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®yHkunn. Beigenenne ogHo3HauHbIX BeTBei. [ToHATUE OgHONNCTHOCTI.
Breigesnenue ogHO3HAYHBIX BeTBeili HEOAHO3HAYHBIX (DYHKIIUI

Pacmorpum cnadasa moHsiTie HenpepwBHOi Beru f(z) dynkmun f(z) Ha Kpu-
Boii v. Ilycrh f onpesenena B Hekoropoit obsactu G. Hepes v 0603HaYUM HEKOTOPY O
(3AMKHYTYIO WM PA30MKHYTYI0) KPHBYIO, JieXKallyio B G U UMEOIIY0 TapaMeTpH-
vyeckoe ypasHenue z = z(t) = x(t) + iy(t), rae mapamerp ¢ usmensgercs or « K 3. B
HavYaJIbHON TOUKe 2 = z(ar) 9TON KPUBOH BHIYMCIMM BCe 3HAYeHUsE Wy (20 ), Wi(2p),..-
dbyuxnun f(z) u monoxkum f,(2p) paBHBIM OAHOMY W3 ITHX 3HAUCHUIl, HAIIPUMED
f+(20) = Wy = wo(20). Buauenne Wy Mbl Oy/1eM HA3BIBATD HAYAALHOM 3HAYEHUEM
dynkuun f. Bo Becex Apyrux Toukax z € 7 Mbl TAKZKE BBIYHCIHM BCE BO3MOKHBIE
3HadeHns wo(z), wi(2),... byukmun f(2) u momoxnM f,(z) paBHBIM OTHOMY U3 STHX
snadenuii, re. f,(z) = ws(z), s = s(z). Eciau BbiOOp 3HAaueHHil yjaanoch cjaenarsb
Tak, 9TO Ha KPHUBOIl mosydmiach Henpepoisaas Gynkius f.(z(t)) mapamerpa t, To
FOBOPAT, 4TO

Ha KPUBOii 7y BBIJIeJIeHA HelpepbiBHASA BeTBb f. GYHKIUM f, WK, 9YTO HAYATBHOE
suadenne Wy dyHKIuE [ HEOPEPBHIBHO W OJHOZHAYHO IIPOJOJIKACTCA 6004 Kpueol
7.

Boobiie rosopsi, MOKeT CymecTBOBATH HECKOJIHKO HENPEPBIBHBIX MPOJIO/IZKEHU
OJIHOTO HAYAJbHOrO 3HadeHuss Wy BIoIb 7 (HECKOJBKO HempepbiBHBIX BeTseil). Ho
MOZKET U HE CYIIECTBOBATH HU OJHOIO IPOIOIZKEHHUS.

[Tycts Tenepnb B obnactu G puKcHpoBaHa HEKOTOpasg TOUKA Zg, U B ITOH TOUKe
3a/1aH0 Hava/bHOe 3Hadenue Wy muorosuaunoii pyuknun f. [lycrb 2 — npousBosib-
Has Touka obactu G (BO3MOXKHO, 21 = 2(). PaccMOTpiM MHOXKECTBO BCEX KPUBBIX 7,
COeJIMHSIIONINX TOYKH 2o W 21 W Jexkamux B obsactu G (ecam z; = zp, TO BCe KPUBbHIE
3aMKHYTHI). Eciu B10JIb Beex TaKuX KpUBBIX HadaabHOe 3Hauenue Wy dbyukuun f
IPOJIOIZKAETCS HEIPEPBIBHO U BCE TIPOJOJIZKEHUS JAIOT OJHO U TO YK€ KOHETHOEe 3Ha-
uenue f(2z1), 10 GyeM roBopuTh, 4To HauaabHoe 3Hadenue Wy = f.(zp) HenpepbiBHO
U OJIHO3HAYHO IPOJIOJIKAETCS B TOUKY 21. B 9TOM CJlydae, KaK Mbl BHJIUM, 3HAUEHHE
f+(2) B TOUKe 21 ompemesseTCS OAHO3HAYHO HAYAIBHBIM 3HadeHueM GyHkiun f u
He 3aBHCHUT OT BBIOOpA KPUBOIi .

Haxkomer, ecu npu (pUKCHPOBAHHON HAYaIbHONR TOUKE Zg U (DUKCHPOBAHOM Ha-
JaJIbHOM 3HaueHun Wy 9TO 3HAUEHHe HeNpepbIBHO M OJHO3HAYHO MPOJOIKACTCHA B
JII00Y10 TOUKy 27 € (G, TO TOBOPST, YTO

B obsiacTu (G BbIJIEJIEHA HENPEPbIBHAsI OjIHO3HAUYHAs BeTBb F'(2) dyukmun f(z)
(c mavaspHbIM 3HAaYeHHeM Wy), wim, 94To HadaabHOe 3HadeHue W mpomoszKaeTcs
OJIHO3HAYHO M HEIIPEPBIBHO Ha BCIO 00sacTh G.

