Jlekiua 3, TOKII, [IM

DyHkyuu. [MoHATNS OAHO3HAYHOCTKN, OAHONNCTHOCTHW. [1pesen, HenpepbIBHOCTbL Of-
HO3Ha4HO .k.n. CBoiicTBa HenpepbiBHbIX yHKUM. [puMepbl HEOgHO3HAYHOCTH.

P yHKIUN KOMILIEKCHOrO nepemeHHoro (¢.k.m.).

O1HO3HAYHOIT KOMILIEKCHO3HAUHOIT (hyHK1meii f(z) or K.11. 2 = x+iy onpeesieH-
Hoit Ha MHoxkecTBe £ C C MBI OyIeM Ha3bIBATH KaKoe-Iu00 olpeeeHHoe TPABIIO
(mampuMep, anreGpandeckoe Jeicrue, 3a1aaemoe GhopMyIoii), B pe3yabraTe mpu-
MeHeHHsI KOTOPOro BesnuuHe (Touke) 2z € E craBuUTCs B COOTBETCTBHE HEKOTODAsI
eIMHCTBEHHAsS KOMILJIEKCHAs BeJndnna (Touka) w = u—+iv. eiicrBue dynkmun (niu
pocTo — dbyHKIMsT) 0OBIIHO 3amuchiBaeTcst Tak: w = f(z). Ilpu sror MHOKecTBO F
HA3bIBAETCs 001ACTBIO OnpeteeHns (PYHKIHT f.

Mgl OymemM MMeThb JeJI0 TakyKe ¢ MHOTO3HAYHBIME (BYHKIUAMHU. B 3TOM ciydae
pesyabrarom geiicrBus Gynkunu w = f(z) aBasercs, BooOImE rOBOPS, HE €MH-
CTBEHHAs TOYKA, a IeJI0e MHOKECTBO (KOHETHOe M GECKOHEYHOe) W KOMILIEKCHBIX
BEJIVYNH.

Bamanne dbyukmun w = f(z), 2 = 41y, pABHOCUIBLHO 3a/IAHUIO JIEfiCTBATETHHBIX
U MHUMBIX 3HaUeHuit © = u(z,y), v = v(x,y) BEIUYUHBl W B 3aBUCUMOCTH OT 3HAUE-
ust z = x + iy. [osromy dynkuuio w = f(z) TakzkKe 3alUCBIBAIOT B PA3BEPHYTOM
Buge w = u(x,y) + iv(z,y). PyHKIUM U, U HABBIBAIOTCA COOTBETCTBEHHO JIefiCTBH-
TeIBLHON 1 MEUMO# 9acThio pyHknun f. DTo neiicreuresbHO3HaYHbIe DYHKINU IBYX
HepeMeHHbIX T, Y. [IpuHaTo obo3HaYeHne

u=u(z,y) =Rf(2), v=ov(r,y) =Sf(2), z=x+1y.

B mambmeiimeM i KpATKOCTH 9acTO OyJAeM MHCATh U BMeCTO u(x,y) W ¥ BMECTO
v(z,y).

OrmeTnm, 9TO B CIydae OHO3HAYHOW DYHKIMKE [ CUMBOJI W = U4+ 1v 0003HATALT
eIMHCTBEHHOE KOMILJIEKCHOE 3HaYeHHe (TOUKY), a B CJlydae MHOTO3HAYHON (DyHKIINH
110/, W CJIEIyeT HOHUMATD 11eJ10€ (KOHEYHOE Ui OECKOHEYHOE) MHOKECTBO 3HATCHUIL.

IMpumep. Paccvorpum dbynxumio f(z) = z2. HaiizeM ee gelicTBUTeIbHYIO U

MuuMmyto yacru. s aroro nojcrasum z = x+iy... Arax, Rz? = 22 —3?, 322 = 2ay.

OunpenesieHne OCHOBHBIX 3JIeMEHTApHbIX (PyHKuuil (npakTuka)
=z2"'"neJZ,
=az"+bz" e

az"+bz" 1. 4c .
Azm4+Bzm— 14 +C

zZ.
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sin(cos)z;
tg(ctg)z;
= ch(sh)z.
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IIpenen omno3unauHoit ¢.K.1.
HenpepsiBHOCTH OTHO3HAYHOMN (.K.II.

