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CuMMeTpUYHbIE OTHOCUTEIBHO OKPY2KHOCTU TOYKWU.
Oyaknuu Biasamnike.
ITpumepsl ApOOHO-INMHEHHBIX 0TOOPAYKEHMIA.

CuMMeTprYHbIE OTHOCUTENIBHO OKPYXXHOCTM TOuKW. Eci OKpYyKHOCTBY ¢ HeHTpOM B HavaJe
KOODJIMHAT NMeeT KOHETHbIH paauyc 1 (ee ypaBHeHHUe |z| = 1), TO TOUKM a U a* = = Ha3BIBAIOTCA
CHMMETPUYHBIMA OTHOCUTETBHO OKPYKHOCTH Y. [eOMeTpHUYeCKH 9TO O3HAUALT, 4TO TOUKM a 7
a® JlezKar Ha O,ZLHOM Jiyde, BbIXO,ZLHIlLGM U3 HEHTPA OKPYKHOCTH, M ITPOU3BEJIEHUE UX PACCTOAHUI
710 nenTpa pasno 72 |a*||a| = 12

AHAJIOTHYHO FeOMETPHIECKH OIPEIEIISIIOTCS CAMMETPUYHbIE TOYKHU B CJIy9ae MPOU3BOJILHOM
OKPYZKHOCTHU 7: |2 — zg| = 7 KOHEUHOrO pajuyca 1, OHU JIeZKAT HA OJHOM JIye, BBIXOJSIIIEM 13
IIEHTPA 2o OKPYKHOCTH, U UX PACCTOSHUS JIO TIEHTPA 2o YIOBIETBOPSIIOT PABEHCTBY |a* — Zo||a —
20| = r2. Ilpu 3TOM CHMMETPUYHbBIC TOUKH ¢ U @ ONPEIe/aiOTCH PABEHCTBOM

T2

a* — 2= ——.
a— 2o
Jluis nmeHTpa g OKPYzKHOCTH Y CHMMETPHYHONU OTHOCHTEJILHO 7Y HA3bIBAETCHA TOYKA 2 = OO.
Eciu OKpyKHOCTH 7y MMeeT GEeCKOHeUHBIH paauyc (opsMasi), TO CHMMETPUIHBIMUA OTHOCH-
TEJIbHO 7y HA3BIBAIOTCS JTIOOBIE IBe TOYKH, JIJI KOTOPBIX IPsAMAas 7y ABIAeTCSI CEPEINHHBIM IIep-
neHuKyasapoM. Tlosydum Gopmysly /i BLIYUC/IEHHS CUMMETPUYHONR TOYKH B 3TOM CJIydae.
[Tycrs npsimast 7y 3agaercs ypasuennem Ax + By + C' = 0 u 3ajana Touka a = « + i3. Toraa
BeKTOD (A, B) 1epleHuKyasapeH 310l IpsaMoii U ypaBHEHHe HpAMOii, epHeHuKYyISPHO K 7y 1
npoxosIei yepes a, uMeer sug o : (z,y) = («a, 5) + t(A, B). [Tapamerp ¢, cOOTBETCTBYOIIHE
TOYKE MepPeceuenns NpsMbIX Y U 0 onpeensercs u3 ypasuenus A(a+ At)+ B(+ Bt)+C = 0.
Orcrona

_ Aa+Bp+C
0= A2+ B2
[pu t; = 2ty upsmag o npoxoaut uepes a* = (a*, 5*), To ecrb
. Aa+ BB+ C
(", %) = (o, B) — 2w(14, B).
. Aa+ Bp+C . Aa+ B+ C
e b Pl e P

Bamernm, 9TO0 J100ast OKPYKHOCTH Y1, IIPOXOISAIIA 9ePe3 CUMMETPUIHbBIE OTHOCUTEIHHO OKPY 7K-
HOCTU 7Y TOYKH @ M @ OPTOTOHAJBbHA 3TOIl OKPYKHOCTU. B ciydae Korjga 7y Wil 7y; HUMEIOT
OeCKOHEUYHBIN paJInyC 3TO OYeBHIHO. B ciiydae KOHEUHBIX pauycoB " U 77 YTBEpKIEHUE CJe-
JlyerT U3 TOro, 4TO KBaJIpaT JIJIMHbl KAacaTeJlbHON K OKPYXKHOCTHU 71, IIPOBEJIEHHON U3 IleHTpa
OKPY?KHOCTHU Y, KAK U3BECTHO U3 3JIEMEHTAPHOIl reoMeTpun, paBeH

la* — 2zo|la — zo| =72, (1)

T.e. JUIMHA KacaTe/ibHoil pasHa r. [loaromMy B TOUKe nepecevdeHusi OKPYzKHOCTeH Y U Yy yroJ
MeZKJy HAMU IPAMOIL.