ITpumep 1. PaccmorpuMm GecKOHEUHO3HAUHYIO (DYHKITHIO

w=Lnz=1ILnre? =Inr+i(p+27k), z#0. (1)

BribepeMm HavalbHYIO TOUKY U3 €e 00JACTU ONpeaeseHus 2y = 3, a B 9TOH TOUKe
BbIOEpEM KOHKPETHOE Hada/ibHOe 3Hadenue jorapudma Wy =In3 + 0 = In3. g
51oro B (1) B KauecTBe HAYAIBHOIO 3HAYEHUST apPI'YMeHTa ¢ TOYKH z = re¥ BhiOepeM
wo = 0 u mostozkum k = 0. Takum obpazom, HadaIbHOE 3HAUeHHE W) MBI BBIMHC/IAIN
o dpopmyste In7r + iy, moACTABUB coa 1 = 19 = 3, ¢ = o = 0.



OrmernM, 9T0 BHIOOD KOHKPETHOI'O 3HAYEHUSI KACAETCS TOJILKO apryMeHTa, T.K.
MOJYJIb ' = |z| m BMecTe ¢ HMM JefCTBUTE/NbHAS 9aCTh 1N T MHOrO3HAYHOTO JIOTa-
pudmMa onpeesieTcss pacioI0KeHneM HAYAIbHOW TOYKU OTHO3HATHO.

[Iycth 21 — Kakag-mmb6o Touka orimuHag oT 0, Hampumep, z; = 2¢. CoeauHUM
TOYKH Zg H 21 OTPE3KOM <y; IPAMOil I OIpeie/TuM Ha y; HellpephlBHYIO BeTBb Ln., 2.
[Ipu JiBUZKEHNH TOYKU 2 = 7% BJI0JIb ) ee MOJLY/Ib ' HeLPEPbIBHO U3MEHSeTCs 0T 3
J10 2, a BRIOpAHHOE HAYAJIHHOE 3HAYEHUE aPIyMEHTa (0 HENMPEPHIBHO M3MEHSETCs OT
= 0 10 7/2. Borauciisist 3navuenue hyHKIUH BCe BPEMsT 110 OJIHOI 1 TOii ke dhopmy.ie
Ln,, z = Inr + iy, nosy4um HelpepblBHOE ee H3MEHEHHe BJIOJb OTpe3Ka 7. Ilpu
sToM 3Hadenue ¢yuknuu Ln,, z n3menserca or HadanibHOro = In3 g0 In2 + 7i/2.
OTMmeTnM, ITO 1O XOAY JABU:KeHUs Bce BpeMda k = 0; Mbl He MOXKeM u3MeHHuTh k = (0
HA JPYroe IeJ10e 3HaYeHne, MOCKOIbKY ITOJYIUTCs CKA90K MHUMON 4acT).

CoeamHuM TEneph TOYKHU 2y U 2 KAKOH-THO0 KPUBOH 7o, ABUTASICH B 00X0/T HAYAIA,
KOOD/IMHAT TI0 YacOBOH cTpesKe. IIpm TakoM JBHZKEHHH TOYKH 2z = re¥ ee MOIymib
CHOBA HEINPEPBLIBHO M3MEHSIeTCs OT 3 J0 2, HO apryMeHT HeIPepbIBHO U3MEHSeTCs
nnade — o1 0 10 —37/2. Teneps nauanbnoe 3navenue dyuknnn Ln,, z = Inr + ip
COOTBETCTBEHHO HENPEPBIBHO u3MeHsercs or In3 jo In2 — 3mi/2.

[To aBYyM pasHbIM KPUBBIM MOJIYYHIOCH JIBA PA3JIAIHBIX HEIPEPBIBHBIX MPOI0JI-
JKeHUs. 3HAYUT OJHO3HAYHON HENpepbIBHOII BETBU BBIJICJIUTDL B YKa3aHHON 00J1acTu
HeJIb34.

