Jlexmus 1

KomnnekcHble yncna. Anrebpanyeckne geiicTBMsl Hag KOMMIEKCHbIMU Ynucnamu. T pu-
rOHOMETpUYECKas 1 nokasaTtesibHas popMbl 3anucu. Mseneyenmne kopHeii. CeoiicTBa Mo-
aynsi. CeolicTea onepaunn conpsikenunsi. PopmynnpoBka OCHOBHOI Teopembl anrebpsbi.
[eomeTpnyeckas UNNOCTPaLMA KOMIAEKCHBIX YNCEN 1 anrebpanyeckix onepayuii.

1. Oupeznenenne, ocHOBHbIE 0003HaYeHUs. Komiuiekcubie yncia (K.4.) 910
JIByMepHbBIE BEKTOPBI 2 = (x,y) ¢ JeHCTBUTEILHBIME KOODJANHATAME T, I, HAJIEJICH-
Hble OnpejesieHHoll apudmerndeckoii cTpykTypoii (cm. 11.2). Komruiekcubre quciia
3aMACBIBAIOT MJI yI0OCTBA B BHIE 2 = X + 1Y, TJ€ CUMBOJ ¢ B JJAHHOM CJIydae Wr-
paeT poJib pas3fiesionieil 3alsaToil. DTOT CHMBOJ HA3LIBAETCA MHHMOI €IMHUIEH.
O60CHOBAHHOCTH TAKOTO Ha3BaHHsS OyIeT BUIHA U3 JaTbHEHIIero.

O6Gosnauenns: Re z, Im z (imaginary), |z|, Z.

2. ApudMmeTrndeckune ornepanuu HaJd KOMMIJIEKCHBIMYA YHCJIaMU.

Ormpejiesienre paBeHCTBA JABYX KOMILIEKCHBIX YUCEN 21 = X1+ 1Y U 23 = To + i¥o:

21 = 22 <7 X1 = T2, Y1 = Ya.
CroxkeHne u BBIYUTAaHHE TTOKOODIAUHATHOE: €CJIH 21 = T1 + 1Y U 23 = T + Y2, TO
Z1 + Z9 = (:U1 :|:l’2) +1 (y1 + y2>.

VMHOKEHHUE JIBYX K.4. 2] U Zy OLPEJIEIeTCs KaK 00bIYHOe IIPOU3BEIeHNE IBYX ajired-
pamvecKux JABYUICHOB, HO IPU 3TOM BHIPAKEHHe 12, TIOJTy9aloleecs B TPOU3BeICHI,
3aMeHsdercd Ha —1, T.e. 12 = —1:

(21 +iy1) (T2 +iy2) = 122+ 2Y1Y2 + (2192 + Y172) = (2172 — Y1) + i (2192 + Y172).
[IpaBuiio menenus:

Tty Tty X2 — QYo  T1Ty + y1ye + (oY — T1ye)

Ty +iYy2 T2+ W2 Tz — Y2 23 + 3
_ T +Y1y2 . ToY1r — T1Ye
x5+ 5 x5+ 5

Nmeer MecTo KOMMYTATHBHOCTH, aCCOMUATHBHOCTD, JAUCTPUOYTUBHOCTH OTEPAINii.
MHuozKecTBO K.4., HaJeJeHHOe YKa3aHHOH apudMeTndecKoil CTpyKTypoii obpa3yeT
nose. Ponb myna 3meck urpaet 0 + ¢0, poab eaquaunnsl urpaet 1 + 0.

N3 oupejiesienus onepanuii cjie/yer, 9ro K. 4. Bujaa r+10 BeyT cedst Kak 0OObIYHbIE
JeficrButesibHble ynciia r. Hanpumep, ecian 21 = 1 +10 u 29 = 29 + 10, 10 21 + 20 =
(x1 + x9) + 01, 2129 = w129 + 30, 21/20 = 1/ + 0i. TlosTOMy Takue 9uc/Ia TaKKe
Ha3bIBAIOT JeHCTBUTEIbHLIME U 0003Ha4Ya0T Kparko ¥ = x + 10. Yucaa suga 0 + 1y
HA3BIBAIOT YUCTO MHUMBIMH, UX 0003HAYAIOT KPATKO: 1.

OrMeruM 9acTo NpUMEHsieMOe Ha MPAKTHKU CBOMCTBO, 9TO €CIn 2 = Ty — JIei-
CTBHUTEJILHOE YUCJIO, TO YMHOXKEHHUE U JIeJIEHHe Ha ITO YUCJIO0 MPOBOIUTCS TTOKOMIIO-

HEHTHO: .
(SL’Q + 2y2) r| = X9 + iygl’l, M = ﬂ + Z%
T x1 o
OrMerrM OZHO BarkKHOE ajaredpamvdecKkoe CBOWCTBO K.4., HE TMPHUCYINEe JeHCTBU-
TeJbHBIM YHCJIaM, KOTOPOEe Cpa3y CJeyeT W3 onpejeseHns onepannii. Perras ypas-
Henue 22 = —1, BUJUM, 9TO CYyHIECTBYIOT KOMILTeKCHbIe KopHU 2 = +i = +(0 + 14),

a B 00JTaCTH JIeHCTBUTEIBHBIX YHUCE/T YpaBHEHHE HEPA3PEIINMO.