KazkKeM, 9TO II JI OTHO3HAYHON (DYHKITUH B TOUKE Z2 = TByeT U
CxkazkeM, 9TO MpeJiesT OTHOZHATHO z OYKe 2 = 2y CYIIECTBYy€E
pasen uncay A, ecom pyukius [ oupejesiena B HEKOTOPOIi IPOKOJIOTON OKPECTHOCTH
0 < |z — 20| < & ToUKM 2 1

£ (2) = Al = 0 mpm |z — 29| — 0.



Hpyrumu cioBamu, paccrosaue |f(z) — Al mexay Toukamm f(z) = u+iv u A =
a + ib crpeMuTCa K HYJII0, KOTJAa PACCTOSHUE |2 — 2| Mexay Toukamu z = - + iy u
20 = Xo + 1Yo CTPEMUTCH K HYJIIO.

OrmeTnM, 9TO cTpemienue |z — zg| — 0 paBHOCHJIBHO JBYM CTDEMJIEHHSIM |T —
xo| — 0w |y — yo| — 0 omHoBpemenno, r.e. (x,y) — (xg,yo). st q0Ka3aTEILCTBA
HAM IIOHAI00UTCH CJIeyONMe OYeBUAHbIE HePpaBeHCTBa. EC/m HeKOTOPOe KOMILIEKC-
Hoe 4ucyio umeer Bujl Z = X +1Y, 10

max{|X|, [V[} <|Z| =vVX?+ X? < |X[+]Y]. (1)
13 (1) moaygaem
max{|r — zol, |y — vol} < |2 — 20| < [v — o] + [y — yol- (2)

Orciona 3akmao4aem, uto ecan |z — 29| — 0, To max{|r — x¢|, |y — vo|} — 0 wu,
CJIEIOBATEIBHO, 008 BRIPAKEHUs T — To U |y — Y| crpemsresa x mymo. I maobopor,
ec/in 062 BbIPAXKEHHs |T — To M |y — yo| cTpemsaTcs K HY/II0, TO UX cymMMa |T — Xo| +
|y — yo| TaKzKe CTpEMTTCS K HYJIIO |, CJIeJJOBATEBHO, 10 BTOPOMY HEPABEHCTBY B (2),
nMeeM |z — zo| — 0.

Kak 06b1uH0, yKa3aHnublii (pakT CylecTBOBaHUs MIPejiesia U eI'0 PABEHCTBA YHCJLY
A zamuceiBaercs B Buge A = lim, .., f(2).

TouHO TaK 2Ke JOKa3bIBAETCH, YTO CYIIECTBOBAHKE IPE/Ie/1a KOMILIEKCHON (BhyHK-
UM PABHOCHUJIBHO CYIIECTBOBAHUIO JBYX IPEJEJIOB JIjisk €e KOMIOHEHT U, v. Tounee,
eCJIM 3aMUCaTh BeJIMIUHBI B pa3sepuyToM Buie: f(z) = u(z,y)+iv(x,y), A = a+ib,
To crpemsienne A = lim, ., f(z) paBHOCHIBHO JABYM CTPEMJICHUSIM:

lim  u(x,y) =a; lim  o(z,y) =0b.

(z,y)—(zo,y0) (z,y)—(20,y0)
Ckaxkem, uro dbyuxknun f(z) gBISETCS HENPEPBIBHOI B TOYKE Z = 2, €CJIH
lim, .., f(2) = f(20). VI3 npeaplayniro BoITEKAET, YTO HENPEPBIBHOCTH (DYHKIUU

f paBHOCH/IbHA HENPEPBIBHOCTH KazKJIOil U3 ee BEIeCTBeHHBIX KOMIOHEHT U(T,Yy) u
v(z,y), paccmaTpuBaeMbIX Kak GYHKIUE JABYX JeHCTBUTEIBHBIX epeMeHHbIX. Kpo-
Me TOro, U3 HemnpepbiBHOCTH MyHKIUN f(2) B TOUKE zy CJEIYeT HENPEPHIBHOCTD ee
mozyas | f(z)| B Toii ke Touke. [eiicrBuTeibHO,

F )] = 1f(z0)ll < [f(2) = f(20)] = 0, 2 = 0.

