = Ky +
dt dt?  dt2 - dt? a2 T dt dt dt | dt dt
-
i i, o iy, 9%
T T T e (10.6)

Bocnoap3oBaBuince MpaBUJIOM OCTAaHOBKH, MOKCM HAlTH OTHOCHTCIILHOE U MEPEHOCHOC

YCKOPEHHUS TOUKH.

5 =const, i =const, j, =const, k, =const
[Tonoxwus B (10.6) A ! h ! , MOJIYYUM

OTHOCHUTEJIBHOE YCKOPEHUE

dt® . (10.7)

X = const, y, = const, z, = const MOJIyYHM TIEPEHOCHOE YCKOPEHUE

2= 20
V\7 _ d rol + X d |1 + d Jl d kl
T 442 > TV ot a5
a2 dt dt dt?
[Toatomy u3 popmyner (10.6) ciemyet, 94T0 aOCOMIOTHOE YCKOPEHHE COCTOUT HE U3 JIBYX, a U3 TPEX
YCKOPEHUM:

W =W, +W, +W, (10.8)

JlonoHUTENBbHOE YCKOPEHHE We  hasisaercs yckopenuem Kopuonuca (1o MMEHH Yy4YEHOro,

BIIEpBBIE OOHAPYKHUBIIIETO 3TO YCKOPEHHE), OHO PABHO
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\/\7~=2 Xmd_E+dy1d_L+d21 dEl
dt dt dt dt dt dt

(10.9)
OTO JONOJHUTENIBHOE YCKOPEHHE IMOSBUIIOCH M3-3a TOTO, YTO IEPEHOCHAs CKOPOCTh 3aBUCHUT OT
OTHOCHUTEJIBHOTO JIBMXKEHHUS, OT TIOJIOKEHUST TOYKM Ha Cpele, a OTHOCUTEIbHAs CKOPOCTb
M3MEHSETCS 3a CUET IEPEHOCHOTO JIBH)KECHHUS.
[Ipoiue Bcero onpenenuts yckopenue Kopuoirca B IByX 4aCTHBIX CIy4asx.
1. TlepeHoCcHOE IBMXKEHHE — MOCTYHATEIbHOE ABM)KCHHE (CHCTEMa MOABIKHBIX ocedt  O1X1y1Z1

NepeMCIIaAcTCA HOCTyHaTeHLHO).

d

I, = const
Tak Kak MOJBWKHBIC OCH IPH TAKOM JBIKEHHH HE IOBOPAYMBAIOTCS, TO OPTHI | '

W, =0

—

j; =const, k, =const

. 1 Torma mo (10.9) yckopenue Kopuonuca , a abCOJIFOTHOE

YCKOpEHHE CTaHeT CYMMOMH JIMIIb ABYX YCKOPEHUH
W =W, +W,
OTO MOHATHO, TAK KaK I[EPEHOCHAs CKOPOCTb TOYKU HE OyAeT 3aBHCETh OT OTHOCUTEIBHOIO

ABWIKCHUS, a ICPCHOCHOC ABMKCHUC HC U3MCHACT HAIIPABJICHUC BEKTOPA OTHOCHUTEJIBHOU CKOpPOCTH.

2. HepeHOCHOG ABHUIKCHUC — BPAILICHHUEC BOKPYT HEMOJIBUKHOHN OCH.
. O X ¥124 y ,
[IycTe moaBwkHasE cucrema ocei BpaIaeTcsi BOKPYT HEMOJIBIKHOW OCH & ¢ YIIIOBOM

®
cKopocThio €. (puc. 10.5).
IIpencraBuM OpTHI OCEH KaK paguyChbl-BEKTOpPBI TOYEK, PACIOJIOKEHHBIX HAa WX KOHHax. Torma
MPOU3BOJHBIE OT OPT MO BPEMEHH MOXHO paccMaTpUBaTh

KaK CKOPOCTH OTHUX TOUYCK.

b d

Hampumep, ckopocTh TOUkH A Ha KOHIIE BEKTOpa h

~ dj
Dp=——
dt . Ho Tak xak Moayinb ee
UV, =®ed=e - J1SIN -
A ¢ e hisinp , @ BEKTOp cKopocTH CA

HaIlpaBJI€H NEPIEHIUKYISIPHO ey J1 g CTOPOHY

— — — x =
BpaIieHus, TO UA=0eX 1 (cm.9.1).

s - e P . 10.5
dJl - b d d Il — d dkl _,Mc e
[Toatomy dt , AHAJIOTUYHO: dt , W dt : (10.10)
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ITo (10.9) yckopenue Kopuonmca
U, yuursiBas (10.4), nonyuum

Ws = 26)3 X 77r (1011)
Yckopenue Kopuonuca ecmov yo0goeHHOe 6eKMOpHOe Npou3gedenue 8eKmopa Y2080l CKoOpocmu
NEePeHOCHO20 OBUNCEHUSL HA 8EKMOP OMHOCUMENILHOU CKOPOCMU MOYKU.
Benmuuna ero

ZA
W = Z(Devr sin OL, (10.12) -

— _ /
. ,
IJIE OL— OCTPBIIl YroJ MEeX/Iy BeKTopamu € u Or

3ameuanue. MoXHO J10Ka3aThb, YTO 3TOT PE3Y/IbTAT BEPEH
npu J000OM TNEPEHOCHOM JBH)KEHUHU, HE TOJBKO IpU

BpalllCHUU BOKPYT HeHOHBHH(HOﬁ OCH.

