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1. Onpenesienne mHTErpaJja BAOJb KYyYOYHO-IJIaakoii KpuBoii. [lycrb
KYCOUYHO-TJIa/IKAsl KPUBas 7y MMeeT mapaMerpudeckoe ypasHenue z = z(t) = x(t) +
iy(t), rie napamerp t u3MeHseTCsS OT & K 3, Tje o U 3 — COOTBETCTBEHHO HAYAIHHOE
U KOHEYHOe 3HAUeHHe mapaMerpa. Bymem sror dakr 3amuceiBarth B BuIe t € [, ).
Mpr OyaemM cIuTaTh Jijisd OMpeieIeHHOCH, ITO o < [3.

Ho BooGuie jpouyckaercs u o < 3, u o > f3.

Tem cambiM Ha KpUBOil 3ajaHa opueHTanus (MOPsAIOK 00X0Ha): TOYKa 21 € 7y
HPEJIIECTBYET TOUKE 29 € 7y, ecyin 21 = 2(t1), 22 = z(t2) upm t; < ty. Jjnst Kparko-
CTH YKa3aHHBII MOPAIOK TOYEK OyaeM 0003HAYaTh CHMBOJIOM 27 < 2o HA 7. 37€Ch
€CThb OJIHA TOHKOCTB: €CJIU KPUBAs UMEET TOYKHU CAMOTIePeCceveHusl, TO MPeIecTBY-
OAsT TOYKA MOXKET I'eOMEeTPHYECKH COBHACTH ¢ nociaeayomeit. s nzbexanus
9TOTO HeyA00CcTBa OyJIeM CUMTATh TOUYKY CAMOIEpecedeHnsi KPATHOU, COCTOSAMIEeH u3
HECKOJIbKUX [apaMeTPUUeCKU Pas3JUYHbIX ToueK 2, = z(t1), 2o = 2(t2),..., Te.
COOTBETCTBYIONIMX PA3IHIHBIM 3HAYCHUSIM MapamMeTpa. pyruMu cjaoBu, Mbl OyiaeM
pa3anvyaTh TOYKH HA KPUBOH He TOJIHKO F€OMETPUYIECKH, HO U [0 3HAYEHUIO TapaMeT-
pa, KOTOPOMY OHU COOTBETCTBYIOT. Temeph yCTaHABINBAECTCS B3AUMHO OJHO3HATHOE
COOTBETCTBHE MEXKy napaMerpoM t m toukamu z = z(t) Ha KpuBOii.

Kpusoit ¢ nporuBomo/ioxKHoii opueHTamyeii Mbl Oy/ieM Ha3bIBATH KPUBYIO 7Y~ C
TeM ke ypaBHenueMm z = z(t) = x(t) + iy(t), rae mapamerp t U3MeHAETCS B IIPO-
TUBOIIOJIOKHOM HampasieHuud or [ K «, 10 ectb t € [a, G]. Torma z; < zo Ha 7
PaBHOCHJIBHO 29 < 21 Ha 7y .

Ecmu z(a) = z(f), To KpuBas HA3BIBAETCA 3AMKHYTOI.

[Tycrs na kpusoii v onpeaesnena dynknus f(z) = u(x,y) + iv(z,y), 2 = = + iy.
CocraBum nHTErpabHyIo cymmy. st TOTO BBIOEpEM HEKOTODBIt HAOOD t) 3HATE-
HUI TapaMeTpa

=ty <t <. <t,=p.

Pa3ofbeM KpUBYIO 7y Ha 1 YT 7y, TOYKAMU 2 = 2(tx), T.e. MOJOKAM

”}/k:{Z:Z(t), te [tkfhtk]}v kzlu"'7n' <1>
Touku zj, = z(tx) HA3BIBAIOTCS TOUKAMU pa3OueHns. BriGepeM Mpon3BOILHO HA KAZK-
JIOit Jiyre 7, NPOU3BOJIBHO 110 IPOMEXKYTOYHOH TOUKe ¢, € Vi, kK = 1,...,n u moJo-
KM n "
S =S(fAzbAcr}) =D flen)(zn — z1) = Y fler) Az (2)
k=1 k=1

Bripazkenne (2) Ha3biBaeTCst HHTErpasibHOil cymmoit. Besmanna

A=A({z}) = max [Az, (3)

Ha3bIBaeTCs napamerpom pasbuenuns. [lapamerp pa3duenus: paBeH juinHe HauOOJIb-
el U3 XOpJI, CTATUBAIOIINX COCEJTHNE TOUYKU Pa3OueHusl.



Terepb MOZKHO OIIPE/IEU T KPUBOJIMHERHbIH HHTErpaJs (Broporo poja) or GpyHk-
mun f Baosb KpuBoit «y. Ecim cymecryer npejes cymm (2) Korjga napamerp pasou-
enns (3) cTpeMHUTCS K HYJIO, TO TOBOPAT, 4T dbyHKIms f(z) HHTErpUpyemMa BIOJb
KPUBOIi 7, a caM mpejieJl Ha3bIBAlOT HHTerpaioM dyHKwu f(z) BIOJb KPUBOI 7.
DopMaabHAs 3alUCh ONPeIeCHUS:

L f(z)dz = Tm  S(f,{z} {ex})- (4)

© A{zRh)—0

2. NaTerpan ot mocrosHHO. HenocpecTBeHHO U3 OIpe/ieIeHust oIy 9aem
/Cdz:C/dz:C(B—A), (5)
vy Y

rie A = z(a), B = z() — HauanbHas U KOHeYHAs TOYKH KpuUBOi . B wactHOCTH,
ecJIM KPUBasi 7y 3aMKHYTa, TO UHTErpas (5) paBeH HYJIIO.

