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© ÷. ç. öõòá÷ìå÷ðÕÓÔØ rn;�(i; t) | ËÏÌÉÞÅÓÔ×Ï ÔÏÞÅË ÉÚ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ {t}, {�+t},

{2� + t}; : : :, �Ï�Á×ÛÉÈ × �ÏÌÕÉÎÔÅÒ×ÁÌ [0; {n�}), ÇÄÅ {x} | ÄÒÏÂÎÁÑÞÁÓÔØ ÞÉÓÌÁ x, n | �ÒÏÉÚ×ÏÌØÎÏÅ �ÅÌÏÅ ÞÉÓÌÏ É t | ÌÀÂÏÅ ÆÉËÓÉÒÏ-×ÁÎÎÏÅ ÞÉÓÌÏ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Æn;�(i; t) = i{n�} − rn;�(i; t) ×ÅÌÉÞÉÎÕÏÔËÌÏÎÅÎÉÑ ÏÖÉÄÁÅÍÏÇÏ ËÏÌÉÞÅÓÔ×Á �Ï�ÁÄÁÎÉÊ i{n�} ÔÏÞÅË ÕËÁÚÁÎÎÏÊ×ÙÛÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ × �ÏÌÕÉÎÔÅÒ×ÁÌ [0; {n�}) ÄÌÉÎÙ {n�} ÏÔ ÒÅ-ÁÌØÎÏÇÏ ÞÉÓÌÁ ÉÈ �Ï�ÁÄÁÎÉÊ rn;�(i; t). ü. çÅËËÅ ÄÏËÁÚÁÌ ÔÅÏÒÅÍÕ: ÄÌÑÏÔËÌÏÎÅÎÉÊ Æn;�(i; t) ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï |Æn;�(i; t)| 6 |n| ÄÌÑ ×ÓÅÈt ∈ [0; 1) É i = 0; 1; 2; : : : ÷ ÒÁÂÏÔÅ ÎÁÊÄÅÎÙ ÕÓÌÏ×ÉÑ ÎÁ �ÁÒÁÍÅÔÒÙ n É �,�ÒÉ ËÏÔÏÒÙÈ ×ÅÌÉÞÉÎÁ Æn;�(i; t) ÍÏÖÅÔ ÂÙÔØ ÏÇÒÁÎÉÞÅÎÁ |Æn;�(i; t)| < 
�ÎÅËÏÔÏÒÏÊ ÚÁ×ÉÓÑÝÅÊ ÏÔ � ËÏÎÓÔÁÎÔÏÊ 
� > 0, ËÏÇÄÁ |n| → ∞ É n �ÒÏ-ÂÅÇÁÅÔ ÂÅÓËÏÎÅÞÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÅÌÙÈ ÞÉÓÅÌ. åÓÌÉ × ËÁÞÅÓÔ×Å �ÁÒÁ-ÍÅÔÒÁ n ×ÙÂÉÒÁÀÔÓÑ ÚÎÁÍÅÎÁÔÅÌÉ �ÏÄÈÏÄÑÝÉÈ ÄÒÏÂÅÊ Qm ÄÌÑ �, ÔÏ× ÜÔÏÍ ÓÌÕÞÁÅ ×ÙÞÉÓÌÅÎÙ ÍÉÎÉÍÁÌØÎÙÅ ÚÎÁÞÅÎÉÑ ËÏÎÓÔÁÎÔ 
�. äÌÑ ÄÏ-ËÁÚÁÔÅÌØÓÔ× ÉÓ�ÏÌØÚÕÅÔÓÑ ÎÏ×ÙÊ ÍÅÔÏÄ | ×ÌÏÖÅÎÉÅ ËÒÕÇÏ×ÙÈ ÏÒÂÉÔ× ÒÁÚÂÉÅÎÉÑ ÎÁ ÅÄÉÎÉÞÎÏÊ ÏËÒÕÖÎÏÓÔÉ.
÷×ÅÄÅÎÉÅ0.1. �ÅÏÒÅÍÁ çÅËËÅ. ðÕÓÔØ S�(x) ≡ x+� mod1 | ×ÒÁÝÅÎÉÅ ÏËÒÕÖÎÏÓÔÉÅÄÉÎÉÞÎÏÊ ÄÌÉÎÙ ÎÁ ÕÇÏÌ � É rn;�(i; t) | ËÏÌÉÞÅÓÔ×Ï �Ï�ÁÄÁÎÉÊ ÔÏÞÅË ÉÚ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉS0�(t) = t; S1�(t) = �+ t; : : : ; Si−1� (t) = (i− 1)�+ t mod 1 (0.1)× �ÏÌÕÉÎÔÅÒ×ÁÌ In;� = [0; {n�}) ÄÌÉÎÙ {n�}, ÇÄÅ n | �ÒÏÉÚ×ÏÌØÎÏÅ �ÅÌÏÅÞÉÓÌÏ É t | ÌÀÂÏÅ ÞÉÓÌÏ ÉÚ ÅÄÉÎÉÞÎÏÇÏ �ÏÌÕÉÎÔÅÒ×ÁÌÁ I = [0; 1). �ÏÇÄÁ×ÅÌÉÞÉÎÁ Æn;�(i; t) = i{n�} − rn;�(i; t) (0.2)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÅÏÒÅÍÁ çÅËËÅ, ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÄÒÏÂÎÙÈ ÄÏÌÅÊ, ÍÎÏÖÅÓÔ×Á ÏÇÒÁÎÉ-ÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òææé, ÇÒÁÎÔ 14-01-00360.29



30 ÷. ç. öõòá÷ìå÷�ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÏÔËÌÏÎÅÎÉÅ ÏÖÉÄÁÅÍÏÇÏ ËÏÌÉÞÅÓÔ×Á �Ï�ÁÄÁÎÉÊ i{n�}ÔÏÞÅË ÏÒÂÉÔÙ (0.1) × �ÏÌÕÉÎÔÅÒ×ÁÌ In;� ÏÔ ÒÅÁÌØÎÏÇÏ ÞÉÓÌÁ ÉÈ �Ï�ÁÄÁÎÉÊrn;�(i; t).çÅËËÅ × 1921 Ç. ÄÏËÁÚÁÌ ÔÅÏÒÅÍÕ [2℄: ÄÌÑ ÏÔËÌÏÎÅÎÉÊ Æn;�(i; t) ×Ù�ÏÌÎÑ-ÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï
|Æn;�(i; t)| 6 |n| (0.3)ÄÌÑ ×ÓÅÈ t ∈ I É i = 0; 1; 2; : : :0.2. çÒÁÎÉ�Ù ËÏÌÅÂÁÎÉÊ Æ-ÏÔËÌÏÎÅÎÉÑ. òÁÓÓÍÏÔÒÉÍ ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÑ(0.2) ÅÇÏ ÇÒÁÎÉÞÎÏÅ ÚÎÁÞÅÎÉÅmn(�) = supt∈I supi |Æn;�(i; t)|: (0.4)äÌÑ ÌÀÂÏÇÏ � ∈ I Ï�ÒÅÄÅÌÉÍ ÄÌÉÎÕ l(�) ËÏÎÅÞÎÏÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÏÊ �Å�-ÎÏÊ ÄÒÏÂÉ � = 1q1 + 1q2+ 1...ËÁË ÍÁËÓÉÍÁÌØÎÙÊ ÎÏÍÅÒ l ÎÅ�ÏÌÎÏÇÏ ÞÁÓÔÎÏÇÏ ql, ×ÈÏÄÑÝÅÇÏ × ÅÅ ÒÁÚÌÏ-ÖÅÎÉÅ. åÓÌÉ �Å�ÎÁÑ ÄÒÏÂØ ÂÅÓËÏÎÅÞÎÁÑ, ÔÏ �ÏÌÁÇÁÅÍ l(�) = +∞.ðÕÓÔØ ÄÁÎÏ ÌÀÂÏÅ � ∈ I Ó ÕÓÌÏ×ÉÅÍ l(�) > 2 É �ÕÓÔØ � = �′+�, ÇÄÅ �′ =[0; q1; : : : ; qm℄ = PmQm | �ÏÄÈÏÄÑÝÁÑ ÄÒÏÂØ ÄÌÑ � Ó ÎÏÍÅÒÏÍ 1 6 m < l(�).ëÒÏÍÅ ÔÏÇÏ, �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ n = Qm. ðÒÉ ×Ù�ÏÌÎÅÎÉÉ ÄÁÎÎÙÈ ÕÓÌÏ×ÉÊ× ÔÅÏÒÅÍÅ 7.1 ×ÙÞÉÓÌÅÎÏ ÔÏÞÎÏÅ ÚÎÁÞÅÎÉÅ ÄÌÑ ÇÒÁÎÉ�Ù Æ-ÏÔËÌÏÎÅÎÉÑ (0.4):mn(�) = 1 + n(n− 1)|�|: (0.5)ï�ÒÅÄÅÌÉÍ ÄÌÑ ÌÀÂÏÇÏ �ÅÌÏÇÏ ÞÉÓÌÁ n ÍÉÎÉÍÁÌØÎÕÀ ÄÌÉÎÕl�(n) = min{s : "1Qm1 + : : : + "sQms = n; "i = ±1} (0.6)ÅÇÏ ÒÁÚÌÏÖÅÎÉÊ × ÁÌÇÅÂÒÁÉÞÅÓËÕÀ ÓÕÍÍÕ ÚÎÁÍÅÎÁÔÅÌÅÊ Qmi �ÏÄÈÏÄÑÝÉÈÄÒÏÂÅÊ ÞÉÓÌÁ � Ó ÕÓÌÏ×ÉÅÍ 1 6 mi < l(�). ðÒÉ ÜÔÏÍ �ÏÌÁÇÁÅÍ l�(0) = 0.ðÕÓÔØ � | ÉÒÒÁ�ÉÏÎÁÌØÎÏÅ ÞÉÓÌÏ É n | �ÒÏÉÚ×ÏÌØÎÏÅ �ÅÌÏÅ ÞÉÓÌÏ.�ÏÇÄÁ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ (0.5) ÉÚ ÒÅÚÕÌØÔÁÔÏ× ÔÅÏÒÅÍ 7.2 É 8.1 ×ÙÔÅËÁÅÔ,ÞÔÏ ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÑ (0.2) ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Á:

|Æn;�(i; t)| < l�(n) + ∑16i6s 1qmi (0.7)ÄÌÑ ×ÓÅÈ i = 0; 1; 2; : : : É �ÒÏÉÚ×ÏÌØÎÏÇÏ t ∈ I. ðÒÑÍÙÍ ÓÌÅÄÓÔ×ÉÅÍ ÉÚÎÅÒÁ×ÅÎÓÔ×Á (0.7) Ñ×ÌÑÅÔÓÑ Ï�ÅÎËÁ
|Æn;�(i; t)| < 2l�(n): (0.8)



÷ìïöåîéå ëòõçï÷ùè ïòâé� 31÷ �ÒÅÄÌÏÖÅÎÉÉ 3.2 ÄÏËÁÚÙ×ÁÅÔÓÑ ÓÌÅÄÕÀÝÉÊ ÏÂÝÉÊ ÆÁËÔ: ÅÓÌÉ ÄÌÑ ÌÀ-ÂÏÇÏ t ∈ I ÉÍÅÅÔ ÍÅÓÔÏ Ï�ÅÎËÁ ×ÉÄÁ (0.8), ÔÏ ÎÁÊÄÅÔÓÑ ÔÁËÏÅ t∗ ∈ I, �ÒÉËÏÔÏÒÏÍ ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÁÎÁÌÏÇÉÞÎÁÑ Ï�ÅÎËÁ Ó �ÏÌÏ×ÉÎÎÙÍ ËÏÜÆÆÉ�É-ÅÎÔÏÍ. �ÁË, × ÄÁÎÎÏÍ ÓÌÕÞÁÅ ÉÚ (0.8) ×ÙÔÅËÁÅÔ ÂÏÌÅÅ ÓÉÌØÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï
|Æn;�(i; t∗)| < l�(n): (0.9)éÚ �ÒÅÄÌÏÖÅÎÉÑ 3.1 ÓÌÅÄÕÅÔ, ÞÔÏ ×ÏÚÍÏÖÅÎ É ÏÂÒÁÔÎÙÊ �ÅÒÅÈÏÄ ÏÔ (0.9)Ë ÎÅÒÁ×ÅÎÓÔ×Õ (0.8).õËÁÖÅÍ ÅÝÅ ÎÁ ÔÅÏÒÅÍÕ 7.4, ÇÄÅ ÏÂÓÕÖÄÁÅÔÓÑ ×ÏÚÍÏÖÎÏÓÔØ ÒÁÓÛÉÒÅÎÉÑÄÏ�ÕÓËÁÅÍÙÈ ÓÌÁÇÁÅÍÙÈ × ÒÁÚÌÏÖÅÎÉÑÈ ÞÉÓÌÁ n ×ÉÄÁ (0.6).0.3. úÏÌÏÔÏÅ ÓÅÞÅÎÉÅ. ÷ ËÁÞÅÓÔ×Å ÔÅÓÔÁ ÔÏÞÎÏÓÔÉ ÎÅÒÁ×ÅÎÓÔ× (0.7){(0.9)×ÙÂÉÒÁÅÔÓÑ �, ÒÁ×ÎÏÅ ÚÏÌÏÔÏÍÕ ÓÅÞÅÎÉÀ � = √5−12 , ÉÍÅÀÝÅÍÕ �ÒÏÓÔÅÊÛÅÅÒÁÚÌÏÖÅÎÉÅ × �Å�ÎÕÀ ÄÒÏÂØ � = 11 + 11+ 1.. . :õ ÄÁÎÎÏÊ ÄÒÏÂÉ �ÏÄÈÏÄÑÝÉÍÉ ÄÒÏÂÑÍÉ ÂÕÄÕÔ � (m) = Fm−1Fm , ÇÄÅ Fm |ÞÉÓÌÁ æÉÂÏÎÁÞÞÉF0 = 0; F1 = 1; F2 = 1; F3 = 2; F4 = 3; F5 = 5; : : : ;Ï�ÒÅÄÅÌÑÅÍÙÅ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÅÍ Fm = Fm−1 + Fm−2.ðÕÓÔØ n = n1 + : : :+ ns | ÎÅËÏÔÏÒÏÅ ÍÉÎÉÍÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÞÉÓÌÁ nÎÁ ÓÌÁÇÁÅÍÙÅ ×ÉÄÁ nk = ±Fmk É, ÚÎÁÞÉÔ, s = l� (n). �ÏÇÄÁ × ÔÅÏÒÅÍÅ 9.2ÄÌÑ ×ÓÅÈ t ∈ I É i = 0; 1; 2; : : : ÄÏËÁÚÁÎÙ ÓÌÅÄÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Á:

|Æn;� (i; t)| 6 
m1 + : : :+ 
ms ; (0.10)ÇÄÅ 
m = 1 + 1√5 − "m, �ÒÉ ÜÔÏÍ "m = �m(1 + (−�)m√5 ) > 0;
|Æn;� (i; t)| 6 
l� (n); ÇÄÅ 
 = 1 + 1√5 < 1:45; (0.11)É

|Æn;� (i; t∗)| 6
34 l� (n) (0.12)ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t∗ ∈ I. úÄÅÓØ �ÅÒÅÈÏÄ (0.10) ⇒ (0.11) ⇒ (0.12) �ÒÏÉÓÈÏÄÉÔ�Ï ÔÏÊ ÖÅ ÓÈÅÍÅ, ÞÔÏ É ÕËÁÚÁÎÎÙÊ ÒÁÎÅÅ �ÅÒÅÈÏÄ (0.7) ⇒ (0.8) ⇒ (0.9).



