Jlekiua 5, TOKII, [IM

AnanutunyHocts. Yenosus Kown-Pumana. Fapmonuyeckne dyHkunmn. eometpude-
CKUii CMbICN npomn3BogHon, anddepeHunana. KoHdOpMHOCTb, CBSA3b C aHANINTUYHO-
cTbto. [eomeTpuyeckoe nsobpaxenne dpyHkuuii. Teopema Pumana.

Hduddepeniiupyemocts. AHAIUTUIHOCTD.

[Tycrs dynknus w = f(z) oupegesena B HekoTopoit obstactn G u zg = xg+ iy €
G. Ckazxem, aro ¢pyuknus [ guddepennupyema B TOUKE 2y B KOMIIJIEKCHOM CMBICJIE
(MOHOTEHHA B TOYKE Zp), €CJH CYIeCTBYeT Tpe/iel
: z)— f(z . A
F(z) = lim f(2) — f(=) — lim f

=20 2 — 2 Az—0 Az’

(1)

V3 ompesenenns BHAAM, YTO W3 MOHOT€HHOCTH (YHKIHH f B TOUKE 2y CAEIYeT
COOTHOTIIEHNE

A f(z0) = f(2) = f(20) = f'(20) - (2 — 20) + (2, 20) - (2 — 20), (2)

rjae BeaumunHa €(z,z0) — 0 mpu z — 2o, TO ecTb €(2,29) = o(1). IIpenebperas
MaJIbIMU BeJImauHaMu €(2 — zo) - (2 — 2), HepenuiemM cooTHomerne (2) B Bue

Af(z0) = f(2) = f(20) = df(20) = f'(20)dz, dz=Az=2z— z. (3)

Beipaxkenue df (zg) = f'(20)dz siBiasiercst rjiaBHOHN JTMHEHHONH YACTHIO HPUPAIIEHHUSI
dbyukuun f(z) u HaspiBaeTcsa KOMILIEKCHBIM JuddepeniuanoM GyHKIUE [ B TOUKe
2p. Takum obpasom, nosnoe npupaiienue f(z) — f(zo) dbyukmun f npubaukeHHO
pasuo auddepennuany df dyaknun f. OTMeTnM BazKHBIN (DAKT, HEIBHO COIepIKa-
HMCs B JIAHHOM onpejie/ieHnn. VIMEHHO, pejio/araercst CyecTBOBaHe pejielia
[PU CTPEMJIEHUHN 2 — 2o IIPOU3BOJIBHBIM 00PA30M, T.€. TOUKA 2 MOYKET MPUOJIHKAThH-
Cs1 K TOYKE Zg TIO MPOU3BOJILHOMY IYTH WJIM 110 MPOU3BOJILHOMN MTOCJIEI0BATEILHOCTH
TOYEK 2 U OT STOTO 3HAYEHHE IIpejieia He N3MEeHSeTC.

Onpenenenne. Pynknusg [ Ha3bIBaeTCI aHATUTHYECKOH B obsactu GG, ecin oHA,
MOHOT€HHa BO Beex TouKax G. JlasibHeinuii Hail Kype Oy1eT MOCBAIIEH 10 CYIIECTBY
AHAJTUTUYCCKUM (DYHKIUSIM.

VYcaosug Komm-Pumana

[Tpu3HAKOM AaHAIUTHYHOCTH ABJg0TCA yeiaopusa Komm-Pumana. Ilyers f(z) =
u(z,y) +iv(x,y), u ee nelTBUTESLHAS U MHAMAS YACTH UMEIOT HEIPEPBIBHBIE TACT-
Hble HPOU3BOJHBbIE 110 T U Y. YciaoBusmu Komwu-Pumana B Touke zop = xo + 1Yo
HA3bIBAIOTCS JIBA PABEHCTBA:

Ou _dwv  dv _ OJu (4)
dx Oy dx Oy’

e BCe YACTHBIE TIPOU3BO/IHBIE BHIYUCIEHBI B TOUKE (Xq, Yo)-

Teopema. Anarumuunocms gynkuuu f, m.e. cywecmsosanue npoussodnot f'(z)
60 ecex moukaxr z = T + 1y € G pasnocuavha sunosnenuto yeaosut Kowu-Pumanra
60 ecex moukax z € G,

HokazareabcTBo. [lycTs, 1719 KpaTkocTn,
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IJie BCe YaCTHBIE ITPOU3BO/IHBIE BBIUUC/ICHBI B HEKOTOPOIT (DUKCUPOBAHHON TOUKE 2 =
xo + 1y € G. U3 xypca auddeperiuajibHOro ncauciennss (pyHKIni HECKOJTbKIX
MepeMEeHHBIX U3BECTHO, 9TO JJIs MOJTHBIX TPUPAIIEHU B TOUKE 2) WMeeM