Jlerko jokazarh u obpaTHOe yrBeprKienue (Ha ocHoBaHuU TOM ke dopmysbt (1)): eciu
JIBE OKPYZKHOCTH (KOHEYHBIX MJIH OECKOHETHBIX PAJIMYCOB) Y1 U Y2 OPTOrOHAIBHBI OKPYZKHOCTH
7 (KOHEYHOro winm GeCKOHEYHOTO Pajnyca) W IepeceKatoTcsi B TOYKaX a W a*, TO 3TH TOYKH
CHMMETPHYIHBI OTHOCUTEILHO OKPYZKHOCTH 7.

Taxmm 06pa3oM, JIOOYIO APy CHMMETPUIHBIX OTHOCHTETHHO OKPYZKHOCTH Y TOYeK a U a*
MO2KHO OJHO3HAYHO OLIPEJE/INTh KaK TOYKH llepecedeHud ABYX Pa3JIMYHbIX Opr}KHOCTeﬁ Y1 u
Y2, OPTOTOHAJIBHBIX OKPYZKHOCTH 7.

Teopema. IIpu dpobHo-sunetinom omobpatceru

az+b

—_— d—>b
cz+d’ a4 ¢ 70,

w=w(z)=
CUMMEMPUIHBLE TOYKY OMHOCUMENLHO OKDYHCHOCIIU 7Y NEPELOOAM, 6 CUMMEMPUYHBLE MOYKL
ommocumenvo okpystrcrnocmu w(7y) (m.e. ommocumesvro 0bpasa OKPYACHOCTIU Y NPU YKA3AH-
HOM 0MObPadICerUL).

JIoKa3aTeIbCTBO HEMEJJIEHHO CJIeyeT U3 IIOCJIeIHero 3aMevanusi, KpyroBoro CBOWCTBA U U3
KoHcepBaTu3Ma yriioB (w'(z) # 0 Bciomy). [elicTBUTeIbHO, TIPH IPOOHO-THHEHOM OTOOpazKe-
HUU OPTOTOHAJIBHbBIE OKPYKHOCTH TEPEXOJsiT B OPTOrOHAIbHBIE OKPYKHOCTH. CIie0BaTeIbHO,
€CIM TOYKU @ M @ OUPEeJIeIeHbl KAK TOYKH IePecedeHus JIByX OKPYXKHOCTeH Y1 u 7o (He 1mpo-
XOJSIMX uepe3 nojioc z = —d/c orobpazkenus), OPTOrOHAJIBHBIX OKPYZKHOCTH 7, TO TOYKH
Toukn w(a) n w(a*) onpeseseHbl KAk TOYKH MepecedeHus ABYX OKpyzKHocTed w(vyy) u w(va),
OPTOrOHAJIbHBIX OKPYZKHOCTH W (7).

[Tpu mocTpoerun 06Pa30B MHOTOYTOJBHUKOB (061acTeil, TPAHUIA KOTOPBIX COCTOUT W3 KO-
HEYHOTO YHCTIA JYT OKPY’KHOCTEH KOHEUHBIX W OECKOHEUHBIX PAJINYyCOB) TPH JAPOOHO JTHHEH-
HBIX OTOOPazKEeHUIX

B
a2+b—A+7, ad — be # 0,

cz+d zZ— 2

UCIOJIB3YIOT CJIeIyIONINe CBOCTBA.

1. OKpyKHOCTH EPEXOUT Y B OKPYKHOCTH [

2. B nentp oxpyzkHOCTH ' mepexoguT ToUKa 2, CAMMETPUIHAS MOJIOCY 2o JAPOOHO JTHMHeN-
HOI'O OTOOparKeHus.

3. YTJIBI MeXKIYy OKPYXKHOCTSIMU COXPAHSIOTCS.

MNpumepsl. [TosryokpyKHOCTD, KBaJIpAT,....