32 ÷. ç. öõòá÷ìå÷0.4. óÒÁ×ÎÅÎÉÅ Ó ÆÏÒÍÕÌÏÊ çÅËËÅ. æÏÒÍÕÌÁ çÅËËÅ (0.3) ÕÎÉ×ÅÒÓÁÌØÎÁ:ÏÎÁ ÕËÁÚÙ×ÁÅÔ ×ÅÒÈÎÀÀ ÇÒÁÎÉ�Õ ÉÚÍÅÎÅÎÉÑ ÚÎÁÞÅÎÉÊ Æ-ÏÔËÌÏÎÅÎÉÑ (0.2),�ÒÉ ÜÔÏÍ �ÁÒÁÍÅÔÒÙ � ∈ I É n ∈ Z �ÒÅÄ�ÏÌÁÇÁÀÔÓÑ Ó×ÏÂÏÄÎÙÍÉ. üÔÁ×ÅÒÈÎÑÑ ÇÒÁÎÉ�Á ÎÅÏÇÒÁÎÉÞÅÎÎÏ ÒÁÓÔÅÔ �ÒÉ |n| → ∞.÷ ÒÅÁÌØÎÏÓÔÉ ÖÅ Æ-ÏÔËÌÏÎÅÎÉÅ Æn;�(i; t) Ñ×ÌÑÅÔÓÑ ÓÉÌØÎÏ ÏÓ�ÉÌÌÉÒÕÀ-ÝÅÊ ÆÕÎË�ÉÅÊ ÏÔ n × �ÒÅÄÅÌÁÈ −n 6 Æn;�(i; t) 6 n. äÏËÁÚÁÎÎÙÅ × ÒÁÂÏÔÅÆÏÒÍÕÌÙ (0.7){(0.9) �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ �ÒÉ Ï�ÒÅÄÅÌÅÎÎÏÊ Ó×ÑÚÉ ÍÅÖÄÕ � Én ×ÅÌÉÞÉÎÁ Æn;�(i; t) ÍÏÖÅÔ ÂÙÔØ ÏÇÒÁÎÉÞÅÎÁ
|Æn;�(i; t)| < 
� (0.13)ÎÅËÏÔÏÒÏÊ ÚÁ×ÉÓÑÝÅÊ ÏÔ � ËÏÎÓÔÁÎÔÏÊ 
� > 0 �ÒÉ |n| → ∞, ËÏÇÄÁ n �ÒÏ-ÂÅÇÁÅÔ ÂÅÓËÏÎÅÞÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÅÌÙÈ ÞÉÓÅÌ Z� ⊂ Z, Ï�ÒÅÌÑÅÍÏÅ ÕÓÌÏ-×ÉÅÍ (0.6).÷ ÎÅËÏÔÏÒÙÈ ÚÁÄÁÞÁÈ (ÇÅÎÅÒÁ�ÉÑ ÈÏÒÏÛÏ ÓÂÁÌÁÎÓÉÒÏ×ÁÎÎÙÈ ÓÌÏ× [6, 11℄,×ÌÏÖÅÎÉÅ ÒÅÛÅÔÏË × Ë×ÁÚÉ�ÅÒÉÏÄÉÞÅÓËÉÅ ÒÁÚÂÉÅÎÉÑ [13℄ É ÄÒ.) ÔÒÅÂÕÅÔÓÑÚÎÁÎÉÅ ÔÏÞÎÙÈ ÇÒÁÎÉ� (0.13) ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÊ. æÏÒÍÕÌÁ (0.5) �ÏÚ×ÏÌÑÅÔÒÅÛÁÔØ ÔÁËÉÅ ÚÁÄÁÞÉ, ËÏÇÄÁ × ËÁÞÅÓÔ×Å �ÁÒÁÍÅÔÒÁ n ×ÙÂÉÒÁÀÔÓÑ ÚÎÁÍÅ-ÎÁÔÅÌÉ �ÏÄÈÏÄÑÝÉÈ ÄÒÏÂÅÊ Qm ÄÌÑ �.0.5. íÅÔÏÄ. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÉ×ÅÄÅÎÎÙÈ ×ÙÛÅ ÒÅÚÕÌØÔÁÔÏ× Ï�ÉÒÁÅÔÓÑÎÁ ÎÅËÏÔÏÒÕÀ ÆÏÒÍÕÌÕ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ, Ó×ÑÚÙ×ÁÀÝÕÀ Æ-ÏÔËÌÏÎÅÎÉÅ (0.2)Ó ÒÁ×ÎÏÍÅÒÎÏÓÔØÀ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÎÁ ÅÄÉÎÉÞÎÏÍ �ÏÌÕÉÎÔÅÒ×ÁÌÅ I ËÏÎÅÞÎÏÊËÒÕÇÏ×ÏÊ ÏÒÂÉÔÙ Orbn(�; t), ÓÏÓÔÏÑÝÅÊ ÉÚ ÔÏÞÅË 0 6 �1 6 �2 : : : 6 �n < 1,ÇÄÅ �k = {jk� − t} ÄÌÑ j = 1; 2; : : : ; n. éÚÕÞÅÎÉÅ Æ-ÏÔËÌÏÎÅÎÉÑ ÄÌÑ �Ï-ÔÅÎ�ÉÁÌØÎÏ ÂÅÓËÏÎÅÞÎÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (0.1) ÞÅÒÅÚ ÆÏÒÍÕÌÕ Ä×ÏÊ-ÓÔ×ÅÎÎÏÓÔÉ Ó×ÏÄÉÔÓÑ Ë ÒÁÓ�ÒÅÄÅÌÅÎÉÀ ËÏÎÅÞÎÏÇÏ ÎÁÂÏÒÁ ÔÏÞÅË ÏÒÂÉÔÙOrbn(�; t) ⊂ I, Á ÜÔÁ ÚÁÄÁÞÁ ÇÅÏÍÅÔÒÉÞÎÁ �Ï Ó×ÏÅÊ �ÒÉÒÏÄÅ: ÔÒÅÂÕÅÔÓÑÎÁÊÔÉ ÕÓÌÏ×ÉÑ, �ÒÉ ËÏÔÏÒÙÈ ÏÒÂÉÔÁ Orbn(�; t) ×ËÌÁÄÙ×ÅÔÓÑ × ÒÁÚÂÉÅÎÉÅIn = I1 ⊔ : : :⊔ In ÅÄÉÎÉÞÎÏÇÏ �ÏÌÕÉÎÔÅÒ×ÁÌÁ I ÎÁ ÂÏÌÅÅ ÍÅÌËÉÅ �ÏÌÕÉÎÔÅÒ-×ÁÌÙ ×ÉÄÁ Ik = [k−1n ; kn). ÷ËÌÁÄÙ×ÁÀÝÉÅÓÑ ÏÒÂÉÔÙ Orbn(�; t) ÎÁÚÙ×ÁÀÔÓÑËÏÇÅÒÅÎÔÎÙÍÉ ÒÁÚÂÉÅÎÉÀ In. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÚÁÄÁÞÁ Ï�ÅÎËÉ Æ-ÏÔËÌÏÎÅÎÉÑÓ×ÏÄÉÔÓÑ Ë ÞÉÓÔÏ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÚÁÄÁÞÅ �ÏÓÔÒÏÅÎÉÑ ËÏÎÅÞÎÙÈ ËÏÇÅÒÅÎÔ-ÎÙÈ ÎÁÂÏÒÏ× ÔÏÞÅË ÎÁ �ÏÌÕÉÎÔÅÒ×ÁÌÅ I.0.6. éÓÔÏÒÉÑ ×Ï�ÒÏÓÁ. ë ÎÁÓÔÏÑÝÕÍÕ ×ÒÅÍÅÎÉ �ÒÉ ÉÓÓÌÅÄÏ×ÁÎÉÉ Æ-ÏÔ-ËÌÏÎÅÎÉÊ ÓÆÏÒÍÉÒÏ×ÁÌÉÓØ ÎÅÓËÏÌØËÏ �ÏÄÈÏÄÏ×.ïÄÉÎ ÉÚ ÎÉÈ �ÒÉÍÅÎÉÍ Ë ÞÉÓÁÍ ðÉÚÏ �, ÎÁ ÏÓÎÏ×Å ËÏÔÏÒÙÈ ÓÔÒÏÑÔ-ÓÑ ÉÎ×ÁÒÉÁÎÔÎÙÅ ÏÔÎÏÓÉÔÅÌØÎÏ ×ÒÁÝÅÎÉÊ ÒÁÚÂÉÅÎÉÑ ÔÏÒÏ× T

d = R
d=ZdÒÁÚÍÅÒÎÏÓÔÉ d. õËÁÚÁÎÎÙÊ ÍÅÔÏÄ ÒÅÁÌÉÚÏ×ÁÎ ÔÏÌØËÏ ÄÌÑ Ë×ÁÄÒÁÔÉÞÎÙÈÉ ËÕÂÉÞÅÓËÉÈ ÞÉÓÅÌ ðÉÚÏ. ÷ [8, 14, 7℄ �ÏÓÔÒÏÅÎÙ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÒÁÚÂÉÅ-ÎÉÑ æÉÂÏÎÁÞÞÉ, ÏÂÏÂÝÅÎÎÙÅ ÒÁÚÂÉÅÎÉÑ æÉÂÏÎÁÞÞÉ, Ä×ÕÍÅÒÎÙÅ ÒÁÚÂÉÅÎÉÑ



÷ìïöåîéå ëòõçï÷ùè ïòâé� 33òÏÚÉ É ÄÌÑ ÓÏÓÔÁ×ÌÑÀÝÉÈ ÄÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ ÍÎÏÖÅÓÔ× Ï�ÅÎÅÎÙ ÇÒÁÎÉ�ÙÆ-ÏÔËÌÏÎÅÎÉÊ.äÒÕÇÏÊ �ÏÄÈÏÄ Ï�ÉÒÁÅÔÓÑ ÎÁ Ï�ÅÎËÉ ÓÕÍÍ ÄÒÏÂÎÙÈ ÄÏÌÅÊ [1, 4℄ É �ÒÉÍÅ-ÎÉÍ ÔÏÌØËÏ × ÏÄÎÏÍÅÒÎÏÍ ÓÌÕÞÁÅ. üÔÉÍ ÍÅÔÏÄÏÍ × [15℄ �ÏÌÕÞÅÎÙ ÔÏÞÎÙÅ�Ï �ÏÒÑÄËÕ ÇÒÁÎÉ�Ù ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÊ.îÅÄÁ×ÎÏ �ÏÑ×ÉÌÓÑ ÅÝÅ ÏÄÉÎ ÎÏ×ÙÊ �ÏÄÈÏÄ, ËÏÔÏÒÙÊ ÉÓ�ÏÌØÚÕÅÔ �ÅÒÅËÌÁ-ÄÙ×ÁÀÝÉÅÓÑ ÔÏÒÉÞÅÓËÉÅ ÒÁÚ×ÅÒÔËÉ. üÔÏÔ ÍÅÔÏÄ �ÏÚ×ÏÌÉÌ ÓÒÁÚÕ ÖÅ �ÏÌÕ-ÞÁÔØ ÍÎÏÇÏÍÅÒÎÙÅ ×ÁÒÉÁÎÔÙ ÔÅÏÒÅÍÙ çÅËËÅ [6, 10, 12℄ ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÊÎÁ ÔÏÒÁÈ T
d �ÒÏÉÚ×ÏÌØÎÏÊ ÒÁÚÍÅÒÎÏÓÔÉ d. �ÏÞÎÙÅ ÇÒÁÎÉ�Ù ÉÚÍÅÎÅÎÉÑÆ-ÏÔËÌÏÎÅÎÉÊ ÕÄÁÌÏÓØ �ÏÌÕÞÉÔØ ÄÌÑ ÓÌÕÞÁÑ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ n = 1 × ÏÄ-ÎÏÍÅÒÎÏÊ ÔÅÏÒÅÍÅ çÅËËÅ (0.3).