Au:= Adx + Bdy +¢1, Av=Cdx+ Ddy+ e,

rae AU = U(I‘,y) - u<55073/0>a d.’lf = X — o, ’€1| = |51($7Z/;x0;y0>| = O<|dZ‘) pu
(x,y) — (z0,Y0) (KOpoue, npu z — 2p), T.€.

lim 81(3:7?/) — lim w = lim |€1(fb,y)‘

R R = R N [ E A

~0. (5)

AnajlorndHbie COOTHOIITEHUST BEPHBI U JJIsT U, dYy, €9. 3AMUIIEM TIOTHOE TPUPAITEHUE
dbyukuun w = f(z) B Touke 2

Aw=Au+iAv= Adx + Bdy +i(Cdx + Ddy) + €1 + ies. (6)

Yuarem, uto Az = dz = z — 2y = dx + idy. Torna dz = dv — idy u, crenoBaTEIBHO,
i = S(dz + @), dy = ~(dz — @) = —(d= — T2)
z =5z +dz), dy=_-(dz —dz) = —(dz — dz).

[TogacraBum 5TH BhipakeHus B (6) n mOJIyduM

Bi

A _ . Di
Aw= E(dz—l—dz) 5 (dz — dz) —|—z’(§(dz—|—dz) — %(dz—dz)) +e1 +igr =

1 1 _
:§(A+D+i(—B+C))dz—l—§(A—D+i(B+C))dz+€1+i52.
Torma
Aw_l i 1 R E €1+i€2
%—§(A+D+Z(—B+C))+§(A—D+Z(B+C)>£+7. (7)

[Tycrs Tenepn dynknus f(z) MOHOTEHHA B TOUKE Zg. DTO 3HAYUT JIOJKEH CyIIe-
crBoBath npejen (1), m.e. npemen npasoii wactu B (7). Ho 3mech no croiicty (5)
nMeeM ,

lim =2 g Sl dim 22 =040 =0,
z2—20 dz z—z0 dz z—20 dz
U, 3HAYUT, JJI CYIIECTBOBAHUS TPOU3BOIHON HEOOXOIMMO U JOCTATOYHO CYIIECTBO-
BaHIe IIpe/iesia BToporo ciaraemoro. Ho Beipazkenue
dz  re%

dz rew
HE MOYKET UMEeTh HUKAKOIO IIpejiesia, I03TOMY KO3 MUIMEHT IpH HeM JI0JIZKeH ObITh

PaBHBIM HYJIO. 3aIUIIIeM 3TO YCJIOBHE
A-D+i(B+C)=0 & A=D, B=-C.

[Tocsieqnne aBa paBeHcTBa siBasitoTcst ycjoBusimu Komm-Pumana B TOUke 2p.
Nrak, n3 ycaoBus MOHOTEHHOCTH B TOYKE 2 CJIeIyeT BBITIOJIHEHWe yCJIOBusi Korru-
Pumana B maHHOiIT TOUKe zo. A U3 yCJIOBHS aHAJUTHIHOCTH B obiactu G ciaemayer
BhIIOTHeHHNE yeaoBus Komu-Pumana Beiogy B G.



Hao6opor, nycrs ycnosus Komu-Pumana seinosnnenst seiogy B G. Torga us (7),
IJle BTOpOe cjaraeMoe OOPAaTUTCS B HYJIb, MOy IUM

: 1 : . €1+

lim — = §(A+D+Z(—B+C))+;L@07dz :

TTOCKOMIBLKY TIPEIET MOCTEHEr0 CJIaraeMOro PABEH HYJIIO, TO TPOU3BOIHAS CYIIECTRY-
er u

1 :
f'(20) = 3 (A+ D+i(—B+Q)).
Ha mpakTuke /s BbIYHAC/I€HHS TPOU3BOIHOM JIVUIIE TMOIb30BAThCA (hOPMYJIOi

, ou Ov
f(20) = I + o

KOTOpasl TI0JIydaeTcsl, ecJiu Npu Berauciaenun npejena (1) B3are dz = dx +i0 = dx.

B 3akmogennn 3TOro myHKTa cAesaeM HeCKOJTbKO BayKHBIX 3aMedaHUid.