Temeps caemaeM pa3pes3 Mo OTPHUIATETHHON YacCTH AEHCTBUTEIHLHON OCH W TOTY-
unm obsacrb Gy = C '\ [—00,0]. Paccmorpum 10 ke Havanbuoe 3nauenue. CHoBa
COeJINHUM TOYKHU 3 U 2¢ Kakoil-;mmbo kpusoit v. Teneps B oOsactu Gy HUKaKast Kpu-
Basi Y He MOXKeT 000iiTH Hava 0 KoopawHAT. [lodTOMy aprymeHT ¢ mepeMeHHOI 2
BCerjia HempepblBHO u3Mensiercst ot 0 710 /2, a HavyaabHoe 3Hadenue Wy GyHknnu
Ln, z = Inr + ip coOTBeCTBEHHO HeIPePBIBHO H3MeHdAeTcsd OT In 3 10 oxHOro m To-
ro xe 3uadenus In2 + 7i/2. Urak, navanbnoe 3uauenne Wy = In3 sorapudpma B
obnactu Gy HEIPEPBHIBHO W OHO3HAYHO MPOJIOJIZKAETCA B TOYKY 2. BMecTo TOUYKH
21 MBI MOZKEM B3SITh JIIOOYIO APYTYIO, Jexkanyio B Gy U aHAJOTUIHBIMA PACCMOTPe-
HUSAMH II0Ka3aTh, YTO HadaJbHOE 3HadeHue Wy = In3 HempepbIBHO M OJHO3HATHO
MPOJIOIZKAETCS B 9TY TOUKY. Takum oOpaszoM, Mbl BBIAEIUIN OJHO3HAYHYIO BETBb
nmorapudma B obmactu Go. DTa BETBb ABISIETCS OTHO3HAYHON (DYHKIMEH, KOTOPYIO
MBI paHee Ha3BaJIM IVIABHBIM 3HAUEHUEM Jorapudma.

ITpumep 2. Paccmorpum 2-3na4HyI0 (DYHKIHIO

w=vz2—-1= \/(z —1(z+1) = \/rlewlrgeiw, (2)

e 1 = |z — 1], ro = |z + 1|, 1 1 w9 — aprymenTs yncen z — 1, z + 1. Mbl Mozkem
neperncarb GYHKIUIO (2) B COOTBETCTBUY € IIPABUJIOM U3BJICYEHUS] KOPHEil Tak:

w = \/rireeilertes) = \/T17’26i<¢1;¢2 +7rk), kE=0,1. (3)

Bribepem Hav9aIbHYIO TOUKY 2p = 2, & B 9TOil TOUKe BbIOepeM KOHKDETHbIe HAYaJb-
Hble 3HAUYEeHUs] apryMeHTOB 905?2 = 0 uncen z — 1, 2 + 1 u monoxkum k = 0. 37ech,
KaK U B IIPeJbIIyIIeM puMepe, BBIOOD KOHKPETHBIX 3HAUYEeHUI KacaeTcs TOJILKO ap-
I'yMEHTOB, T.K. MOJy/u 11 = |z — 1| u ry = |z + 1| onpexessiercst pacnosioxkenuem

. 0 0
HA4YaJbHOW TOYKMN 2y OJHO3HAYHO, OHW PABHBI COOTBETCTBEHHO T% ) =1 ré ) = 3.




[To dpopmy.te

w = frirge (F2), (33)
IpH P19 = gog?%, T2 = rg?% BBIYHCISEM HadaabHoe 3Hadenne dynxmmn Wy = 1-3e? =
3.

[IpoBejiem 3aMKHYTYIO KPUBYIO 7Y U3 2y B 2y, OOXOJISAIILYIO TOYKY 1, HO HE 00XO-
ndmyio Touky —1. Bergeaum menpepbiBayio BeTBb foy(2) dyuxuun (3) B1oab 3roil
KpuBoil. Byaem Boranciars suadenns f,(z) mo Toif ke dhopMyse, 9TO U HAYAIBHOE
sHavenue, T.e. mo (33). IIpocenM HenpepbiBHOE N3MEHEHHe BEeJIUYHH, BXOJAIINX B
dbopmyity (33). OueBunno, BesmuuHa /7172 B pesyibrare o0Xoga KPUBOH Y He n3-
MeHHTCs (OHA B KazKJO# TOYKE MJIOCKOCTH, KaK YK€ CKa3aHO, ONPEeIesIseTcs OHO-
3HAYHO). Bemdaunna ¢ sBJIsieTCst apryMeHTOM pajinyca-BeKTopa z— 1 u B pe3yibrare
IIOJTHOTO €I'0 MTOBOPOTa BOKPYT TOUKH 1 HENPEepBbIBHO H3MEHSIETCs OT IePBOHAYAIBHO-
ro 3uavenus 0 710 27 (roBopsrt, moJaydaer npupaiienue 27). Benrnuuua g gABIETCS
apryMeHTOM pa/inyca-BeKTopa z + 1, a OH He coBepIIaeT Mpu YKa3aHHOM 00X0/1e HU
OJTHOTO TIOBOPOTA BOKPYT cBoero Hadasa —1. [losromy Havda/ipHOE 3HAUYEHUE (9 TIO-
cJie HelpepPBIBHBIX W3MEeHeHU T BO3Bpalaercs K ceoemy ke 3uadenuto 0 (ropopsr, He
[OJIyYaeT IPUPATIEHHS ).