§1. ïÔËÌÏÎÅÎÉÑ Æ É D1.1. ïÔËÌÏÎÅÎÉÅ É ÒÁÚÎÏÓÔÎÁÑ ÆÕÎË�ÉÑ. ï�ÒÅÄÅÌÉÍ ÒÁÚÎÏÓÔÎÕÀÆÕÎË�ÉÀ �(x; y) = {x} − {x− y} (1.1)ÏÔ �ÅÒÅÍÅÎÎÙÈ x; y ∈ R. ïÎÁ Ñ×ÌÑÅÔÓÑ ËÕÓÏÞÎÏ �ÏÓÔÏÑÎÎÏÊ ÆÕÎË�ÉÅÊ ÏÔx É ÅÅ ÍÏÖÎÏ ÔÁËÖÅ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ�(x; y) = {

{y} − 1; ÅÓÌÉ {x} < {y},
{y}; ÅÓÌÉ {x} > {y}. (1.2)úÁÄÁÄÉÍ ÓÌÅÄÕÀÝÕÀ ÆÕÎË�ÉÀ:Æn;�(i; t) = ∑06j<i�(j�+ t; n�) (1.3)ÄÌÑ ÌÀÂÙÈ n ∈ Z, � ∈ R É i = 0; 1; 2; : : : ðÏÓËÏÌØËÕ ÓÏÇÌÁÓÎÏ (1.2) ×Ù�ÏÌ-ÎÑÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ�(j� + t; n�) = {

{n�} − 1; ÅÓÌÉ {j� + t} < {n�},
{n�}; ÅÓÌÉ {j� + t} > {n�},ÔÏ ÓÕÍÍÕ (1.3) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × ×ÉÄÅÆn;�(i; t) = i{n�} − rn;�(i; t); (1.4)ÇÄÅ rn;�(i; t) | ÓÞÉÔÁÀÝÁÑ ÆÕÎË�ÉÑ ÄÌÑ ËÏÌÉÞÅÓÔ×Á �Ï�ÁÄÁÎÉÊ ÔÏÞÅË ÉÚ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ t; �+t; : : : ; (i−1)�+t mod 1, �Ï�Á×ÛÉÈ × �ÏÌÕÉÎÔÅÒ×ÁÌ[0; {n�}) ÄÌÉÎÙ {n�}. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÚ ÒÁ×ÅÎÓÔ×Á (1.4) ÚÁËÌÀÞÁÅÍ, ÞÔÏÆn;�(i; t) Ñ×ÌÑÅÔÓÑ ÏÔËÌÏÎÅÎÉÅÍ ÏÖÉÄÁÅÍÏÇÏ ËÏÌÉÞÅÓÔ×Á �Ï�ÁÄÁÎÉÊ i{n�}ÏÔ ÒÅÁÌØÎÏÇÏ rn;�(i; t).



34 ÷. ç. öõòá÷ìå÷1.2. óÌÕÞÁÊ n > 0. ëÒÏÍÅ ÆÏÒÍÕÌÙ (1.4), ÓÕÍÍÕ (1.3) ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØÅÝÅ ÏÄÎÉÍ Ó�ÏÓÏÂÏÍ. éÍÅÅÍÆn;�(i; t) = ∑06j<i({j� + t} − {j� + t− n�})= ∑06j<i{j�+ t} − ∑

−n6j<i−n{j� + t}: (1.5)úÄÅÓØ ÍÙ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ i > n. óÌÕÞÁÊ i < n ÂÕÄÅÔ ÒÁÓÓÍÏÔÒÅÎÏÔÄÅÌØÎÏ × �. 8. éÚ (1.5), �ÏÓÌÅ ÓÏËÒÁÝÅÎÉÑ, �ÏÌÕÞÁÅÍ ÒÁ×ÅÎÓÔ×ÏÆn;�(i; t) = ∑i−n6j<i{j� + t} − ∑

−n6j<0{j� + t}:ðÒÏÉÚ×ÏÄÑ ÚÁÍÅÎÕ × �ÅÒ×ÏÊ ÓÕÍÍÅ j = j′ + (i−n− 1), ÇÄÅ 1 6 j′ 6 n, É ÓÏ-ÏÔ×ÅÔÓÔ×ÅÎÎÏ ×Ï ×ÔÏÒÏÊ j = −j′, ÇÄÅ 1 6 j′ 6 n, �ÅÒÅ�ÉÓÙ×ÁÅÍ �ÏÓÌÅÄÎÅÅÒÁ×ÅÎÓÔ×ÏÆn;�(i; t) = ∑16j′6n{j′�+ i�− (n+ 1)�+ t} − ∑16j′6n{−j′�+ t}:åÝÅ ÒÁÚ �ÒÏÉÚ×ÏÄÉÍ ÚÁÍÅÎÕ × �ÅÒ×ÏÊ ÓÕÍÍÅ j′−(n+1) = −j, ÇÄÅ 1 6 j 6 n,Á ×Ï ×ÔÏÒÏÊ j′ = j, ÇÄÅ 1 6 j 6 n. �ÏÇÄÁ �ÒÉ ÕÓÌÏ×ÉÉ n > 0, i > n �ÏÌÕÞÁÅÍÓÌÅÄÕÀÝÕÀ ÆÏÒÍÕÌÕ:Æn;�(i; t) = ∑16j6n({i� − j� + t} − {−j� + t}): (1.6)åÓÌÉ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁÚÎÏÓÔÎÏÊ ÆÕÎË�ÉÅÊ (1.1), ÔÏ ÆÏÒÍÕÌÕ (1.6) ÍÏÖÎÏÚÁ�ÉÓÁÔØ × ÂÏÌÅÅ ÓÖÁÔÏÍ ×ÉÄÅÆn;�(i; t) = −
∑16j6n�(−j�+ t;−i�): (1.7)ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ�n;�(x; t) = −
∑16j6n�(−j�+ t;−x); (1.8)ÇÄÅ ÓÏÇÌÁÓÎÏ (1.2) �ÏÄ ÚÎÁËÏÍ ÓÕÍÍÙ ÓÔÏÉÔ ×ÙÒÁÖÅÎÉÅ�(−j�+ t;−x) = {

{−x} − 1; ÅÓÌÉ {−j�+ t} < {−x},
{−x}; ÅÓÌÉ {−j�+ t} > {−x}. (1.9)ïÔÓÀÄÁ ÄÌÑ ÆÕÎË�ÉÉ (1.8) ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÁÑ ÆÏÒÍÕÌÁ:�n;�(x; t) = −n{−x}+ rn;�(x; t) (1.10)
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{−j�+t}<{−x} 1:óÒÁ×ÎÉ×ÁÑ (1.7) Ó (1.8), �ÒÉÈÏÄÉÍ Ë ÒÁ×ÅÎÓÔ×ÕÆn;�(i; t) = �n;�(i�; t); (1.11)ÇÄÅ �Ï ÕÓÌÏ×ÉÀ n > 0, i > n.õÄÏÂÎÏ ÎÅÓËÏÌØËÏ ×ÉÄÏÉÚÍÅÎÉÔØ ÆÕÎË�ÉÀ �n;�(x; t) ÎÁ ÂÏÌÅÅ ÇÅÏÍÅÔ-ÒÉÞÎÕÀ ÆÕÎË�ÉÀ Dn;�(x; t) = n{x} −Rn;�(x; t) (1.12)ÄÌÑ n > 0, ÇÄÅ Rn;�(x; t) = ∑16j6n

{j�−t}6{x} 1: (1.13)õËÁÚÁÎÎÙÅ ÆÕÎË�ÉÉ Ó×ÑÚÁÎÙ ÍÅÖÄÕ ÓÏÂÏÀ �ÒÏÓÔÏÊ ÆÏÒÍÕÌÏÊ�n;�(x; t) = Dn;�(x; t) + Zn;�(t); (1.14)ÇÄÅ Zn;�(t) = ∑16j6n
{j�−t}=0 1:þÔÏÂÙ ÕÂÅÄÉÔØÓÑ × Ó�ÒÁ×ÅÄÌÉ×ÏÓÔÉ ÆÏÒÍÕÌÙ (1.14), ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÏ-ÖÄÅÓÔ×ÏÍ {−x} = 1 − {x}, ÅÓÌÉ {x} 6= 0, É �ÅÒÅ�ÉÛÅÍ ÓÏÏÔÎÏÛÅÎÉÑ (1.9)× ×ÉÄÅ �(−j�+ t;−x) = {

−{x}; ÅÓÌÉ {j�− t} > {x},
−{x}+ 1; ÅÓÌÉ {j�− t} 6 {x}.ïÔÓÀÄÁ, (1.10) É (1.12) ×ÙÔÅËÁÅÔ ÎÕÖÎÁÑ ÆÏÒÍÕÌÁ (1.14).1.3. óÌÕÞÁÊ n < 0. éÚ Ï�ÒÅÄÅÌÅÎÉÑ (1.3) ÓÌÅÄÕÅÔ, ÞÔÏ ÆÏÒÍÕÌÁ (1.5)ÆÏÒÍÁÌØÎÏ Ó�ÒÁ×ÅÄÌÉ×Á ËÁË ÄÌÑ n > 0, ÔÁË É ÄÌÑ n < 0. ó ÜÔÏÇÏ ÍÅÓÔÁ�ÒÅÄ�ÏÌÁÇÁÅÍ ×Ù�ÏÌÎÅÎÙÍ ÕÓÌÏ×ÉÅ n < 0. éÓ�ÏÌØÚÕÑ �ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×ÏÉÚ (1.5), ÉÍÅÅÍÆn;�(i; t) = ∑06j<i({j� + t} − {j�+ t|n|�})= ∑06j<i{j� + t} − ∑n+6j<i+|n|{j� + t}:



36 ÷. ç. öõòá÷ìå÷åÓÌÉ ÓÎÏ×Á ÄÏ�ÕÓÔÉÔØ i > |n|, ÔÏ ÉÚ �ÏÓÌÅÄÎÅÇÏ ÒÁ×ÅÎÓÔ×Á ÓÌÅÄÕÅÔÆn;�(i; t) = ∑06j<|n|{j� + t} − ∑i6j<i+|n|{j� + t}:ðÏÓÌÅ ÚÁÍÅÎÙ j = j′ + i ×Ù×ÏÄÉÍ ÆÏÒÍÕÌÕÆn;�(i; t) = ∑06j<|n|({j� + t} − {j� + t+ i�}) (1.15)ÄÌÑ ÓÌÕÞÁÑ n < 0, i > |n|. ó �ÏÍÏÝØÀ ÒÁÚÎÏÓÔÎÏÊ ÆÕÎË�ÉÉ (1.9) ÆÏÒÍÕ-ÌÕ (1.15) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ÓÖÁÔÏÍ ×ÉÄÅÆn;�(i; t) = ∑06j<|n|�(j� + t;−i�): (1.16)äÌÑ n < 0 Ï�ÒÅÄÅÌÉÍ ÅÝÅ ÏÄÎÕ ÄÏ�ÏÌÎÉÔÅÌØÎÕÀ ÆÕÎË�ÉÀ (ÓÒ. (1.8))�n;�(x; t) = ∑06j<|n|�(j� + t;−x); (1.17)ÇÄÅ ÁÎÁÌÏÇÉÞÎÏ (1.9) ÄÌÑ �(j� + t;−x) ÎÁÈÏÄÉÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ�(j�+ t;−x) = {

−{x}; ÅÓÌÉ {−j�− t} > {x},
−{x}+ 1; ÅÓÌÉ {−j�− t} 6 {x}. (1.18)÷ ÓÉÌÕ (1.16) É (1.17) ÓÎÏ×Á �ÒÉÈÏÄÉÍ Ë ÆÏÒÍÕÌÅ (1.11) ÄÌÑ n < 0, i > |n|.þÔÏÂÙ ÓÏÈÒÁÎÉÔØ ÅÄÉÎÏÏÂÒÁÚÉÅ ÓÏ ÓÌÕÞÁÅÍ n > 0, ÏÂÏÚÎÁÞÉÍDn;�(x; t) = �n;�(x; t): (1.19)úÄÅÓØ ÓÏÇÌÁÓÎÏ (1.17) É (1.18) ÌÅ×ÁÑ ÞÁÓÔØ ÒÁ×ÎÁD−|n|;�(x; t) = −|n|+ {x}+R−|n|;�(x; t); (1.20)ÇÄÅ R−|n|;�(x; t) = ∑06j<|n|

{−j�−t}6{x} 1:æÏÒÍÕÌÕ (1.11) ÄÌÑ n > 0 É n < 0 ÍÏÖÎÏ ÒÁÓ�ÒÏÓÔÒÁÎÉÔØ ÎÁ ÓÌÕÞÁÊn = 0, �ÏÌÁÇÁÑ × ÎÉÈ �ÒÁ×ÙÅ É ÌÅ×ÙÅ ÞÁÓÔÉ ÒÁ×ÎÙÍÉ 0. äÁÎÎÙÅ ÆÏÒÍÕÌÙ�ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÀ ÆÏÒÍÕÌÙ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ, ÔÁË ËÁË ÏÎÉ ÕÓÔÁÎÁ×ÌÉ×Á-ÀÔ Ó×ÑÚØ ÍÅÖÄÕ Æ-ÏÔËÌÏÎÅÎÉÅÍ (1.4) É D-ÏÔËÌÏÎÅÎÉÅÍ (1.12), (1.20). äÅÊ-ÓÔ×ÉÔÅÌØÎÏ, Æn;�(i; t) ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÍÅÒÕ ÏÔËÌÏÎÅÎÉÑ ÏÔ ÒÁ×-ÎÏÍÅÒÎÏÓÔÉ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÄÌÑ ÂÅÓËÏÎÅÞÎÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ {j�+ t},ÇÄÅ j = 0; 1; 2; : : :, É ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ Dn;�(x; t) | ÍÅÒÕ ÏÔËÌÏÎÅÎÉÑ ÄÌÑ ËÏ-ÎÅÞÎÙÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ {±j� − t}, ÇÄÅ j = 1; : : : ; |n|. æÏÒÍÕÌÁ ÖÅÄ×ÏÊÓÔ×ÅÎÎÏÓÔÉ (1.11) | ÜÔÏ Ó×ÑÚØ ÍÅÖÄÕ Ä×ÕÍÑ ÜÔÉÍÉ ÍÅÒÁÍÉ.