1. Cymma, pa3HOCTD, IPOU3BEJIeHNEe, OTHONIEHNE aHATUTHIECKUX (DYHKIUH TaK-
JKe gBIeTCs aHATUTHIECKOH B KaxK 101t 061acTH, rae oHa onpeaenera. [Ipu sTom as
aHAJIUTUYECKUX (DYHKIUN OCTAIOTCs CIPABEJIMBBIMU BCE XOPOIIO U3BeCTHbIE (POp-
MyJibl O udphepeHImpoBaHuT CyMM, Pa3HOCTell, Tpon3Benennii, oruomrennii. Crpa-
BeJIJTUBBIM OCTAeTCs M MPaBUIO JuddepeHImpoBanus cJI0KHbIX (pyHKmuii. Bee 3To
JIOKa3bIBAETCA TOYHO TaK Ke, KaK JIJId BeIIeCTBEHHBIX jud dhepeHnupyeMbx GyHK-
NI, MOCKOJBKY OIpejeneHne KOMILTEKCHON U BEIeCTBeHHOH MpPOU3BOIHON (hop-
MaJIbHO HUYEM He OTJIMYAIOTCS.

2. Bce onpenesiennbie HaMu 3j1eMeHTapHble (DyHKIMKM TUNA Sin 2, tg 2, U T..1.
SIBJISIFOTCS] AHAJTUTHIECKUMHI B KazKJI0i 001acT, ry1e 3mi (DYHKIUH OTIPe e IeHbl. DTO
HEIIOCPEJCTBEHHO MpoBepgaeTcd ¢ momoinbio ycaopuit Komu-Pumana. Tabauna mpo-
U3BOIHBIX /I KOMILTEKCHBIX dJeMeHTapHbIX (DYHKINN (popMaTbHO OCTAETCS MPeK-
neit. [Ipuuem Ha JieficTBUTEILHON OCH KOMILIEKCHbBIE djIeMeHTapHble (DYHKIIUU U UX
MIPOU3BOHBIE COBIA/IAIOT C OHOMMEHHBIMH BEIIeCTBEHHBIMU 3JIEeMEHTAPHBIMU (PYHK-
OUSIMA W UX TTPOU3BOTHBIMH.

3. lIlpumepaMu HeaHATUTHIECKUX (DYHKIUNA MOTYT CJAYKUTH TaKue: w = T, W =
Z, w = cosz, w =| z |, w = RNz,... HeckoabKo Gosiee CI0XKHbIE HEAHATUTHIECKUE
BBIpAZKEHns:: W = 2 + 322, w = Jzsiniz, w = zell...

l'apMmonunyeckune pyHkKIuM
l'eomeTpuyeckmii cMbICJI ITPOU3BOIHOIA,

aunddepennunana. KoadpopMHOCTh, CBA3b C aHAJIUTHYIHOCTBIO.
Teopema Pumamna.

Bepnemcs K otpejiesieHUI0 TPOU3BOIHON U KOMILIEKCHOTO Juddepennuaria. Mbr
3HAEM, UTO W3 AHAJTUTUIHOCTU (DYHKIWHU [ IIPU MaJIbIX HPUPANIEHUsIX d2 CJaeayeT

Af=Fz)—fla)=df,

riae df = f'(z0)dz — kommnekcusiii guddepennnan dbyHkuun f B 3aJaHHON TOUYKe
2p. DTO O3HavaeT, 4To Majble BeKTophl dz = 7e'¥ 1mpu orobpaxkennn w = f(2) (c
TOYHOCTBIO JI0 OECKOHEYHO MAaJIbIX IHOPsi/IKa 6oJiee BBICOKOIO, 4eM dz) mepexojisT B
HEKOTOpbIe MaJible BeKTopsl df = Re™ u npu s1oM u3 onpeje/enus df Haxomum

Re™ = f'(z)re',

3



R=r|f'(2)|, argdf=argdz+arg f'(2).

Dro osmauaer, uro npu f'(zg) # 0 orobpaxenne w = f(z) BOMM3K gaHHON TOU-
KU 2y COBepIaer JIMIIb Hnpocreiinme aedopManun 001acTh, KOTOPHIE CBOJATCS K
CJIe/IY IOIIEMY :

a) MOCTOSTHHOE PaCcTszKeHune BeKTopos dz ¢ kosddunuentom | f/'(zo) [;

b) KOHCEpBATU3M YIJIOB, O3HAYAIOUIUIT, YTO BCe BEKTOPBI d2Z OBOPAYMBAIOTCS HA
OJIMH U TOT ke yroJ pasubiii arg f’(zg).