OrmeruM eme COOTHOLIEHU

B 9 z2+z z—Z
=l a= 0 y=

4. TpuroHomerpu4deckad u nokasarejibHag popMa 3anucu K.4. Paccmor-
PHUM Telnepb TaK HAa3bIBAEMYIO TPUTOHOMETPUUECKYIO (DOPMY BAIUCH THUCTIA Z.
x

.Y ..
+i— | =r(cosp +isinyp). (1)
EI N E

z=1x+1y =|z|
Baech r = |z| — mauBa paauyca-BEKTOPa Z, ¢ — YroJ MOBOPOTA PajMyCca-BEeKTOpa Z.
DTO TOJISIPHBIE KOOPJAWHATHI TOUYKH 2. 32 KOOPJIMHATON ( 3aKPerieHo 0003HaAYeH e
Arg z = ¢ n naszBamme "apryment'uncia z. OueBummno, Arg z ompeaensercsa c
TOYHOCTBIO 70 27. To 3Havenue Arg z, KOTOpoe JIeKUT B Jauana3oHe or (—m, 7],
O603Ha“laIOT qepe3 arg 2 1 Ha3blBalOT IVIaBHBIM 3HQYEHUEM apl'yMeHTa. I/IMeeT MeCTO
O6BILIHaH CBA3b ME2K/y A€KAPTOBBIMU U MOJIAPHBIMU KOOPpAWHATAMMA:

T =TCcosy, Yy =rsiny;

rzv#+¢,@w=%.

[TocieiHee paBeHCTBO ONPEIEISIET apryMEHT ¢ TOYHOCTBIO J0 7.
¢ = arctg? npu x > 0, ¢ = arctg? & 7 npu z < 0.
Beemem ommo BaxkHOE 0003HAUECHIE

cos @ +isinp = €. (2)

D10 paBeHCTBO HasbiBaercs: dopmysioi Ditepa. Torma (1) MoxkHO mepenucarb B
BHjIe 2z = re'?. DTo nmokazarebHast (popma 3amnucu. Beipaskenue €' OyeM Ha3bIBATH
9KCIOHEeHTOi Ditiepa. OTMeTUM, UTO

’ew‘ = cos® o +sin’ p = 1.

Yem BoI3BaHO 0003HAaueHue (2)? KoppekrtHo jim oHO? Ha 3TH BOMPOCH B KAKOH-TO
Mepe OTBEYaeT CJIeyIonas Teopema.
Teopema 1. IIycmon

21 = r1(cos + isin ) = rie'?t,

2o = 12(COS g + 18N ) = €'t

Tozda . ,
2129 = TyreetP1T¥2). 2 TLilpi—es) (3)
&%) T2
T.e. npu ymHoscenuy, MoOYAU NEPEMHONCAIOMCHA, G APLYMEHMBL CKAGODIBAIOMCA.
Ipu deseruu modyasu deaamcs, a aP2YMEHMbL BLLNUMAIOMCA.
Caencrsue. Jas wucaa z = |2|€? umeem dopmyay cosscedenus 6 uesyto cme-
nexs n:

=gz = 2" (4)



Urak, sxcnonenta Ditjiepa BBe/IeHA KOPPEKTHO, O KpaifHeil Mepe 10 OTHOIIEHUIO
K apudMeTHYeCKUM OlepalisdM yMHOXKEHUS W JIeJIeHUs, T.e. OHa BeJeT ceds Kak
0oOBITHAST SKCTIOHeHIINaIbHAsT MYHKIWs. B ganbHeiineM Mbl yBUIUM, 9TO DOPMYIY
(2) MOKHO paccMaTpUBATBH He TOJBKO Kak ya00HOe 0603HAYene, HO U KaK UCTHHHOE
COOTHOTITEHUE MEYKITY COOTBETCTBYIONUMHU KOMILIECHBIMU (DYHKITUSIMU.

JokazarenabcTBO TeopeMbl 1. [0 npuBejieHHOMY 1IPABUJLy YMHOYKEHUS 11OJ1Y-
qaeM

2129 = T172(C0OS (p1 COS Py — SiN Py 8in Yy + i (COs 1 Sin s + Sin Py Cos pg)) =

= rira(cos(p1 + p2) +isin(pr + p2).