O6parnoe weepro. [Ipumep: f(z) = r upu Imz > 0, u f(z) = —r opu Imz < 0,
2z = re,

Heonuozuauubie dyHKINN

B npebaymux mpuMepax Mbl paccMaTpUBasu OfHO3HAUHbe dyHKIuA f(2), KO-
TOpBIE KaZKJI0i TOUKe 2 (3HAUEHUIO) M3 MHOYKECTBA ONPEJIEJIeHNs CTABAT B COOTBET-
CTBHE POBHO OJHO 3HaveHume w = f(2).

Ho gacto B TOKII Bo3nukator u meopnosnadnbie pyukinun. OcTaHoBuUMCs HA
HEKOTOPBIX MPUMEPAX.

Oyuakmug Ln z, rjae nazsanne GyHKIUA HaYnHAETCs ¢ TTponucHoit 6ykewr L. [To
OTIpe/IeJIEHUI0 3Ta JorapudMuieckas MYHKIN ABIIeTCs 0OpATHOM K ICIOHEHEHITH-
aJbHOI (GYHKIIUU w = €°, BBeJleHHON BbIte. [[1d HaXO0XKIeHusa 3HaveHns w = Ln z



Mbl JIOJIZKHbBI Pa3pelIuTh ypaBHeHue 2 = € OTHOCUTEe/IbHO HepeMeHHOl w = u + 1v,
cauTast 7 = ¥ + iy U3BECTHON (3a7aHHOl) BesnmuuHOl. llTak, 110 OHpeIesIeHHIO MBI
nMeeM

w=Lnz & z=¢".

Permum mocsiegee ypaBHeHne OTHOCHTENLHO w. [Iig 9TOro 3amumem z B MOJSpPHOI
dbopme z = |z|e?. Tlycrh uckomoe 3nauenne w = u + iv. Torga ypaBHeHue npumer
BUJL

o 6u+iv LU LU

|z|e e,

OTKYy/la, CpaHUBasg MOJYJU U apryMeHThl, HaxoauMm € = |z|, Te. v = Inz u v =
@+ 2mk, k=0,%£1,.... Mbl npunuim K ciaeaymoirei ¢popmyie

Lnz = u+iv=In|z| +i(p+2rk), 2 = |z]e",

e In o3HavaeT OOBIYHBIN JelicTBUTENbHBII Jorapudm. OUeBUIHO, MpUBEICHHDBIE
BBIKJTAJKI UMEIOT CMBICT TOMBKO mpu 2 # 0. ITosromy obmacts onpenenenus ¢GpyHK-

uuu Ln z ects C \ {0}.
ITpumep.

Ln3i =Ln3e™? =In3 +i(n/2 + 27k) = In3 +in(1/2 + 2k), k = 0, £1, ...

Jlorapucdm Ln jaet nam npumep 6ecKOHEYHOHAYHOH (DYHKINU, TTOCKOJIbKY KarK-
JIOMY OTJIMIHOMY OT HYJIsl 3HAYEHHUIO 2 COOTBETCTBYET OECKOHEYHO MHOT'O 3HAYCHU
Lnz.

ITpumevyanue. Oguo3naunyio GYHKIHUO In 2, rae HazBaHne PYHKINNA HAUXHA-
eTcst ¢ MaJIoit OyKBbI, OPEIE/ISIOT OOBIYHO TaK

Inz = In|z| +ip, ¢ € (—m.7], z=|z|e"*.

Ota (PyHKIUS HAZBIBAETCS TJIABHBIM 3HAYEHHEM JIoTapudMa.

PyHKIU" w = {/z TaKKe ABIACTCS HEOAHO3HAUHOI. Kak MBI 3HAEM, KazKI0My
OTJIMYHOMY OT HyJId 3HAUEHHI0 2 = re’? cOOTBETCTBYeT POBHO N PAa3IMIHBIX KOP-
Heil n-it crenmenu. [loaToMy TOBOPAT, 9TO onepalys U3BJAedeHUs KOPHA N-ii cTelmeHn
SIBJISIETCST N-3HAYHON (DyHKIIMElH:

w= /2= |z|ev+jmi, k=0,n—1.