OTobpaxeHne eanHNYHOrO Kpyra Ha eauHunyHelin Kpyr. PyHkums baawke. Oyukiueii Bisiiike
HA3bIBAETCS

Z — Z

w O 2] < 1. (2)

1— 27z
[Tokazkem, 410 oTOOpazkeHue (2) mepeBOIUT 3aMKHYThIH enuHUYHbIH Kpyr |z| < 1 Ha ceba
(B3aMMHO OJIHO3HAYHO), TIPH TOM TPAHUIA MEPEXOJUT B paHuily. /IefcTBUTENBHO, IYCTh 2 =
e, zo = re*¥°. Torma a1sg obpasza TOUEK eIUHUIHON OKPYKHOCTHU TOJIYIaeM

el — reivo 1 e¥ — ret¥o
1 — ree—%o e e W — re o
_ L g 7 = e — e = pe't
ew 7’ )
[TosTomy,
—ip 2ti 2— )i
v = W = PN (3)



a MOJLy/Ib 3TOIO BblpaskKeHud pasen eaunune. [Tosromy dynkuus Bignike nepesogut egamuud-
HYI0 OKPY’KHOCTH B OKPYZKHOCTh, KOTOpas B cuiiy (3) mmeer euHuaHblil pajauyc. Jlerko rakxe
nokasarh, uro |w| < 1 npn |z| < 1, w uro |w| > 1 npn |z| > 1.

Hanee, paspemnuB paseHcrBo (2) npu |w| < 1 OTHOCHTETBHO Z, HOJYYUM €JIUHCTBEHHOE

pelienune
w + 2o

z2=—-,
1+ WZzo
npuveM, Kak ClaelyeT u3 CKa3anuoro, |z| < 1. 9rto mokasbiBaror, uto dynkuus Bagnike oTo6-
pakaer OJHOJMUCTHO 3aAMKHYTBIA €IMHUYHBIA KPYT Ha 3aMKHYTBI € IMHUYHBIA KPYT.
OTobpaxeHne BepxHell MONYNAOCKOCTU Ha eanHn4Hblid Kpyr. Pynkuus Baswke. Bepxmeii mo-
ayminockocteio CT HasbiBaeTca MuoxkecTso Im z > 0. @ynknueil Bagmke 11 Bepxmeil mosy-
IJTOCKOCTH HA3BIBAETCSI
Z— 20
w=———, ZO€C+. (4)
Z— 20
[TokazkeMm, uto orobpazxkenue (4) nepesoaur Ct Ha exunudHbIl Kpyr |2| < 1 (B3auMHO omxHO-
3HAYHO), IpU 3TOM rpanuna y = 0 mepexoaut B rpanuIyy |z| = 1. [elicTBuTeNbHO,

z— 2| |z — 20| B

|w| =

z—7Z [Z—7|

\/@ —20)* + (y — 10)?
V@ =202+ (y +10)?

e 2 = x + 1Y, 2o = To + 1Yo, Yo > 0. CremoBaTesbHO,

|lw| < 1, eciu z € CT, re. upu y > 0,

|lw| > 1, ecoiu z € C~, 1e. upu y < 0,

|lw| =1, ecoin z =z + 0y = =.

Tak 4910 JelcTBUTEIbHAS OCh TIEPEXOJUT B IpaHuily |z| = 1.

[Tycth w — mpou3BoJibHAg TOUKA Kpyra, |w| < 1 Paspemus paBeHcTBO (4) OTHOCUTEIBHO 2,
HOJIy9UM €IMHCTBEHHOE perienne z=z(w):

20 — Zw
e P
[Mockonbky |w| < 1 Tompko npu z € CT, 10 310 MOKaA3BIBaET, uTO hyHKIMa Bisnike orobpazxkaer
ogrommcrao CT wa exuHWYHBIN KPYyT.
IIPUMEPHBI nng jeknun U MpakKTUKMH.
1. Haiitn o6pa3 moaykpyra |z| < 1, Imz > 0 npu orobpazkenun w = Zil.
2. Haiitu 06pa3 rpeyrosbauka x = 0,y = 0, x+y = 1 npu orobpaxenun w = (z—1)/(z+1).
3. Haiitu obpas mosoce 0 < z < 1 (mosmymosocst 0 < z < 1, y > 0) npu orobparkennn
w=(z—-1)/(z+1).