[Teprast bopmyna B (3) mokazana. AHAJIOTHYHO JOKa3bIBAeTCsT BTOpasi hopmyJia.
Dopmy.ty (3) 9acTO IPUMEHSIOT PU YMHOMKEHUAX U JICTCHUSIX YHCET.
IIPUMERP. IIycts 2 =1 — i, 2o = 1 — /3i.

Haiitu |z, |22];

Haiitu Arg 2z, Argzo;

[IpuBecTu TpUroHOMETpPUYECKHE U MOKa3aTeIbHbie (DOPMbI 3aITUCU YUCET.

Borauciuts 21°/25.

4. I3BneyeHne KOpHEil M3 KOMILJIEKCHBIX duces. KpoMe yKa3zanHOTO, TTOKA-
3aTebHasg popMa MO3BOJSIET H3BIEKATH KOPHU U3 KOMILTEKCHBIX YUCET, T.e. PellaTh

JBY4JeHHbIE YDABHCHUA BUJA

w" = z,

perenns KOTopex obo3naqaoT uepes {/z. Besenem dbopmyny. [ycrs

w = |w|e; z=|z]e".

Haiigem u3 ypasuenusi |w| u «. [Tepenumem ypasuenne |w|"e'*" = |z|e'?. Hanucano
PaBEHCTBO JIJIsl JIBYX BEKTOPOB. JIOJKHBI cOBIAIATh WX JIHHBL |w|” = |z| u yrisl
moBopoTa (€ TOYHOCTBIO J10 27k): an = ¢ + 2wk. [ToryuaeMm HCKOMOe peleHue:

w| = {/|2]; = 22 g =0,1,..,n — L Te.

Vz = {llet = {2, k=0,1,n - 1. (5)

13 dbopmya (4),(7) Bo3BedeHHS B CTENEHb U W3BJIEYCHHs KOPHEH CJIeayeT Ha
IePBBIil B3IJIsL MAPAIOKCAIBLHOE COOTHONIEHNE KOTOPOE BBITIOIHSIETCS, €CJIH TOJIBKO
HucCJia M U N HEe AdBJIAI0TCA B3aUMHO IIPOCTbIMU:

(Z™Ym £ (MM 240, m>2, 0> 2,
Jeiicreurensno, npu 2z = |z|e? no yxasannbiM hopMy/iaM HaXO{uM

(Zm)l/n — Weimwi%rk _n |Z|mei%eik%"7 k= 07 17 n— 1.

(2mym = o |2 mem T = oz met S R k= 0,1,...,n — L.

fZlcHo, ITO MHOXKECTBO, 3a7aBaeMOe BTOPBIM PABEHCTBOM MOZKET COJEPKATh MEHbIIIe
Pa3UYHBIX 3JIEMEHTOB, YeM B IEpPBOM ClIydae. DTO HMeeT MeCTO B TOM CJydae,



KOLJIa T U 1 UMEIOT HeKOTOPbIi o0nuit MHOXKUTEIb P > 1, T.e. m = myp, n = nip.
Hanpuwmep, ecsiu m = n, 1o 1o npeapiymum (hopmyiam

(Zn)l/n _ |z|ew€277rki, k=0,1,..n—1.

(Zl/n)n _ |Z|6w62nk;i = |z|€", k=0,1,...n—1.

B nepBom ciyuae mmeem n pas3andHbIX KOPHEil, a BO BTOPOM — BCero OJIH.
5. CoiicTBa momayJig. Cjie/lyioniue JBa COOTHOIIEHUS JIETKO ITPOBEPUTD:

2| =0< 2 =0.

|21 + 22| < |z1| + |22],

IpHYEM PABEHCTBO MMEET MECTO B TOM M TOJLKO TOM CJIydae, KOTIa arg z; = arg 2.
Cuieyronye Ba paBeHCTBA HOJydaioTcst 13 Gopmydsl (3)

|21]

| 2o

21

|2122| = | 21|22/,

B nanbreitem Mbl OygeM HCI0JIH30BaTh CJEAYIOININE TTPOCThIe HePaBEHCTBA.

max{|z|, |y} < [z] = /2 +y? <[z[+[yl, z=z+iy

ITPIMEPBI, cBga3aHHBIE C MOIYJIEM.
a) IlokazaTb, 4T0 MOJIY/Ib SKCIOHeHTHI Dilaepa pabeH eJuHHIE, T.e. ||,
b) Onpesesnm S5KCIOHEHTY OT MPOU3BOJIHLHOTNO KOMILIEKCHOTO YHCJIA 2 = T + 1Y
TaK
e” = e"e" = ¢"(cosy +isiny) = e” cosy + ie” siny.
Boraucants |€7|.