W,
0

I[lpumep 10.2. Ilycte Temo Bpamaercs BOKPYT

HEMOJBWXHON ocH Z. [lo MOBEPXHOCTH €ro IBHKETCA

touka M (puc. 10.6). KoHeuHO, CKOpPOCTH 3TOro Puc. 10.6

JABHXXCHHA TOYKH — OTHOCUTCJIbHAA CKOPOCTH Ur , 4 CKOPOCTb BpalllCHUA TCJIa — YTJIOBask CKOPOCThb

[IEPEHOCHOT'0 JABUKCHUS e,

VYcekopenne Kopuoinnca We = 200e x Ur HAIPABJICHO NEPIEHIUKYIISPHO dTUM JABYM BEKTOpaM II0

[IpaBUJIy HAMIPaBJICHUs BEKTOpa BEKTOPHOTO MPOU3BECHUS TaK, Kak Ioka3zaHo Ha puc. 10.6.
We -

Herpyano chopmynupoBaTs 6osee ynoOHOE MpPaBUIIO ONMpPENETIECHUs] HAlpaBJIEHUS BEKTOpa

HYJCHO CNpOEKmMupoeantb 6€eKmop OMHOCUMENbHOU CKopocmu Or HA njiockKkocmo, nepneHduKyﬂﬂp-

HYIO OCU NEPEeHOCHO20 8PAWeHUs U 3amem nogepHyms smy npoexkyuio na 90 epadycos 6 niockocmu

no HanpaeieHUuo NEPEeHOCHO20 6pauleHUsl. Koneunoe nonoosicenue npoexkyuu eekmopa Or yKasicem

Hanpasienue KOpUOIUCo8a yckopeHus. 1o npasuiio 0bu10 npeanoxkeHo H.E. XKykoBckum.

[Tpumep 10.3. Bepuemcs k npumepy 10.1. Haiinem aGcomtoTHOE yckopeHue koneuka M

[lepeHocHOE  yCKOpEHWE  MpH  JBWKEHHHM  KOJIEYKa TI0 OKPYKHOCTH  PaJdyCcoM
RRYVIRYY 2 2 o
OM=s: We=W"+We . W'=s-ot =12t -7~

WeT: S€e = S(p = 0
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3HauUT (puc.10.7). OTHOCHUTENBHOE YCKOpPEHUE .

Yckopenue Kopuomnuca

Wh = 2060y SIN90° = 2. 2.6t = 24t cM-c 2

Bekrop We HampaBlieH TMEpPIEHANKYISIPHO CTEPKHIO B CTOPOHY BpalleHus (M0 MpaBUITy

KyxoBckoro).

Benuunny abconOTHOIO YCKOpEHUsl KOJeuka

M HaiiieM C T[OMOIIBKO MPOEKIUH Ha

HOIBIKHBIE  OCH ow Y1 IIpoekTupys

paBeHctBo (10.13) Ha ocu, moyunM:

Puc. 10.7

Wi =Wr —We =6-12t72 =6(1—-2t72), Wy =W, = 24t.

2 2 272 )
rora W = Wy, )? + Wy, )2 =6y(L—2t7)% +16t% fi - f |
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SAK/IIOYEHHUE.

JIEKIIMOHHBIE KYpC TEOPETUYECKON MEXaHUKH H3J0XKEH B JOCTaTOYHOM OOBEME OIHAKO,
4acTh TE€M pPEKOMEHOBaHA [yl CAaMOCTOSITEIbHOTO M3Yy4EHMs COIJIACHO OTBEIEHHBIM YacaMm
y4eOHOTO IJIaHa.

W3yueHnne JIEKIMOHHOTO Kypca TEOPETHYECKOM MEXaHWKH TO3BOJIUT  CTYACHTY
CaMOCTOSITENIHO BBITIOJIHHUTH PAacyeTHO-TPahUUIECKYI0 U KypCOBYIO paboTy, a TakxKe J1abopaTopHbIe
paboThl, pEelIUTh PEKOMEHAOBaHHbIC 3ahauyd. IlomydeHHblE 3HAHUSA TEOPETHUECKOM MEXaHUKU
HEOOXOUMBI Ul YCBOEHUS MaTepHasa MOCIeAYIOUMX AUCUUIUIMH: COIPOTUBIIEHUE MaTEpUaJIOB,
TEOpHsI MEXaHU3MOB M MAllIMH, JIeTajld MaIlIWH, THApaBauka u ap. [IproOpeTeHHble 3HaHMsI 3aKOH,
OPUHIUIIOB ¥ METOJOB TEOPETUYECKOH MEXaHWKH IIO3BOJSAT  BBIMYCKHHUKY B  CBOCH
npoeCCHOHATIBHON JESTENbHOCTH YBEPEHHO pelllaTh MOCTaBJIECHHBIE IEpe]] HUM TEXHUYECKUe
3ajjauu.

Pemenne mo0ol 3amauyM MEXaHWKH CKJIQJBIBACTCS M3 JIBYX ATAllOB: 3Tala IMOCTPOSHUS
MaTeMaTHYECKOW MOJIEIH ¥ 3Tala €€ PeleHHs] OJHIUM U3 MaTeMaTHIeCKuX MeTo10B. [loaTromy npu
U3y4EHUHM TEOPETHUECKOW MEXaHWKHM MCKIIOYMTENBbHYIO POJIb UIpaeT MaTeMaTHKa, B YaCTHOCTH
TaKkue ee pas3zieiibl, KaKk BEKTOpHas airedpa, aHaauTH4yecKas U JuddepeHnuanbHas TeoMeTpus,
Qg epeHIraIbHOe U HHTETPATbHOE CUMCIICHHE.

MeTtogaMu TEOPETHUUECKONM MEXaHMKH pelaercss OOoNbIION Kpyr 3aJad U3 pas3iIudHbIX

oOmacreit HAYKH U TCXHUKHU, TPUICM JHUAIIA30H HCCIIeIOBAHUM IIOCTOSHHO pacmurpsCTCH.
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