÷ìïöåîéå ëòõçï÷ùè ïòâé� 37éÔÁË, �ÏÌÕÞÅÎ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 1.1. ðÕÓÔØ Æn;�(i; t) | ÏÔËÌÏÎÅÎÉÅ (1.4) É �n;�(x; t) | ÏÔËÌÏ-ÎÅÎÉÑ, Ï�ÒÅÄÅÌÅÎÎÙÅ ÆÏÒÍÕÌÁÍÉ (1.8) É (1.17) ÄÌÑ n > 0 É n < 0 ÓÏÏÔ-×ÅÔÓÔ×ÅÎÎÏ. �ÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ ÆÏÒÍÕÌÁ Ä×ÏÊÔ×ÅÎÎÏÓÔÉÆn;�(i; t) = �n;�(i�; t) (1.21)ÄÌÑ ×ÓÅÈ i > |n|. æÏÒÍÕÌÁ Ä×ÏÊÔ×ÅÎÎÏÓÔÉ (1.21) ÏÓÔÁÅÔÓÑ ÔÁËÖÅ Ó�ÒÁ-×ÅÄÌÉ×ÏÊ �ÒÉ n = 0, ÅÓÌÉ ÌÅ×ÕÀ É �ÒÁ×ÕÀ ÞÁÓÔÉ × (1.21) ÓÞÉÔÁÔØ ÒÁ×ÎÙ-ÍÉ 0.
§2. ó×ÏÊÓÔ×Á ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ D-ÏÔËÌÏÎÅÎÉÑ2.1. D±-ÏÔËÌÏÎÅÎÉÑ. æÕÎË�ÉÑ Dn;�(x; t) ÏÂÌÁÄÁÅÔ ÍÎÏÇÉÍÉ ÎÅÏÖÉÄÁÎ-ÎÙÍÉ ÉÎ×ÁÒÉÁÎÔÎÙÍÉ Ó×ÏÊÓÔ×ÁÍÉ, ËÏÔÏÒÙÅ ÉÚÎÁÞÁÌØÎÏ ÎÅ ÂÙÌÉ ÚÁÌÏÖÅÎÙ× ÅÅ ËÏÎÓÔÒÕË�ÉÀ (1.12) É (1.20). þÔÏÂÙ ÜÔÏ Õ×ÉÄÅÔØ, ÎÕÖÎÏ ÎÅÓËÏÌØËÏ ÒÁÓ-ÛÉÒÉÔØ Ï�ÒÅÄÅÌÅÎÉÅ ÕËÁÚÁÎÎÏÊ ÆÕÎË�ÉÉ. ó ÜÔÏÊ �ÅÌØÀ ××ÅÄÅÍ ÓÌÅÄÕÀÝÉÅÄ×Å ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÙÅ ÆÕÎË�ÉÉ D±n;�(x; t).�ÁË, × ÓÌÕÞÁÅ n > 0 �ÏÌÁÇÁÅÍD±

|n|;�(x; t) = |n|{x} −R±
|n|;�(x; t); (2.1)ÇÄÅ (ÓÒ. Ó Ï�ÒÅÄÅÌÅÎÉÅÍ (1.12))R±

|n|;�(x; t) = ∑16j6|n|
{j�−t} :<{x} 1: (2.2)úÄÅÓØ :< ÏÂÏÚÎÁÞÁÅÔ < ÉÌÉ 6 ÄÌÑ R+

|n|;�(x; t) É R−
|n|;�(x; t) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.éÚ Ï�ÒÅÄÅÌÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÆÕÎË�ÉÑ D+

|n|;�(x; t) ÏÔ x ÎÅ�ÒÅÒÙ×ÎÁ ÓÌÅ×Á,Á D−
|n|;�(x; t) Ó�ÒÁ×Á. áÎÁÌÏÇÉÞÎÏ Ï�ÒÅÄÅÌÉÍ ÄÌÑ n < 0 ÆÕÎË�ÉÀD±

−|n|;�(x; t) = −|n|{x}+R±
−|n|;�(x; t); (2.3)ÇÄÅ (ÓÒ. Ó Ï�ÒÅÄÅÌÅÎÉÅÍ (1.20))R±

−|n|;�(x; t) = ∑06j6|n|
{−j�−t} :<{x} 1É :< ÉÍÅÅÔ ÔÏÔ ÖÅ ÓÍÙÓÌ, ÞÔÏ É × (2.2). éÚ Ï�ÒÅÄÅÌÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÆÕÎË-�ÉÑ D+

−|n|;�(x; t) ÏÔ x ÎÅ�ÒÅÒÙ×ÎÁ ÓÌÅ×Á, Á D−
−|n|;�(x; t) Ó�ÒÁ×Á, Ô.Å. ËÁË× (2.1).äÁÌÅÅ ÍÙ �ÒÉ×ÅÄÅÍ Ó�ÉÓÏË ÉÎ×ÁÒÉÁÎÔÎÙÈ Ó×ÏÊÓÔ× D±-ÏÔËÌÏÎÅÎÉÊ (2.1)É (2.3). éÓÔÏÞÎÉËÉ ÔÁËÉÈ Ó×ÏÊÓÔ× ÌÅÖÁÔ × ÇÒÕ��Å ÉÚÏÍÏÒÆÉÚÍÏ× ÔÏÒÁ
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T = R=Z (ÓÄ×ÉÇÉ ÔÏÒÁ É ÕÍÎÏÖÅÎÉÅ ÎÁ ±1) É × ÁÎÁÌÏÇÉÞÎÏÊ ÇÒÕ��Å ÉÚÏ-ÍÏÒÆÉÚÍÏ× ËÏÌØ�Á �ÅÌÙÈ ÞÉÓÅÌ Z.2.2. óÉÍÍÅÔÒÉÉ ÆÕÎË�ÉÉ D±n;�(x; t). óÉÍÍÅÔÒÉÉ n → −n É x → −x.ðÕÓÔØ {x} 6= 0. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ù ÆÏÒÍÕÌÙD∓

−|n|;�(x; t) = D±
|n|;�(−x;−t+�); D±

|n|;�(−x; t) = D∓
−|n|;�(x;−t+�); (2.4)ÇÄÅ ÚÎÁËÉ D± ÏÚÎÁÞÁÀÔ, ÞÔÏ ÆÕÎË�ÉÉ ÉÚ (2.4) ÉÍÅÀÔ ÔÏÞËÉ ÒÁÚÒÙ×Ï×ÏÄÎÏÇÏ ÔÉ�Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏ×ÅÄÅÍ ÅÇÏ ÆÏÒÍÁÌØÎÏ, Ô.Å. Ó �ÏÍÏÝØÀ Ï�ÒÅÄÅÌÅÎÉÊ(2.1) É (2.3). ÷ ÓÌÕÞÁÅ (D+;D−) �ÅÒ×ÁÑ ÆÏÒÍÕÌÁ ÉÚ (2.4) ÒÁ×ÎÏÓÉÌØÎÁ ÔÏ-ÖÄÅÓÔ×Õ

−|n|{x}+ ∑06j<|n|
{−j�−t}<{x} 1 = |n|{−x} − ∑16j6|n|

{j�+t−�}6{−x} 1;Ó�ÒÁ×ÅÄÌÉ×ÏÍÕ × ÓÉÌÕ ÓÏÏÔÎÏÛÅÎÉÑ {x} + {−x} = 1 ÄÌÑ ÌÀÂÏÇÏ {x} 6= 0.óÌÕÞÁÊ (D−;D+) ÄÏËÁÚÙ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. ÷ÔÏÒÁÑ ÆÏÒÍÕÌÁ ÉÚ (2.4) �Ï-ÌÕÞÁÅÔÓÑ ÉÚ �ÅÒ×ÏÊ �ÏÄÓÔÁÎÏ×ËÏÊ t → −t+ �. �óÉÍÍÅÔÒÉÉ � → −� É t → −t. åÓÌÉ {x} 6= 0 É n ÌÀÂÏÅ, ÔÏD∓n;−�(x; t) = −D∓n;�(−x;−t); D∓n;�(x;−t) = −D∓n;−�(x;−t): (2.5)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï ÆÏÒÍÁÌØÎÏ �ÏÌÕÞÁÅÔÓÑ �Ï ÔÏÊ ÖÅÓÁÍÏÊ ÓÈÅÍÅ, ÞÔÏ (2.4). ÷ÔÏÒÏÅ ×ÙÔÅËÁÅÔ ÉÚ �ÅÒ×ÏÇÏ �ÏÄÓÔÁÎÏ×ËÏÊ t → −t,� → −�. �2.3. áÄÄÉÔÉ×ÎÏÓÔØ ÆÕÎË�ÉÉ D±n;�(x; t). áÄÄÉÔÉ×ÎÏÓÔØ �Ï n. äÌÑ ÌÀ-ÂÙÈ n1; n2 ∈ Z ×Ù�ÏÌÎÑÅÔÓÑ ÆÏÒÍÕÌÁD±n1+n2;�(x; t) = D±n1;�(x; t) +D±n2;�(x; t− n1�): (2.6)äÏËÁÚÁÔÅÌØÓÔ×Ï. óÌÕÞÁÊ n1 > 0, n2 > 0 ×ÙÔÅËÁÅÔ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÉÚÏ�ÒÅÄÅÌÅÎÉÑ (2.1) ÆÕÎË�ÉÉ D±
|n|;�(x; t). åÓÌÉ × ÆÏÒÍÕÌÅ (2.6) ÚÎÁÞÅÎÉÑ ÂÕ-ÄÕÔ n1 6 0, n2 6 0, ÔÏ �ÒÉÍÅÎÑÅÍ Ë �ÒÅÄÙÄÕÝÅÍÕ ÓÌÕÞÁÀ ÉÎ×ÁÒÉÁÎÔÎÏÓÔØ(2.4): (−|n|1;−|n|2) → (|n|1; |n|2). ïÓÔÁÌØÎÙÅ ÓÌÕÞÁÉ ÄÏËÁÚÙ×ÁÀÔÓÑ ÞÅÒÅÚËÏÍÂÉÎÁ�ÉÀ ÆÏÒÍÕÌ (2.1) É (2.3). �áÄÄÉÔÉ×ÎÏÓÔØ �Ï t. äÌÑ ÌÀÂÙÈ n ∈ Z É x; t; t′ ∈ I, ÇÄÅ I = [0; 1) |ÅÄÉÎÉÞÎÙÊ �ÏÌÕÉÎÔÅÒ×ÁÌ, ÉÍÅÅÔ ÍÅÓÔÏ ÆÏÒÍÕÌÁD±n;�(x; t+ t′) = D±n;�(x+ t; t′)−D±n;�(t; t′): (2.7)



÷ìïöåîéå ëòõçï÷ùè ïòâé� 39äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÎÁÞÁÌÅ ÄÏËÁÖÅÍ ÆÏÒÍÕÌÕ (2.7) �ÒÉ t′ = 0, Ô.Å.D±n;�(x; t) = D±n;�(x+ t; 0)−D±n;�(t; 0): (2.8)äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ ×Ù�ÏÌÎÅÎÉÅ ÓÌÅÄÕÀÝÉÈ ÕÓÌÏ×ÉÊ, ÎÅ�Ï-ÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÔÅËÁÀÝÉÈ ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ (2.1) É (2.3): 1) ÕÇÌÙ ÎÁËÌÏÎÏ×ÇÒÁÆÉËÏ× ÆÕÎË�ÉÊ ÓÌÅ×Á É Ó�ÒÁ×Á ÓÏ×�ÁÄÁÀÔ; 2) ÆÕÎË�ÉÉ ÓÌÅ×Á É Ó�ÒÁ×Á�ÒÉÎÉÍÁÀÔ ÏÄÎÏ É ÔÏ ÖÅ ÚÎÁÞÅÎÉÅ �ÒÉ x = 0; 3) ÕËÁÚÁÎÎÙÅ ÆÕÎË�ÉÉ ÉÍÅ-ÀÔ ÏÄÎÏ É ÔÏ ÖÅ ÍÎÏÖÅÓÔ×Ï ÓËÁÞËÏ× x = x′ ∈ I; 4) × ËÁÖÄÏÍ ÉÚ ÓËÁÞËÏ×x = x′ ÆÕÎË�ÉÉ ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÙÅ ×ÉÄÙ ÏÄÎÏÓÔÏÒÏÎÎÅÊ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ.ðÅÒÅÈÏÄÉÍ ÔÅ�ÅÒØ × (2.7) Ë �ÒÏÉÚ×ÏÌØÎÏÍÕ t′ ∈ I. ðÏ ÄÏËÁÚÁÎÎÏÊ ÆÏÒ-ÍÕÌÅ (2.8) ÉÍÅÅÍ ÒÁ×ÅÎÓÔ×ÏD±n;�(x; t+ t′) = D±n;�(x+ t+ t′; 0) −D±n;�(t+ t′; 0): (2.9)ðÏÄÓÔÁ×ÌÑÑ × ÎÅÇÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ×ÙÒÁÖÅÎÉÑ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊD±n;�(x+ t; t′) = D±n;�(x+ t+ t′; 0) −D±n;�(t′; 0);D±n;�(t; t′) = D±n;�(t+ t′; 0) −D±n;�(t′; 0);�ÒÉÈÏÄÉÍ Ë ÔÒÅÂÕÅÍÏÊ ÆÏÒÍÕÌÅ (2.7). �áÄÄÉÔÉ×ÎÏÓÔØ �Ï x. éÚ (2.7), �ÏÓÌÅ ÚÁÍÅÎÙ t → x′, t′ → t, ÄÌÑ ÌÀÂÙÈn ∈ Z É x ×ÙÔÅËÁÅÔ ÆÏÒÍÕÌÁD±n;�(x+ x′; t) = D±n;�(x; x′ + t) +D±n;�(x′; t): (2.10)2.4. óÉÍÍÅÔÒÉÉ ÆÕÎË�ÉÉ D±n;�(x; t): �ÒÏÄÏÌÖÅÎÉÅ. óÉÍÍÅÔÒÉÑn → −n (ÓÒ. (2.4)). ðÕÓÔØ ÓÎÏ×Á {x} 6= 0. äÏ�ÏÌÎÉÔÅÌØÎÏ Ë (2.4) ×Ù�ÏÌÎÑ-ÅÔÓÑ ÅÝÅ ÏÄÎÁ ÆÏÒÍÕÌÁD±
−|n|;�(x; t) = −D±

|n|;�(x; t+ |n|�): (2.11)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ Ï�ÒÅÄÅÌÅÎÉÑ (2.1) ÓÌÅÄÕÅÔ D±0;�(x; t) = 0. ïÔÓÀÄÁÉ (2.6) ×ÙÔÅËÁÅÔ ÆÏÒÍÕÌÁ (2.11). �óÉÍÍÅÔÒÉÑ x → −x. äÌÑ {x} 6= 0 ÉÍÅÅÍD∓
|n|;�(−x; t) = −D±

|n|;�(x;−t+ (|n|+ 1)�): (2.12)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ (2.4) É (2.11) �ÏÌÕÞÁÅÍ ÒÁ×ÅÎÓÔ×ÁD±
−|n|;�(x; t) = D∓

|n|;�(−x;−t+ �) = −D±
|n|;�(x; t+ |n|�);ÉÚ ËÏÔÏÒÙÈ ×ÙÔÅËÁÅÔ ÆÏÒÍÕÌÁ (2.12). �
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§3. çÒÁÎÉ�Ù D-ÏÔËÌÏÎÅÎÉÊ3.1. çÒÁÎÉ�Ù ÏÔËÌÏÎÅÎÉÊ mn(�; t) É mn(�). ðÕÓÔØ I = [0; 1). ï�ÒÅÄÅ-ÌÉÍ ÓÌÅÄÕÀÝÉÅ ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ:mn(�; t) = supx∈I |D±n;�(x; t)|; mn(�) = supt∈I mn(�; t): (3.1)÷ ÏÂÏÓÎÏ×ÁÎÉÅ Ï�ÒÅÄÅÌÅÎÉÊ (3.1) ÚÁÍÅÔÉÍ, ÞÔÏ ÆÕÎË�ÉÉ D+n;�(x; t) ÉD−n;�(x; t) ÏÔÌÉÞÁÀÔÓÑ ÌÉÛØ × ÔÏÞËÁÈ ÒÁÚÒÙ×Ï× �Ï x. ðÏÜÔÏÍÕ ÚÁÍÅÎÁD+n;�(x; t) ÎÁ D−n;�(x; t) ÎÅ ×ÌÉÑÅÔ ÎÁ ÚÎÁÞÅÎÉÅ mn(�).éÚ ÆÏÒÍÕÌ (2.4) É (2.5) ÄÌÑ ÌÀÂÙÈ n, � ×ÙÔÅËÁÀÔ ÓÌÅÄÕÀÝÉÅ ÓÉÍÍÅÔÒÉÉÇÒÁÎÉÞÎÏÇÏ ÚÎÁÞÅÎÉÑ mn(�):m−n(�) = mn(�); mn(−�) = mn(�): (3.2)ðÒÅÄÌÏÖÅÎÉÅ 3.1. äÌÑ ÌÀÂÏÇÏ t ∈ I ×Ù�ÏÌÎÑÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ámn(�) 6 2mn(�; t) (3.3)É, × ÞÁÓÔÎÏÓÔÉ, mn(�) 6 2mn(�; 0): (3.4)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÆÏÒÍÕÌÙ (2.7) ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï

|Dn;�(x; t′ + t)| 6 |Dn;�(x+ t′; t)|+ |Dn;�(t′; t)|;ÉÚ ËÏÔÏÒÏÇÏ É Ï�ÒÅÄÅÌÅÎÉÑ (3.1) ×Ù×ÏÄÉÍ ÓÏÏÔÎÏÛÅÎÉÅ mn(�; t′ + t) 62mn(�; t). ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï (3.3). �3.2. úÁÍÙËÁÎÉÅ D-ÏÔËÌÏÎÅÎÉÊ. ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀDn;�(x; t) = D+n;�(x; t) = D−n;�(x; t); (3.5)ËÏÔÏÒÁÑ ÉÍÅÅÔ ÇÒÁÆÉË ÔÁËÏÊ ÖÅ, ËÁË É ÚÁÍÙËÁÎÉÑ ÇÒÁÆÉËÏ× ÆÕÎË�ÉÊD±n;�(x; t). �ÁËÉÍ ÏÂÒÁÚÏÍ, Dn;�(x; t) Ñ×ÌÑÅÔÓÑ Ä×ÕÚÎÁÞÎÏÊ ÆÕÎË�ÉÅÊ × ÔÏÞ-ËÁÈ ÒÁÚÒÙ×Ï× x ÓÏ ÚÎÁÞÅÎÉÑÍÉ D+n;�(x; t) É D−n;�(x; t). ðÏ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉÄÏÏ�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ Dn;�(x; t) × ÔÏÞËÅ x = 1:Dn;�(1; t) = limx↑1 Dn;�(x; t):÷×ÅÄÅÎÉÅ ÚÁÍÙËÁÎÉÑ D-ÏÔËÌÏÎÅÎÉÊ (3.5) ÍÏÔÉ×ÉÒÏ×ÁÎÏ ÔÅÍ, ÞÔÏ ÉÓ�ÏÌØ-ÚÏ×ÁÎÉÅ ÆÕÎË�ÉÉ Dn;�(x; t) �ÒÉ×ÏÄÉÔ Ë ÚÁÍÅÔÎÏÍÕ Õ�ÒÏÝÅÎÉÀ ÆÏÒÍÕÌ.�ÁË, ÎÁ�ÒÉÍÅÒ, ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ (3.1) ÓÌÅÄÕÅÔ ×ÁÖÎÁÑ ÆÏÒÍÕÌÁmn(�; t) = maxk |Dn;�(�k; t)|; (3.6)ÇÄÅ �k | ÔÏÞËÉ ÒÁÚÒÙ×Ï× ÆÕÎË�ÉÉ Dn;�(x; t). æÏÒÍÕÌÁ (3.6) ÄÏÓÔÁ×ÌÑ-ÅÔ ÁÌÇÏÒÉÔÍ ×ÙÞÉÓÌÅÎÉÑ ÇÒÁÎÉ�Ù mn(�; t) ÄÌÑ D-ÏÔËÌÏÎÅÎÉÑ, �ÏÓËÏÌØËÕ



÷ìïöåîéå ëòõçï÷ùè ïòâé� 41ÔÏÞËÉ ÒÁÚÒÙ×Ï× �k ÌÅÇËÏ ÎÁÈÏÄÑÔÓÑ (ÓÍ. (3.10)) ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ (2.1) É (2.3)ÆÕÎË�ÉÊ D±n;�(x; t).3.3. çÒÁÎÉ�Ù ÏÔËÌÏÎÅÎÉÊ m±n (�; t). õÄÏÂÎÏ ÄÅÔÁÌÉÚÉÒÏ×ÁÔØ ×ÅÌÉÞÉÎÕmn(�; t) ××ÅÄÅÎÉÅÍ × ÒÁÓÓÍÏÔÒÅÎÉÅ Ä×ÕÈ ÎÏ×ÙÈ ÇÒÁÎÉÞÎÙÈ ÚÎÁÞÅÎÉÊm+n (�; t) = supx∈I Dn;�(x; t); m−n (�; t) = infx∈I Dn;�(x; t); (3.7)ÇÄÅ I = [0; 1℄ | ÚÁÍÙËÁÎÉÅ �ÏÌÕÉÎÔÅÒ×ÁÌÁ I. �ÁË ÖÅ, ËÁË É ÚÎÁÞÅÎÉÑ (3.6),ÏÎÉ ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÁÍm+n (�; t) = maxk Dn;�(�k; t) = maxk D+n;�(�k; t);m−n (�; t) = mink Dn;�(�k; t) = mink D−n;�(�k; t): (3.8)ï�ÒÅÄÅÌÉÍ ËÏÎÅÞÎÕÀ ÏÒÂÉÔÕOrbn(�; t) = {{j� − t}; j = 1; 2; : : : ; n} (3.9)É ×ÙÓÔÒÏÉÍ ÅÅ ÔÏÞËÉ �k = {jk�− t} × �ÏÒÑÄËÅ ÉÈ ×ÏÚÒÁÓÔÁÎÉÑ0 6 �1 6 �2 : : : 6 �n < 1: (3.10)äÁÎÎÙÅ ÔÏÞËÉ �k ËÁË ÒÁÚ É Ñ×ÌÑÀÔÓÑ ÔÏÞËÁÍÉ ÒÁÚÒÙ×Ï× ÆÕÎË�ÉÊD±n;�(x; t)É Dn;�(x; t) (ÓÍ. (2.1), (2.2) É (3.5)).ìÅÍÍÁ 3.1. éÎÔÅÒ×ÁÌ Yn(�; t) = [m−n (�; t);m+n (�; t)℄ Ñ×ÌÑÅÔÓÑ ÏÂÌÁÓÔØÀÚÎÁÞÅÎÉÊ ÆÕÎË�ÉÉ Dn;�(x; t) ÏÔ �ÅÒÅÍÅÎÎÏÊ x, Ô.Å. ÄÌÑ ÌÀÂÏÇÏ y ∈ Yn(�; t)ÎÁÊÄÅÔÓÑ ÔÁËÏÅ xy ∈ I, ÞÔÏ Dn;�(xy; t) = y: (3.11)äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ (2.7) ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ0 < �1 6 : : : 6 �n < 1: (3.12)óÌÕÞÁÊ n > 0. æÕÎË�ÉÑ Dn;�(x; t) ÎÅ�ÒÅÒÙ×ÎÏ ÒÁÓÔÅÔ ÏÔ 0 ÄÏ m+1 =Dn;�(�1; t). ðÏÜÔÏÍÕ ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ïm+1 = m+n (�; t) = maxx∈I Dn;�(x; t)ÉÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÓÌÅÄÕÀÝÅÅ ÚÎÁÞÅÎÉÅ:m+2 = Dn;�(�k2 ; t)+ > m+1 : (3.13)úÄÅÓØ ÍÙ �ÒÅÄ�ÏÌÁÇÁÅÍ k2 ÎÁÉÍÅÎØÛÉÍ Ó ÕÓÌÏ×ÉÅÍ (3.13). æÕÎË�ÉÑDn;�(x; t) ÎÅ�ÒÅÒÙ×ÎÏ ÒÁÓÔÅÔ ÏÔm+1 ÄÏm+2 �ÒÉ ×ÏÚÒÁÓÔÁÀÝÅÍ x ÏÔ �k2−�ÄÏ �k2 , ÇÄÅ � > 0 ×ÙÂÉÒÁÅÔÓÑ ÉÚ ÕÓÌÏ×ÉÑ �k2−1 6 �k2 −�.



42 ÷. ç. öõòá÷ìå÷óÎÏ×Á �ÏÌÕÞÁÅÍ m+2 = m+n (�; t) = maxx∈I Dn;�(x; t);ÉÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÓÌÅÄÕÀÝÅÅ ÚÎÁÞÅÎÉÅ:m+3 = Dn;�(�k3 ; t)+ > m+2 :�ÁË ËÁË ËÏÌÉÞÅÓÔ×Ï ÔÏÞÅË ÒÁÚÒÙ×Ï× �k ÉÚ (3.12) ËÏÎÅÞÎÏÅ, ÔÏ ÎÅ ÂÏÌÅÅ ÞÅÍÞÅÒÅÚ i 6 n ÛÁÇÏ× �ÏÌÕÞÉÍm+i = Dn;�(�ki ; t) = m+n (�; t) = maxx∈I Dn;�(x; t):õËÁÚÁÎÎÙÊ �ÒÏ�ÅÓÓ �ÏÒÏÖÄÁÅÔ �ÏÌÎÏÅ ÚÁÍÅÝÅÎÉÅ[0;m+1 ℄ ∪ : : : ∪ [m+i−1;m+i ℄ = [0;m+n (�; t)℄ÍÎÏÖÅÓÔ×Á �ÏÌÏÖÉÔÅÌØÎÙÈ ÚÎÁÞÅÎÉÊ ÆÕÎË�ÉÉ Dn;�(x; t). þÔÏÂÙ ÚÁ�ÏÌ-ÎÉÔØ ÍÎÏÖÅÓÔ×Ï ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÚÎÁÞÅÎÉÊ [m−n (�; t); 0℄, ÂÕÄÅÍ Ä×ÉÇÁÔØÓÑ× ÏÂÒÁÔÎÕÀ ÓÔÏÒÏÎÕ, ÉÚÍÅÎÑÑ x ÏÔ 1 Ë 0.óÌÕÞÁÊ n < 0 ×ÙÔÅËÁÅÔ ÉÚ ÒÁÓÓÍÏÔÒÅÎÎÏÇÏ ×ÙÛÅ ÓÌÕÞÁÑ n > 0 É ÆÏÒ-ÍÕÌÙ (2.4). �ðÒÅÄÌÏÖÅÎÉÅ 3.2. ðÕÓÔØ mn(�; t), mn(�) É m±n (�; t) | ÇÒÁÎÉÞÎÙÅ ÚÎÁ-ÞÅÎÉÑ (3.1) É (3.7) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. �ÏÇÄÁ ÄÌÑ ÌÀÂÙÈ n ∈ Z É � ∈ IÓ�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.1) äÌÑ ÌÀÂÏÇÏ t ∈ I ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ïmn(�) = m+n (�; t) −m−n (�; t): (3.14)2) ïÂÒÁÔÎÏ, ÓÕÝÅÓÔ×ÕÅÔ t∗ ∈ I Ó ÕÓÌÏ×ÉÅÍmn(�; t∗) = 12mn(�): (3.15)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ÆÕÎË�ÉÑ D−n;�(x; t), Ï�ÒÅÄÅÌÅÎÎÁÑ × (2.1) É (2.3),�ÒÉÎÉÍÁÅÔ Ó×ÏÅ ÍÉÎÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ �ÒÉ x = t− ∈ I, Ô.Å. D−n;�(t−; t) =m−n (�; t). �ÏÇÄÁ �Ï ÆÏÒÍÕÌÅ (2.7) ÉÍÅÅÍD−n;�(x; t− + t) = D−n;�(x+ t−; t)−D−n;�(t−; t) = D−n;�(x+ t−; t)−m−n (�; t);É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, D−n;�(x; t− + t) | ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ ÆÕÎË�ÉÑ ÏÔ x ∈ I,�ÒÉÞÅÍ D−n;�(0; t− + t) = 0. ïÔÓÀÄÁ É ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.7) ÎÁÈÏÄÉÍm+n (�; t− + t) =m+n (�; t) −m−n (�; t); m−n (�; t− + t) = 0: (3.16)éÚ (3.16) ×Ù×ÏÄÉÍ ÆÏÒÍÕÌÕ (3.14).



÷ìïöåîéå ëòõçï÷ùè ïòâé� 43�Å�ÅÒØ �ÅÒÅÈÏÄÉÍ Ë ÕÔ×ÅÒÖÄÅÎÉÀ 2). éÚ ÌÅÍÍÙ 3.1 ÓÌÅÄÕÅÔ, ÞÔÏ ÓÕÝÅ-ÓÔ×ÕÅÔ x∗ ∈ I ÔÁËÏÅ, ÞÔÏDn;�(x∗; t) = 12(m+n (�; t) +m−n (�; t)) (3.17)| ÓÒÅÄÎÅÅ ÚÎÁÞÅÎÉÅ ÆÕÎË�ÉÉ Dn;�(x; t) �Ï �ÅÒÅÍÅÎÎÏÊ x. ðÒÉ ÜÔÏÍ x∗ÍÏÖÅÍ ÓÞÉÔÁÔØ ÔÏÞËÏÊ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. óÎÏ×Á �ÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ (2.7),ÚÁ�ÉÓÙ×ÁÅÍ ÒÁ×ÅÎÓÔ×ÏD±n;�(x; x∗ + t) = D±n;�(x+ x∗; t)−D±n;�(x∗; t);�ÏÄÓÔÁ×ÌÑÑ × ËÏÔÏÒÏÅ ÓÏÏÔÎÏÛÅÎÉÅ (3.17), ÎÁÈÏÄÉÍ ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑÆÕÎË�ÉÉ D±n;�(x; x∗ + t) ÏÔ �ÅÒÅÍÅÎÎÏÊ x:m+n (�; t+ x∗) = m+n (�; t)− 12(m+n (�; t) +m−n (�; t))= 12(m+n (�; t)−m−n (�; t));m−n (�; t+ x∗) = m−n (�; t)− 12(m+n (�; t) +m−n (�; t))= −12(m+n (�; t) −m−n (�; t)):ïÔÓÀÄÁ É Ï�ÒÅÄÅÌÅÎÉÑ (3.1) ÇÒÁÎÉÞÎÏÇÏ ÚÎÁÞÅÎÉÑ mn(�; t + x∗) ÓÌÅÄÕÅÔÆÏÒÍÕÌÁ mn(�; t + x∗) = 12(m+n (�; t) −m−n (�; t)); (3.18)ÇÄÅ Ó�ÒÁ×Á ÓÔÏÉÔ ÓÒÅÄÎÅÅ ÚÎÁÞÅÎÉÅ ÆÕÎË�ÉÉ Dn;�(x; t) �Ï �ÅÒÅÍÅÎÎÏÊ x.éÚ (3.14) É (3.18) ÓÌÅÄÕÅÔ mn(�; t + x∗) = 12mn(�) | ÔÒÅÂÕÅÍÁÑ ÆÏÒÍÕ-ÌÁ (3.15). �ðÏ ÁÎÁÌÏÇÉÉ Ó (3.1) Ï�ÒÅÄÅÌÉÍ ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ�n(�; t) = supx∈I |�n;�(x; t)|; �n(�) = supt∈I �n(�; t): (3.19)ðÒÅÄÌÏÖÅÎÉÅ 3.3. äÌÑ ÌÀÂÙÈ n ∈ Z É � ∈ I Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅÕÔ×ÅÒÖÄÅÎÉÑ.1) çÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ (3.1) É (3.19) Ó×ÑÚÁÎÙ ÓÏÏÔÎÏÛÅÎÉÅÍ�n(�) = mn(�): (3.20)2) óÕÝÅÓÔ×ÕÅÔ t∗ ∈ I Ó ÕÓÌÏ×ÉÅÍ�n(�; t∗) = 12�n(�): (3.21)



44 ÷. ç. öõòá÷ìå÷äÏËÁÚÁÔÅÌØÓÔ×Ï. óÌÕÞÁÊ n > 0. æÏÒÍÕÌÙ (3.20) É (3.21) �ÏÌÕÞÁÀÔÓÑ �ÏÓÈÅÍÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á �ÒÅÄÌÏÖÅÎÉÑ 3.2, ÅÓÌÉ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄÕÀÝÉÍÉÒÁ×ÅÎÓÔ×ÁÍÉ �n;�(0; t) = 0; limx↑1 Dn;�(x; t) = 0 (3.22)É ÒÁ×ÅÎÓÔ×ÏÍ �n;�(x; t) = Dn;�(x; t); (3.23)Ó�ÒÁ×ÅÄÌÉ×ÙÍ ÄÌÑ ×ÓÅÈ t ∈ I, ËÒÏÍÅ ËÏÎÅÞÎÏÇÏ ÞÉÓÌÁ ÔÏÞÅË.óÌÕÞÁÊ n < 0. æÏÒÍÕÌÁ (3.20) ×ÙÔÅËÁÅÔ ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ (1.19) É (3.19),Á (3.21) | ÉÚ ÆÏÒÍÕÌÙ (3.15). �3.4. áÍ�ÌÉÔÕÄÁ É ÅÅ Ó×ÏÊÓÔ×Á. ï�ÒÅÄÅÌÉÍ ÁÍ�ÌÉÔÕÄÕ amn(�; t) ËÁËÍÁËÓÉÍÁÌØÎÙÊ ÒÁÚÍÁÈ ÇÒÁÆÉËÁ ÆÕÎË�ÉÉ D±n;�(x; t):amn(�; t) = m+n (�; t)−m−n (�; t): (3.24)éÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.1) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ïmn(�; t) 6 amn(�; t); (3.25)ÔÁË ËÁË D±n;�(x; t) | ×ÏÚÒÁÓÔÁÀÝÉÅ ÆÕÎË�ÉÉ × ÏËÒÅÓÔÎÏÓÔÉ 1 ÉÚ �ÏÌÕ-ÉÎÔÅÒ×ÁÌÁ I É limxր1D±n;�(x; t) = 0. éÚ ÆÏÒÍÕÌÙ (3.14) ×ÙÔÅËÁÅÔ, ÞÔÏÁÍ�ÌÉÔÕÄÁ amn(�; t) ÎÅ ÚÁ×ÉÓÉÔ ÏÔ t ∈ I: ðÏÜÔÏÍÕ ÍÏÖÅÍ Ï�ÒÅÄÅÌÉÔØamn(�) = amn(�; t) ÄÌÑ ÌÀÂÏÇÏ t ∈ I: (3.26)óÏ�ÏÓÔÁ×ÌÑÑ (3.1) É (3.26), �ÒÉÈÏÄÉÍ Ë ÒÁ×ÅÎÓÔ×Õmn(�) = amn(�); (3.27)�ÏËÁÚÙ×ÁÀÝÅÍÕ, ÞÔÏ ÇÒÁÎÉÞÎÏÅ ÚÎÁÞÅÎÉÅ (3.1) É ÁÍ�ÌÉÔÕÄÁ (3.26) �Ï ÓÕÔÉ�ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊ ÏÄÎÏ É ÔÏ ÖÅ. éÚ (3.27) É �ÒÅÄÌÏÖÅÎÉÑ 3.2 ÓÌÅÄÕÅÔÓÕÝÅÓÔ×Ï×ÁÎÉÅ t∗ ∈ I Ó ÕÓÌÏ×ÉÅÍmn(�; t∗) = 12amn(�): (3.28)
§4. ÷ÌÏÖÅÎÉÅ ÏÒÂÉÔ É D-ÏÔËÌÏÎÅÎÉÅ4.1. ëÏÇÅÒÅÎÔÎÙÅ ÏÒÂÉÔÙ. äÌÑ ÅÄÉÎÉÞÎÏÇÏ ÉÎÔÅÒ×ÁÌÁ I = [0; 1) ÚÁÄÁ-ÄÉÍ ÒÁÚÂÉÅÎÉÅ In = I1 ⊔ : : : ⊔ In (4.1)ÎÁ �ÏÌÕÉÎÔÅÒ×ÁÌÙ Ik = [k−1n ; kn). ïÒÂÉÔÁ Orbn(�; t), Ï�ÒÅÄÅÌÅÎÎÁÑ × (3.9),×ËÌÁÄÙ×ÁÅÔÓÑ × ÒÁÚÂÉÅÎÉÅ In:Orbn(�; t) em,→ In; (4.2)



÷ìïöåîéå ëòõçï÷ùè ïòâé� 45ÅÓÌÉ ×Ù�ÏÌÎÑÀÔÓÑ ×ËÌÀÞÅÎÉÑ �k ∈ I intk = (k−1n ; kn) ÜÌÅÍÅÎÔÏ× (3.10) ÄÌÑ×ÓÅÈ k = 1; : : : ; n. ðÒÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÑ (4.2) ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÏÒÂÉÔÁOrbn(�; t) ËÏÇÅÒÅÎÔÎÁ ÒÁÚÂÉÅÎÉÀ In.4.2. ó×ÑÚØ D-ÏÔËÌÏÎÅÎÉÑ Ó ËÏÇÅÒÅÎÔÎÏÓÔØÀ ÏÒÂÉÔÙ. îÁÞÉÎÁÑ Ó ÜÔÏ-ÇÏ ÍÅÓÔÁ É ÄÏ �. 7 ÂÕÄÅÍ �ÏÌÁÇÁÔØ t = 0.�ÅÏÒÅÍÁ 4.1. ðÕÓÔØ Dn;�(x; t) | ÆÕÎË�ÉÑ (1.12) ÄÌÑ n > 0. �ÏÇÄÁ ÎÅÒÁ-×ÅÎÓÔ×Ï
|Dn;�(x; 0)| < 1 (4.3)×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ÌÀÂÏÇÏ x ∈ I ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÏÒÂÉÔÁOrbn(�; 0) ËÏÇÅÒÅÎÔÎÁ (4.2) ÒÁÚÂÉÅÎÉÀ In.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. éÚ ÕÓÌÏ×ÉÑ (4.3) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï
∣

∣

∣
Dn;�(an; 0)∣

∣

∣
< 1 (4.4)ÄÌÑ ×ÓÅÈ 0 6 a < n. ðÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ (1.12), ÎÁÈÏÄÉÍDn;�(an; 0) = n{an}

−Rn;�(an; 0) = a−Rn;�(an; 0) ∈ Z: (4.5)éÚ (4.4) É (4.5) ÓÌÅÄÕÅÔ, ÞÔÏ Dn;�(an; 0) = 0 (4.6)ÄÌÑ ×ÓÅÈ 0 6 a < n, Á ÔÏÇÄÁ ÉÚ (4.5) É (4.6) ×ÙÔÅËÁÅÔ ÆÏÒÍÕÌÁRn;�(an; 0) = n{an} = a;ÒÁ×ÎÏÓÉÌØÎÁÑ ×ËÌÀÞÅÎÉÑÍ �k ∈ I intk ÄÌÑ ×ÓÅÈ k = 1; : : : ; n.2. ïÂÒÁÔÎÏ, �ÕÓÔØ ÏÒÂÉÔÁ Orbn(�; 0) ×ËÌÁÄÙ×ÁÅÔÓÑ (4.2) × ÒÁÚÂÉÅÎÉÅ In.�ÏÇÄÁ, ÉÓ�ÏÌØÚÕÑ ÓÎÏ×Á (1.12), �ÒÉÈÏÄÉÍ Ë ÆÏÒÍÕÌÅRn;�(x; 0) = [nx℄ + �(x); (4.7)×Ù�ÏÌÎÑÀÝÅÊÓÑ �ÒÉ ×ÓÅÈ x ∈ I, ÇÄÅ �(x) �ÒÉÎÉÍÁÅÔ ÚÎÁÞÅÎÉÑ 0 ÉÌÉ 1,�ÒÉÞÅÍ �(an) = 0 (4.8)ÄÌÑ ×ÓÅÈ 0 6 a < n. éÚ ÆÏÒÍÕÌ (1.12) É (4.7) ÓÌÅÄÕÅÔDn;�(x; 0) = n{x} − [nx℄− �(x) = {nx} − �(x);ÏÔËÕÄÁ É (4.8) ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï (4.3). �



46 ÷. ç. öõòá÷ìå÷4.3. ðÒÉÍÅÒ ËÏÇÅÒÅÎÔÎÙÈ ÏÒÂÉÔ. åÓÌÉ ×ÙÂÒÁÔØ � = 1n+1 , ÔÏ ÏÞÅ-×ÉÄÎÏ, ÞÔÏ ÄÌÑ ÔÁËÉÈ � ÏÔ×ÅÞÁÀÝÁÑ ÉÍ ÏÒÂÉÔÁ Orbn(�; 0) ×ËÌÁÄÙ×ÅÔÓÑOrbn(�; 0) em,→ In × ÒÁÚÂÉÅÎÉÅ (4.1). ðÏÜÔÏÍÕ × ÓÉÌÕ ÔÅÏÒÅÍÙ 4.1 ÄÌÑ ÌÀÂÏ-ÇÏ x ∈ I ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï
|Dn;�(x; 0)| < 1; ÅÓÌÉ � = 1n+ 1 : (4.9)�Å�ÅÒØ ÚÁÍÅÔÉÍ, ÞÔÏ ÄÌÑ � = 1n+1 É ÌÀÂÏÇÏ ÄÒÕÇÏÇÏ �′ = an+1 , ÇÄÅa = 1; : : : ; n É (a; n+ 1) = 1, ÉÍÅÅÔ ÍÅÓÔÏ ÓÏ×�ÁÄÅÎÉÅ ÉÈ ÏÒÂÉÔOrbn(�′; 0) = Orbn(�; 0) (4.10)É, ÚÎÁÞÉÔ, ×Ù�ÏÌÎÑÅÔÓÑ ×ÌÏÖÅÎÉÅ Orbn(�′; 0) em,→ In. éÚ ÆÏÒÍÕÌÙ (1.12)ÓÌÅÄÕÅÔ ÔÏÖÄÅÓÔ×Ï Dn;�′(x; 0) = Dn;�(x; 0). ïÔÓÀÄÁ É (4.9) ×ÙÔÅËÁÅÔ ÎÅÒÁ-×ÅÎÓÔ×Ï

|Dn;�(x; 0)| < 1 ÄÌÑ ×ÓÅÈ � = an+ 1 ; (4.11)ÇÄÅ a = 1; : : : ; n É (a; n+ 1) = 1.ðÏÌÁÇÁÑ � = 1n+1 × ÆÏÒÍÕÌÅ (3.8), ×ÙÞÉÓÌÑÅÍ ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ ÆÕÎË-�ÉÉ D±n;�(x; 0):m+n (�; 0) = D+n;�(�1; 0) = nn+ 1 ; m−n (�; 0) = D−n;�(�n; 0) = − nn+ 1 ;(4.12)ÇÄÅ �1 = 1n+1 , �n = nn+1 . ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ mn(�; 0) = nn+1 , ÅÓÌÉ � = 1n+1 ,Á ÔÏÇÄÁ × ÓÉÌÕ (4.10) ÎÁÈÏÄÉÍ mn(�; 0) = nn+1 ÄÌÑ ×ÓÅÈ � = an+1 , ÇÄÅ a =1; : : : ; n É (a; n+ 1) = 1.ðÒÅÄÌÏÖÅÎÉÅ 4.1. äÌÑ ÌÀÂÙÈ � = an+1 , ÇÄÅ n > 0, a = 1; : : : ; n É (a; n +1) = 1, ÉÍÅÅÔ ÍÅÓÔÏ ×ÌÏÖÅÎÉÅ ÏÒÂÉÔOrbn(�; t) em,→ In (4.13)É ÍÁËÓÉÍÕÍÙ ÍÏÄÕÌÅÊ D±-ÏÔËÌÏÎÅÎÉÊ (3.1) ÒÁ×ÎÙmn(�; 0) = nn+ 1 ; mn(�) = 2nn+ 1 : (4.14)äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÌÏÖÅÎÉÅ ÏÒÂÉÔ (4.13) É �ÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï ÉÚ (4.14)ÕÖÅ ÂÙÌÉ ÄÏËÁÚÁÎÙ ×ÙÛÅ. ÷ ÓÉÌÕ (4.12) ÉÍÅÅÍ amn(�) = 2nn+1 . ïÔÓÀÄÁ ÉÉÚ ÆÏÒÍÕÌÙ (3.27) ×ÙÔÅËÁÅÔ ×ÔÏÒÏÅ ÒÁ×ÅÎÓÔ×Ï ÉÚ (4.14). �
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§5. ìÏËÁÌØÎÙÅ ÍÉÎÉÍÕÍÙ ÆÕÎË�ÉÉ mn(�; 0)5.1. õÓÌÏ×ÉÅ ÌÏËÁÌØÎÏÇÏ ÍÉÎÉÍÕÍÁ.�ÅÏÒÅÍÁ 5.1. ðÕÓÔØ ×Ù�ÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ:1) � ∈ I | ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0) (n > 2), Ô.Å.mn(�; 0) 6 mn(� +�; 0) (5.1)ÄÌÑ ÌÀÂÏÇÏ � ∈ [−�′;�′℄ É ÎÅËÏÔÏÒÏÇÏ �′ > 0;2) mn(�; 0) < 1: (5.2)�ÏÇÄÁ ÓÕÝÅÓÔ×ÕÀÔ ÔÁËÉÅ ÔÏÞËÉ �k1 6= �k2 ÉÚ ÏÒÂÉÔÙ Orbn(�; 0), × ËÏ-ÔÏÒÙÈ ÆÕÎË�ÉÉ (2.1) ÏÔÌÉÞÁÀÔÓÑ ÄÒÕÇ ÏÔ ÄÒÕÇÁ ÌÉÛØ ÚÎÁËÏÍ, Ô.Å.D+n;�(�k1 ; 0) = −D−n;�(�k2 ; 0): (5.3)äÏËÁÚÁÔÅÌØÓÔ×Ï. óÌÕÞÁÊ 1. ðÕÓÔØ �k1 6= �k2 , Ô.Å. ×Ù�ÏÌÎÑÀÔÓÑ ÕÓÌÏ×ÉÑÎÁ ÔÏÞËÉ �k ÉÚ ÏÒÂÉÔÙ Orbn(�; 0):0 < �1 < : : : < �n < 1: (5.4)ðÏ ÆÏÒÍÕÌÅ (2.1) ÉÍÅÅÍD±n;�+�(jk�+ jk�; 0) = n{jk�+ jk�} −R±n;�+�(jk�+ jk�; 0); (5.5)ÇÄÅ R±n;�+�(jk�+ jk�; 0) = ∑j:{j�+j�}

:<{jk�+jk�}

1:îÁ�ÏÍÎÉÍ, ÚÄÅÓØ :< ÏÂÏÚÎÁÞÁÅÔ < ÉÌÉ 6 ÄÌÑ R+
∗ ÉÌÉ R−

∗ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.÷ ÓÉÌÕ ÕÓÌÏ×ÉÑ (5.4) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ, ÞÔÏ
{jk�+ jk�} = {jk�}+ jk�: (5.6)ðÒÉ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ � ÉÍÅÅÍR±n;�+�(jk�+ jk;�; 0) = R±n;�(jk�; 0);�ÏÜÔÏÍÕ × ÓÉÌÕ (5.5) É (5.6) �ÏÌÕÞÁÅÍD±n;�+�(jk�+ jk�; 0) = D±n;�+�(jk�; 0) + njk�ÄÌÑ ×ÓÅÈ k É � ∈ [−�′;�′℄ É ÎÅËÏÔÏÒÏÇÏ �′ > 0, ÚÁ×ÉÓÑÝÅÇÏ ÏÔ n; �; k. ðÏÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ � ∈ I | ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0). �ÏÇÄÁÉÚ ÆÏÒÍÕÌ (3.7) É (3.8) ÓÌÅÄÕÅÔ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ Ä×ÕÈ �k1 É �k2 Ó ÕÓÌÏ×É-ÅÍ (5.3).óÌÕÞÁÊ 2. ðÕÓÔØ ÓÕÝÅÓÔ×ÕÀÔ Ä×Á �k = �k′ Ó ÉÎÄÅËÓÁÍÉ k 6= k′ É, ÚÎÁÞÉÔ,k′ = k + 1. �ÏÇÄÁ, ÉÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÕ (2.1), �ÏÌÕÞÁÅÍ m+n (�k; 0) > 1 ÉÌÉ



48 ÷. ç. öõòá÷ìå÷m−n (�k; 0) 6 −1, ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÕÓÌÏ×ÉÀ (5.2). óÌÅÄÏ×ÁÔÅÌØÎÏ, ÓÌÕÞÁÊ 2ÎÅ×ÏÚÍÏÖÅÎ.óÌÕÞÁÊ 3. åÓÌÉ �1 = 0, ÔÏ D−n;�(�1; 0) = D−n;�(0; 0) = −1, É ÓÎÏ×Á �ÏÌÕ-ÞÁÅÍ �ÒÏÔÉ×ÏÒÅÞÉÅ Ó ÕÓÌÏ×ÉÅÍ (5.2).éÔÁË, �ÒÉÈÏÄÉÍ Ë ×Ù×ÏÄÕ: ÉÚ ÕÓÌÏ×ÉÑ (5.2) ×ÙÔÅËÁÅÔ, ÞÔÏ ÒÁÓ�ÏÌÏÖÅÎÉÅÔÏÞÅË �1; : : : ; �n ÏÒÂÉÔÙ Orbn(�; 0) ×ÏÚÍÏÖÎÏ ÔÏÌØËÏ, ËÁË × ÓÌÕÞÁÅ 1, ÄÌÑËÏÔÏÒÏÇÏ ÔÅÏÒÅÍÁ ÕÖÅ ÄÏËÁÚÁÎÁ. �ðÕÓÔØ ÓÎÏ×Á n > 2 É � ∈ I | ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0).ðÏ (2.1) ÉÍÅÅÍ D±n;�(x; 0) = n{x} − R±n;�(x; 0). ïÔÓÀÄÁ É ÔÅÏÒÅÍÙ 5.1 ÓÏ-ÇÌÁÓÎÏ ÒÁ×ÅÎÓÔ×Õ (5.3) ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÓÏÏÔÎÏÛÅÎÉÅn{�k1} −R+n;�(�k1 ; 0) = −n{�k2} −R−n;�(�k2 ; 0)ÄÌÑ ÎÅËÏÔÏÒÙÈ �k1 6= �k2 ÉÚ ÏÒÂÉÔÙ Orbn(�; 0), ÉÚ ËÏÔÏÒÏÇÏ ×ÙÔÅËÁÅÔÓÒÁ×ÎÅÎÉÅ n�k1 ≡ −n�k2 mod1 ÉÌÉ ÉÎÁÞÅ n(�k1 + �k2) ≡ 0mod 1. ðÏÄ-ÓÔÁ×ÌÑÑ × �ÏÓÌÅÄÎÅÅ ÓÒÁ×ÎÅÎÉÅ �k1 ≡ j1� mod1 É �k2 ≡ j2� mod1, ÇÄÅ1 6 j1; j2 6 n, ÍÏÖÅÍ �ÅÒÅ�ÉÓÁÔØ ÅÇÏ × ×ÉÄÅ ÓÒÁ×ÎÅÎÉÑ n(j1 + j2)� ≡0 mod1; ÉÚ ËÏÔÏÒÏÇÏ ×Ù×ÏÄÉÍ � = anJ , ÇÄÅ J = j1 + j2, j1 6= j2. ïÔÓÀÄÁ×ÙÔÅËÁÅÔ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ 5.2. ðÕÓÔØ � ∈ I | ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0),n > 2, É �ÕÓÔØ mn(�; 0) < 1. �ÏÇÄÁ� = anJ ; (5.7)ÇÄÅ J = j1 + j2, 1 6 j1; j2 6 n, j1 6= j2, É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,3 6 J 6 2n− 1: (5.8)5.2. îÅÏÂÈÏÄÉÍÙÅ ÕÓÌÏ×ÉÑ ÌÏËÁÌØÎÏÇÏ ÍÉÎÉÍÕÍÁ nn+1 . ðÕÓÔØ � |ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0) ÔÁËÏÊ, ÞÔÏmn(�; 0) = nn+ 1 : (5.9)÷ ÓÉÌÕ ÆÏÒÍÕÌ (2.1) É (3.8) ÓÕÝÅÓÔ×ÕÅÔ ÎÅËÏÔÏÒÏÅ j = 1; : : : ; n Ó ÕÓÌÏ×ÉÅÍmn(�; 0) = D+n;�(j�; 0) = n{j�} −R+n;�(j�; 0):ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ ÓÒÁ×ÎÅÎÉÅ mn(�; 0) ≡ nj� mod1; ÉÚ ËÏÔÏÒÏÇÏ, ÕÓÌÏ-×ÉÑ (5.9) É ÔÅÏÒÅÍÙ 5.2 �ÏÌÕÞÁÅÍajJ ≡ nn+ 1 mod 1: (5.10)�ÁË ËÁË (n; n + 1) = 1, ÔÏ ÉÚ (5.10) ÓÌÅÄÕÅÔ J = k(n + 1), k = 1; 2; : : :õÞÉÔÙ×ÁÑ �ÒÉ ÜÔÏÍ ÎÅÒÁ×ÅÎÓÔ×Ï (5.8), ×Ù×ÏÄÉÍ J = n+ 1, (aj; n+ 1) = 1.ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÔÅÏÒÅÍÁ.



÷ìïöåîéå ëòõçï÷ùè ïòâé� 49�ÅÏÒÅÍÁ 5.3. ðÕÓÔØ � ∈ I | ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉ mn(�; 0),n > 2, É �ÕÓÔØ mn(�; 0) = nn+ 1 : (5.11)�ÏÇÄÁ ÔÁËÏÊ ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ � ÎÅÏÂÈÏÄÉÍÏ ÉÍÅÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ× ×ÉÄÅ ÄÒÏÂÉ � = an(n+ 1) ; (5.12)ÇÄÅ 1 6 a < n(n+ 1), (a; n+ 1) = 1.5.3. äÏÓÔÁÔÏÞÎÙÅ ÕÓÌÏ×ÉÑ: ÒÅÇÕÌÑÒÎÙÅ ÞÉÓÌÁ. ÷ÎÁÞÁÌÅ ÒÁÓÓÍÏÔÒÉÍÂÏÌÅÅ �ÒÏÓÔÙÅ � ÉÚ (5.12), ËÏÇÄÁ d = (a; n) = n ÉÌÉ a = na1, �ÒÉ ÜÔÏÍ(a1; n+ 1) = 1. ïÎÉ ÏÂÒÁÚÕÀÔ ÍÎÏÖÅÓÔ×Ï ÒÅÇÕÌÑÒÎÙÈ ÞÉÓÅÌ
Areg = {� = a′n+ 1; 1 6 a1 6 n; (a′; n+ 1) = 1}: (5.13)éÚ �ÒÅÄÌÏÖÅÎÉÑ 4.1 ÓÌÅÄÕÅÔmn(�; 0) = nn+ 1 ÄÌÑ ÌÀÂÏÇÏ � ∈ Areg: (5.14)þÉÓÌÁ � = a1n+1 Ñ×ÌÑÀÔÓÑ ÌÏËÁÌØÎÙÍÉ ÍÉÎÉÍÕÍÁÍÉ ÆÕÎË�ÉÉ mn(�; 0).äÅÊÓÔ×ÉÔÅÌØÎÏ, ÄÌÑ � = 1n+1 ÜÔÏ ÏÞÅ×ÉÄÎÏ, Á ÄÌÑ ÏÂÝÅÇÏ ÓÌÕÞÁÑ �′ = a1n+1ÓÌÅÄÕÅÔ ÉÚ ÒÁ×ÅÎÓÔ×Á ÏÒÂÉÔ Orbn(�′; 0) = Orbn(�; 0).5.4. äÏÓÔÁÔÏÞÎÙÅ ÕÓÌÏ×ÉÑ: ÉÒÒÅÇÕÌÑÒÎÙÅ ÞÉÓÌÁ. ïÎÉ ÓÏÄÅÒÖÁÔÓÑÓÒÅÄÉ ÏÓÔÁ×ÛÉÈÓÑ � ÉÚ (5.12), ÄÌÑ ËÏÔÏÒÙÈ d = (a; n) < n:

Ad<n = {� = an(n+ 1) ; d = (a; n) < n; (a; n+ 1) = 1}:éÚ ÄÁÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á ÍÏÖÎÏ ×ÙÄÅÌÉÔØ ÉÒÒÅÇÕÌÑÒÎÙÅ ÞÉÓÌÁ
Airr = {� = rn1(n+ 1) + kn1 ; r = ±1;

∀n1|n; 0 6 k < n1; (k; n1) = 1; k 6≡ −rmodn1}: (5.15)áÎÁÌÏÇÉÞÎÏ (5.14) ÍÏÖÎÏ �ÏËÁÚÁÔØ, ÞÔÏmn(�; 0) = nn+ 1 ÄÌÑ ÌÀÂÏÇÏ � ∈ Airr (5.16)É ÞÉÓÌÁ � ∈ Airr Ñ×ÌÑÀÔÓÑ ÌÏËÁÌØÎÙÍÉ ÍÉÎÉÍÕÍÁÍÉ ÆÕÎË�ÉÉ mn(�; 0).
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§6. çÒÕÂÁÑ Á��ÒÏËÓÉÍÁ�ÉÑ ÆÕÎË�ÉÉ mn(�; 0)6.1. ïÓÎÏ×ÎÙÅ ÔÅÏÒÅÍÙ.�ÅÏÒÅÍÁ 6.1. éÍÅÀÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Á (ÓÕÂÁÄÄÉÔÉ×ÎÏÓÔØ �Ï �)mn(�+�; 0) < mn(�; 0) + 1 (6.1)ÉÌÉ mn(�+�; 0) 6 mn(�; 0) + 1;ÅÓÌÉ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ |�| < 1n2 ÉÌÉ |�| 6 1n2 É �ÒÉ ÜÔÏÍ ×Ù�ÏÌÎÅÎÙÓÌÅÄÕÀÝÉÅ Ä×Á ÕÓÌÏ×ÉÑ:℄{Orbn(�; 0) ∩ [0; 1n)}

6 1 (6.2)É ℄{Orbn(�; 0) ∩ [n− 1n ; 1)}

6 1; (6.3)ÇÄÅ Orbn(�; 0) | ÏÒÂÉÔÁ (3.9).äÏËÁÚÁÔÅÌØÓÔ×Ï. óÌÕÞÁÊ 1: � > 0. ðÕÓÔØ � ÒÁÓÔÅÔ ÔÁË, ÞÔÏ �ÏÓÌÅÄÎÑÑÔÏÞËÁ (�+�)n ÉÚ ÏÒÂÉÔÙ Orbn(�; 0) (ÓÍ. (3.9) É (3.10)) ÎÅ �ÅÒÅÓËÁËÉ×ÁÅÔÞÅÒÅÚ 1 Ë 0, Ô.Å. (�+�)n < 1: �ÏÇÄÁ ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ (3.1) ÉÍÅÅÍmn(�+�; 0) < mn(�; 0) + n2�; (6.4)ÔÁË ËÁË (�+�)k = {jk(� +�)} 6 {jk�}+ {jk�} 6 �k + n�É ÇÒÁÆÉË ÆÕÎË�ÉÉ Dn;�(x; 0) ÉÍÅÅÔ ÕÇÏÌ ÎÁËÌÏÎÁ tg ' = n. éÚ (6.4) �ÏÌÕ-ÞÁÅÍ ÎÅÒÁ×ÅÎÓÔ×Á (6.1).ðÕÓÔØ ÔÅ�ÅÒØ �ÒÉ ÒÏÓÔÅ � �ÒÏÉÓÈÏÄÉÔ �ÅÒÅÓËÏË �ÏÓÌÅÄÎÅÊ ÔÏÞËÉ �n →(�+�)n ÞÅÒÅÚ 1 Ë 0. �ÏÇÄÁ × ÓÉÌÕ ÕÓÌÏ×ÉÑ (6.3) ÎÉÖÎÉÊ ÍÉÎÉÍÕÍ m−n (�+�; 0) ÎÅ ÍÏÖÅÔ ÕÍÅÎØÛÉÔØÓÑ ÂÏÌÅÅ, ÞÅÍ ÎÁ −1. ðÒÉÞÅÍ ÒÏ×ÎÏ ÎÁ −1 ÔÁËÖÅÎÅ ÍÏÖÅÔ, �ÏÓËÏÌØËÕ ÌÀÂÁÑ ÔÏÞËÁ ÏÒÂÉÔÙ �k < 1. ïÔÓÀÄÁ ÓÎÏ×Á �ÒÉÈÏÄÉÍË ÎÅÒÁ×ÅÎÓÔ×ÁÍ (6.1).óÌÕÞÁÊ 2: � > 0 ÓÉÍÍÅÔÒÉÞÅÎ �ÒÅÄÙÄÕÝÅÍÕ Ó ÚÁÍÅÎÏÊ ÕÓÌÏ×ÉÑ (6.3) ÎÁ(6.2). �ÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ. �ï�ÒÅÄÅÌÉÍ℄n;�(�) = {℄{Orbn(�; 0) ∩ [1− n�; 1)}; ÅÓÌÉ � > 0,℄{Orbn(�; 0) ∩ [0; n|�|)}; ÅÓÌÉ � 6 0. (6.5)éÍÅÅÔ ÍÅÓÔÏ ÏÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ 6.1.



÷ìïöåîéå ëòõçï÷ùè ïòâé� 51�ÅÏÒÅÍÁ 6.2. äÌÑ ÌÀÂÙÈ � ∈ I, n = 1; 2; 3; : : : É � Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁmn(�+�; 0) 6 mn(�; 0) + max(n2|�|; ℄n;�(�)): (6.6)úÁÍÅÞÁÎÉÅ 6.1. îÅÒÁ×ÅÎÓÔ×Ï (6.6) ÎÅÔÒÉ×ÉÁÌØÎÏ ÔÏÌØËÏ �ÒÉ ÕÓÌÏ×ÉÉ, ÞÔÏ
|�| < 1n:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏ×ÏÄÉÔÓÑ �Ï ÔÏÊ ÖÅ ÓÈÅÍÅ, ÞÔÏ É ÔÅÏÒÅÍÁ 6.1. �6.2. á��ÒÏËÓÉÍÁ�ÉÑ ÞÉÓÌÁÍÉ ÉÚ ÍÎÏÖÅÓÔ×Á A. âÕÄÅÍ Á��ÒÏËÓÉÍÉ-ÒÏ×ÁÔØ � ÞÉÓÌÁÍÉ �∗ ÉÚ ÍÎÏÖÅÓÔ×Á

A = Areg ∪ Airr; (6.7)ÓÏÓÔÁ×ÌÅÎÎÏÇÏ ÉÚ ÒÅÇÕÌÑÒÎÙÈ (5.13) É ÉÒÒÅÇÕÌÑÒÎÙÈ ÞÉÓÅÌ (5.15). ï�ÒÅ-ÄÅÌÉÍ ÒÁÓÓÔÏÑÎÉÅ %(�;A) ÏÔ � ÄÏ ÍÎÏÖÅÓÔ×Á A, �ÏÌÁÇÁÑ%(�;A) = min�∗∈A

|�− �∗|: (6.8)�ÅÏÒÅÍÁ 6.3. äÌÑ ÌÀÂÙÈ � ∈ I, n > 0 ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïmn(�; 0) 6
nn+ 1 + [n2%(�;A)℄ + 1: (6.9)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ � = �∗ + � ÄÌÑ ÎÅËÏÔÏÒÏÇÏ �∗ ∈ A É |�| =%(�;A). ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ 6.2, ÍÏÖÅÍ ÚÁÍÅÔÉÔØmn(�; 0) 6 mn(�∗; 0) + max(n2|�|; ℄n;�(�)); (6.10)ÇÄÅ × ÓÉÌÕ ÒÁ×ÅÎÓÔ× (5.14) É (5.16) ÉÍÅÅÍmn(�∗; 0) = nn+ 1 (6.11)É n2|�| 6 [n2|�|℄ + 1 = [n2%(�;A)℄ + 1: (6.12)�ÁË ËÁË ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 4.1 É ÒÁ×ÅÎÓÔ×ÁÍ (5.12), (5.16) ÉÍÅÅÔ ÍÅÓÔÏ ×ÌÏ-ÖÅÎÉÅ Orbn(�∗; 0) em,→ In ÄÌÑ ÌÀÂÏÇÏ �∗ ∈ A, ÔÏ℄{Orbn(�∗; 0) ∩ [1− sn; 1)}

6 s ÄÌÑ ×ÓÅÈ s = 0; 1; 2; : : : ;℄{Orbn(�∗; 0) ∩ [0; sn)}

6 s ÄÌÑ ×ÓÅÈ s = 0; 1; 2; : : : (6.13)ðÕÓÔØ � = �n2 , ÇÄÅ � > 0 | ÌÀÂÏÅ. �ÏÇÄÁ n� = �n , É ÉÚ (6.13) ×Ù×ÏÄÉÍÎÅÒÁ×ÅÎÓÔ×Ï ℄{Orbn(�∗; 0) ∩ [1− n�; 1)} 6 [�℄ + 1:ïÔÓÀÄÁ É ÎÅÒÁ×ÅÎÓÔ×Á (6.12) ×ÙÔÅËÁÅÔ Ï�ÅÎËÁ℄{Orbn(�∗; 0) ∩ [1− n�; 1)} 6 [n2�℄ + 1 = [n2%(�;A)℄ + 1:



52 ÷. ç. öõòá÷ìå÷áÎÁÌÏÇÉÞÎÏ ÒÁÓÓÕÖÄÁÅÍ ÄÌÑ � = �n2 , ËÏÇÄÁ � < 0.éÔÁË, × ÏÂÝÅÍ ÓÌÕÞÁÅ ÄÌÑ ÌÀÂÏÇÏ � �ÏÌÕÞÁÅÍ Ï�ÅÎËÕ℄n;�∗(�) 6 [n2%(�;A)℄ + 1; (6.14)ÇÄÅ ÆÕÎË�ÉÑ ℄n;�∗(�) Ï�ÒÅÄÅÌÅÎÁ × (6.5). éÚ (6.12) É (6.14) ×Ù×ÏÄÉÍ ÎÅÒÁ-×ÅÎÓÔ×Ï max(n2|�|; ℄n;�(�)) 6 [n2%(�;A)℄ + 1: (6.15)éÚ (6.10), (6.11) É (6.15) ÓÌÅÄÕÅÔ ÔÒÅÂÕÅÍÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï (6.9). �éÚ ÔÅÏÒÅÍÙ 6.3 ×ÙÔÅËÁÅÔóÌÅÄÓÔ×ÉÅ 6.1. ðÕÓÔØ %(�;A) < 1n2 . �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ïmn(�; 0) 6 2− 1n+ 1 ; (6.16)ÉÌÉ × ÏÂÝÅÍ ×ÉÄÅ | ÎÅÒÁ×ÅÎÓÔ×Ïmn(�; 0) < 2 (6.17)ÄÌÑ ÌÀÂÏÇÏ n = 1; 2; 3; : : :
§7. �ÏÞÎÁÑ Á��ÒÏËÓÉÍÁ�ÉÑ ÆÕÎË�ÉÉ mn(�; t)7.1. ãÅ�ÎÙÅ ÄÒÏÂÉ. ðÕÓÔØ � ∈ I ÒÁÚÌÏÖÅÎÁ × ËÏÎÅÞÎÕÀ ÉÌÉ ÂÅÓËÏÎÅÞ-ÎÕÀ �Å�ÎÕÀ ÄÒÏÂØ � = 1q1 + 1q2+ 1... ; (7.1)ÇÄÅ qi = 1; 2; 3; : : :| ÎÅ�ÏÌÎÙÅ ÞÁÓÔÎÙÅ. ïÂÏÚÎÁÞÉÍ �(m) = [0; q1; q2; : : : ; qm℄�ÏÄÈÏÄÑÝÕÀ ÄÒÏÂØ ÄÌÉÎÙ m. äÌÑ ÎÅÅ ÉÍÅÅÔÓÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅ�(m) = PmQm ; ÇÄÅ Pm = qmPm−1 + Pm−2; Qm = qmQm−1 +Qm−2 (7.2)ÄÌÑ ÌÀÂÏÇÏ m > 1, Ó ÎÁÞÁÌØÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ P−1 = 1, P0 = 0, Q−1 = 0,Q0 = 1. ï�ÒÅÄÅÌÉÍ l(�) | ÄÌÉÎÕ �Å�ÎÏÊ ÄÒÏÂÉ ËÁË ÍÁËÓÉÍÁÌØÎÙÊ ÎÏÍÅÒm ÎÅ�ÏÌÎÏÇÏ ÞÁÓÔÎÏÇÏ qm, ×ÈÏÄÑÝÅÇÏ × ÒÁÚÌÏÖÅÎÉÅ (7.1). åÓÌÉ ÄÒÏÂØ (7.1)ÂÅÓËÏÎÅÞÎÁÑ, ÔÏ �ÏÌÁÇÁÅÍ l(�) = +∞. éÚ �ÒÅÄÓÔÁ×ÌÅÎÉÑ (7.2) ÓÌÅÄÕÀÔÎÅÒÁ×ÅÎÓÔ×Á PmQm 6 � 6

Pm+1Qm+1 ; ÇÄÅ m ÎÅÞÅÔÎÏÅ: (7.3)éÎÄÕË�ÉÅÊ �