Wrak, npu yKa3zaHHOM 00X0/ie BEJTUIHHA MOJIyYaeT pupalienue 27/2 =
u u3Mmensiercs or 0 0 7, U Mbl IPUXOAUM K HOBOMY 3HAUYE€HHIO (DYHKIUH W =
V3el™ = —3, OTJIMYAIOIIEMYCsI OT Ha4daJabHOTO, paBHOro 3. ITockoyibKy HET ojHO-
3HAYHOIO MPOJOJIKEHNsT U3 TOYKU 2y B TOUKY 27 = Zg MO 3aMKHYTHIM KPHUBBIM, TO
Ha Bceil IJI0CKOCTU HeJb3s BbIJICJIUTH OJHO3HAYHYIO BETBbD.

Crenaem rernepb paspes 1mo orpe3ky [—1, 1] u nosyunm HoByto obsacth Gy. Te-
mepb Ha JIFOO0OM 3aMKHYTOM KOHTYpPe, OOXOIAINEeM W He 00XoadaieM Toukn +1 oba
apryMeHTa OJJHOBDEMEHHO HOoJlydaioT npupamienus 27k, k € Z, (k = 0 o3nagaer,
9TO KpUBas He OOXOANT yKa3aHHbBIl pa3pe3), a 3HAYNT U BeJINIHHA % MOJIy9aeT
Takoe ke mpupamienue 27k. 910 o3uadaer (cm. (33)), uro GyHKIUS IPUHEMAET B
KOHIIe IIYTH CBOe IepBOHAYAJbHOE 3HAUeHHe w = 3e™F = 3,

Bribepem mpou3BobHO TOUKY z € (1. Temepb Ha JTIOOBIX JBYX KPHUBBIX, CO-
eIMHAIONINX 29 U 2 ¥ Jexamux B (G npupamenus aprymMmentos (¢1 + ¢2)/2 moryr
OTJINYAIOTCS JIUIIb Ha 27k, W MO9TOMY HPUBOIAAT K OJHOMY M TOMY K€ 3HAYEHUIO
BeTBeil B 2. Boigenena ogno3nadnast BeTsb B (5.
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2

Opuosncrabie, HeogHoauctHbie Mynkuuu (IITIPAKTUKA)

Onpenenm upesBbivaiino Bazknoe B TOKII nmousarue oanoucTHOCTH DYHKIUN.
@Oyukuus f(z) HA3BIBAETCS OJHOIUCTHON HAa MHOXKeCTBe | eciu Jjist IIOOBIX JIBYX
Pa3/IMUHBIX TOYEK 2] U Z2 U3 ITOr0 MHOkKecTBa 3Hadenust f(21) u f(z2) Takxe pas-
JimgHbl. 10 ecTh

2 # 2 = f(z) # f(22).

13 ompenenenns scHO, 9T0 oOpaTHble (DYHKINN I/ OJHOIUCTHBIX (byHKIHIT BCeraa
OJTHO3HAYHBI, IPYTUMH CJIOBAMH, ypaBHeHne w = f(z) OTHOCHTEILHO IepeMeHHOil 2
paspelaercd OJUHCTBEHHbBIM O6pa3OM: KazK/IOMYy 3Ha4Y€HUIO W COOTBETCTBYET POBHO
O/1HO 3Hadenue z (Ha MHOXKecTBe E).

3aja4a O BBIIEJCHHH MHOXKECTB OJHOJUCTHOCTH, O Da30MEHHN HA MHOXKECTBA
OJTHOJTICTHOCTH.



Paccmorpers IIPUMEPDBL. w = 22, w = 22 +iz +4, w = 23, w = %(2—# %),

_ 2 o _ _ 2 __ az+b _ 2%
w—e,w—smz,w—tgz,w—cos z,w—cz+d, = a1

CaMbIMU TIPOCTHIMHA U yIOOHBIMU MIPHU U3YUYEHUH SBISIOTCS OJTHOBPEMEHHO OTHO-
3HAYHBIE U OJHOJTUCTHLIE (DYHKIHUU Ha F, KOTOpble HA3BIBAIOT TaKKe roMeoMopd-
HbIMH OTOOpaKEHUSIMH.