c) [lokazarb, uto 2z = |z|%
22—2z

d) Pemuts ypasuenus ‘e =1, |lz4+1i=1]z—1]
6. CBoiicTBa onepanuu CONPA>KEHUS.
B nepsyio odepejib ormeTuM, 4TO

rei? =re . (6)

[leiicTBuTe/IHHO,

retY = T(cosg@ + 7sin 4,0) = T’(COSQO —isin 90) =

= r(cos(—p) +isin(—p)) = re” . (7)

[IpuseaeM ere oHO (CoIeyrolIee HEIOCPECTBEHHO U3 OIpE/eJIeHnsT) CBOHCTBO
z=zz€R.
Teopema 2. Cnpasedaiusn, pasencmea

nE 2z =717, (8)



2122 = 21 %2, <21> = g 9)

22 <2
okazarenbcTrBo. PasencrBa (8) oueBnmnbl. /lokazkeMm mepBoe paBeHCTBO B (9).
Ucnospsyem (7) u Teopemy 1:

T2 = 11eP1 92 = prgei(eitee) = pipyeTiP1102) —
= rie Plrge 2 = rief roei2 = 77 7.

Bropoe paserncTBo B (9) J0Ka3bIBAETCS aHATOTHIHO.

CaencrBue. Mroscecmeo komnaekenor kophell muozousena P(z) = a,z" +
...+ a1z + ag ¢ deticmsumenvrvimu Kosdiuyuenmamu ap (¢ omauurot om HyAA
MHUMOT MaACMBI0) COCMOUM U3 NAP KOMNAEKCHO CONPANCEHHUL Kophel (¢ omauy-
HOT 0T HYAA MHUMOT, HACTNDIO), G MAKHCE U3 DETUCMBUMENLHYIT KopHel.

7. OcHOBHag Teopema ajredphl U ee CJIeJCTBUS.

Teopema. /10601 mrozounren P(z) = c 2" + ... 4+ c12 + ¢y ecmenenu n (¢, # 0)
UMEEM, POBHO N KOMNACKCHOLL KOPHET 21, 22, - - . y Zn, NPU IMOM HEKOMOPBLE KOPHU 6
amoti 3anucu mo2ym coenadamo (Kpammvie KOPHU,).

CiiencTBue 0 pa3/io>KEHNN MHOTOYJIEHOB HA MHOXKUTENU. /10601 MH020-
unen P(z) = ¢, 2" + ...+ c1z + co, (¢n #0), Mootcho pazaosicums 6 npoussedenue:

P(z)=culz —2z1) (2 — zn),

2de HEKOMopuvLe MHOHCUMEAU MO2YMT, cosnadamuv. B wacmnocmu mro2ousen ¢ eceue-
CMEBEHHHIMU ﬁoaﬁéuuuenma,/wu pasaazaemcsa Ha MHONCUIMEAU

P(z) = a, [[(z — o) [[(2* — 2Rz - 2 + |25]%).

[Ipumep pa3mokeHHs:
P416=(2+2V22+4) (2 —2v2+4).

8. 'eomeTpuyeckas MJLIIOCTPANUs KOMILJIEKCHBIX YHCEJ U ajarebpamde-
CKUX OIlepanmuii.

a) YI06HO n300pazKarh K.4. 2 = & + iy Kak BeKTOp (HJIM TOYKY) B JeKapTOBOW
cucreme koopauaar XOY ¢ koopaunaramu x, y. Torga |z| = /2?2 4+ y? ecrb pin-
Ha BeKTopa, u3obpazkaroriero K.4. Ilrockocrs XOY, Toukn KOTOpPOil H300pazKaroT
KOMILIEKCHBIE uncia, obosnadaerca yepe3 C.

b) CiloKeHHUIO0 K.4. COOTBETCTBYET OOBIYHOE CJIOKEHHE BEKTOPOB (IO HpaBHJLy
napaJuiesiorpamMma, puc.). Hepasencrso tpeyrosbauka |21 + 21| < |z1| + |22| numeer
TaKKe MPUBHIYHBII T€OMeTPHYECKHl CMbICT (pHC. ).

¢) TeomeTpudeckuii CMbICJT BeJTHYUHbI

|21 — 2] = /(21 — 22)? + (1 — )2

OTO pacCTOSHUE MeZK1y TOYKAMHU, H300pazkKalouMI 9UCIa 21, 22 HA IUIOCKOCTH.
d) Teomerpuyeckuii cMbIC/T YMHOKEHHSI K. 4.

e) leomerpudeckuii CMbICII OepAIUy COMPSIZKEHHS.

f) Teomerpuueckast WITIOCTPAIHST W3BJIEYEHNsT KOPHEI.

g) FeomeTpryeckast WITIOCTPAINS MHOYKECTB BUJIA

lz| <r, |z|=7r, Imz>0, |z2=2z]|=]|z— 2|