3. Belparkenne mHTErpaJia 4epe3 KpUBOJNHENHbIEe NHTErPAJIbl IIEPBOTO
poza. Bompoc o cymectBoBanun u 0 criocobe Bbrumcaenns narerpaia (4) cBoaut-
¢S K COOTBETCTBYIOIIEMY BOIPOCY JIJIsI BEIECTBEHHBIX (DYHKIUI IBYX TEPEMEHHBIX.
JlelicTBUTEIBHO, MEPENuIieM HHTeIPATBHYI0 CyMMy (2) B Bue

S = 3 (k. by) + iv(ap, b)) (A + i) =

=" (ulag, by) Azy, — v(ay, by) Ayy)+

+Z i(v(ak, bk)AZEk) + u(ak, bk)Ayk), (6)

k=1
rje ¢, = ag~+1iby. Buaum, 970 MOIyUUI0Ch Y€ThIPe HHTErPAIbHBIX CYyMMBI JJIs (DY HK-
it u(z,y, v(z,y) no koopauuaram x u y. Ecaun dyuxmun u(z,y n v(z,y) Hemnpe-
PBIBHBI Ha Y, TO, KAK H3BECTHO U3 KypCa KPUBOJIMHEHHBIX HHTEIPAIOB A1 (hyHKIHii
JIBYX BEIIECTBEHHBIX TEPEMEHHBIX, 3T CyMMbl uMmeioT npeaest npu A({zx}) — 0 n
ONpeJeJIII0OT KPUBOJIMHEIHbIE HHTerpaabl BTOPOro posa srux dynknuii. Caemnoba-
TesbHo, u3 (6) u u3 onpesestenus (4) moaydaem

A f(z)dz= lim  S(f,{z} {a)) =

A({z£})—0

= lim Z(u(ak, bk>ASL’k — U(ak, bk)Ayk)—i-
A({zk)—0 £

n

> (vlag, be) Ay) + ulay, b)) Ayy) =

k=1

:/Wud;p—/wvdy—i—i([yvd:v—l—/vudy). (7)

4. ®opmysna ajig BbIYuUcAeHus umHTerpasa. [lonp3ysack uzBectHbIMu Hop-
MyJIAMH M3 YKa3aHHOTO Kypca, 13 (7) MOXKHO HOJTy9uTh GOPMYJLY JIJIsl BHIYHCIICHUST

WHTErpaJia;
/f(z)dz::/uda:—/vdy—irz'(/vd:v—l—/udy) =
ol ol Y v Y

2

+7  lim
A({z1})—0



B

[ (u(a(t) y(0)d — v(w(t),y(1)d) di-+
+ j (v(z(t),y(t)) & + u(xz(t),y(t))y) dt =

8 8
=/ (u(x(t), y(t)) + iv(z(t), y(1)) (& + iy) dt:/a f(=(t)zdt. (8)

[0}

~

5. OcHOBHBIE CBOjicTBa NHTErpaJa (a I uTHBHOCTH OTHOCUTEIHHO (DyHK-
nuu u MHOXKectBa). Cieyome cBOCTBA aJIUTHBHOCTH [Isi HHTETPUPYEMBIX
byHKIIH KOMIIIEKCHOTO IIEPEMEHHOI0 HELOCPEICTBEHHO MOJIyYal0TCs U3 OLpeieie-
unit (2) u (4). Ix M0okHO mOTydnTh Takyke U3 CBsA3U (7) ¢ XOPOIIO H3YYCHHBIME
MHTErpaJaMu BTOPOro poja Jyist (DYHKIMIT JIBYX BEIIECTBEHHBIX MEPEMEHHBIX.

J(CLfi(2) + Cafa(2)) dz = Cu [ fi(2)dz+ C | ful2))
v v v
e C1, Cy — KOMILIEKCHBIE TOCTOSTHHBIE.
| t@dz= [ fEde+ [ fE)dz nnn =0,
Y1U7y2 Y1 Y2
a JlayKe eCJIM Y1, Yo — KPUBbIE, IepecedeHrne KOTOPLIX He UMEeeT BHYTPEHHUX TOYEK.

Aﬂ@@=—LJ@Mz

rae 7y, Y~ — KPHUBBIE C MTPOTUBONOJIO0XKHONW OPUEHTAIIUEH.
6. Onenka mHTEerpasa. llmeer Mecto HEPABEHCTRO

Af(z) dz

< [1f@Nld=l = [ 17 ds. (9)

rJe JBa MOCJeIHUX UHTErpaga ecTh KPUBOJIUHENHHbIe HHTErpajibl IepBoro poja (1o

JUIAHE JIyTH) OT BEIeCTBEHHO3HAMHOI HeoTpuiaTebuoit byukunu | f(z)| = \/u2(:c, y) + v2(x,y).
HoxkazarensbcTBo. Paccmorpum marerpaibayo cymmy (2). Torga, monb3ysich
HEPABEHCTBOM MHOIOYTOJIbHUKA /Il KOMILIEKCHBIX YHCEJT

1+ 2l < ] ozl

IIOJTY YU M
n

> flew)Azy

k=1

|51 =

n
< |f(e)l|Az] =5, (10)
k=1
riae S’ — mHTerpajbHasg cymMMa 1o juiuHe ayru or dbyuknuu |f(2)|. Ipegen S’ upu
A({zr}) — 0 paBen kak pa3 unTerpasy cupasa B (9), a upezesn |S| mo onpeeseHIIO
(4) paBeH Moy IO HHTETpaJIa, 3anucanaomy ciaesa B (9). Ocraercs yuecTs, 9T0O 3HAK
HepaseHcrsa B (10) coxpaHsiercsi Ipu 1peJeJbHOM ePeXoJie.