YKa3aHHBIE TeOMETPHYECKHE CBOHCTBA a), b) Ha3hIBAIOTCST KOH(MDOPMHOCTHIO 0TO6-
paxkenus f B maHHOI TOUKe 2¢. VITak, eciu byHKIMS aHAJTUTHIHA, TO OHA COBEPIIAET
KoH(pOpMHOE 0TOOpakeHne B KazK /101l TOUKe, T/Ie ee MPOM3BOIHAS OTJINIHA OT HYJIS.

Bosaukaer Bompoc, BepHO Ji 0OpaTHOE, T.e. CJAeAYeT JU U3 KOH(MOPMHOCTH B
TouKe zg oroOpaxenus w = f(z) ero muddepeHnupyeMocTh B YKa3aHHOM KOM-
mIeKCHOM cMmbicsie. OTBeT yTBepAuTe IbHbIN. A B 9acTHOM ciydae, Korja f mmeer
HeIPePbIBHbIE YACTHBIE POU3BO/IHBIE, ITO JIETKO JTOKA3ATD.

I'eomeTrpudeckoe nzobdbpakenune pyHkimii

g d.x.a1. f(2) rpaduk, T.e. MHO)KeCTBO TOUeK Buja (2, f(2)), 1eKut B 4-X Mep-
HOM IIPOCTPAHCTBE, U IMOTOMY HAPHCOBATH €r0 HEBO3MOXKHO. /11 reoMmeTpudeckoii
wLocTpanuu oTobpazxkenuit w = f(z) 0OBIYHO IPUMEHSETCS CJIAYIONMA METO/L.

[TycTh MBI XOTHUM U3y4uTh oTOOpazkenne w = f(z) mekoropoit obractu G, tae
onpejenena dpyukius f(z), Ha Apyryto obsactb Gy, ABISIONYIOCH 001aCThIO 3HA-
yenuit pyukiuu f(z). s 57010 paccMOTPUM JIBA SK3EMILISIPA KOMILIEKCHOl TL10C-
koctu (z) u (w). Ha mepBom sK3eMiuisipe Hapucyem objactb (G, U B 910l obiactu
HEKOTOPYIO XapaKTEPHYIO CeTKY S,, COCTOAILYI0 M3 MepeceKkaronucs Kpupbix. Ha
BTOPOM 3K3EMILIAPe M300pa3nuM 00pas3bl ITUX KPUBBIX NpU oToOpazkennn w = f(z).
[Tonyunrcs apyras cetka S, jdexamas B GG,,. Comocrapiaenne cetok S, u S, 1aer
HAaM Ka4eCTBEHHYI0 KapTHHY CBOICTB pacCMaTpPHBAEMOr0 OTOOParKeHHs.

ZKenarensno B KadecrBe (G, Gparh 00JacTh ojHoMUCTHOCTH hyHKInu f(2), B
HPOTUBHOM CJlydae, B yuepd HarisiiHOCTH, B 00/1actu Gy, OY/yT 1HOJIyYaThCsl Kpat-
Hble TOYKH (HAJIOKEHNS).

[Ipu pucoBanmum cerku S, MOJTB3YIOTCS CBOWCTBAMHU yKa3aHHBIMU CBOHCTBAMU
KOH(MOPMHOCTH.

IPUMEPBL: w = 2%, w=¢*, w =} (2 + 1).

[leHTpaTbHBIM PE3YILTATOM B TEOPHH KOH(MOPMHBIX OTOOpayKeHHil M B T€OpHUH
dbyukimit apisiercsd reopeMa Pumana, jjokazannas B 1851 rouy.

Teopema Pumana. /lis mobvxr deyr odnoceasnuix obracmet D u G, 2panuya
KaHcOoT U3 KOmMopuLr cocmoum boiee wem us 00HOT MOYKY, CYULECMEYEN 63AUMHO
00HO3HAUHOE KoHPopMmHoe omobpacenue obaacmu D na scro obaacms G.

B pas/inYHBIX NPUIOKEHUSIX B THAPOJINHAMUKE, a3POJIUNHAMUKE, B TEOPUHU YIPY-
rOCTH BO3HUKAET 33/1a9a MOCTPOEHNsT TAaKuX 0ToOpazkenuit PumaHna J1/1s1 KOHKPETHBIX
obustacteit. Hanpumep, B ruapoannaMuke 3ajada 00 00TeKaHUU HALAJTbHOW YKUJTKO-
CTHIO 33JJAHHOTO KOHTYpa OOBIYHO PENIaeTcsi MOCTPOEHNEM OTOOparKeHWsT BepxHeil
IOJIYIJIOCKOCTU HJIM HEOTPAHIMYIEHHOM IOJIOCH Ha BHEITHOCTH KOHTYPA.



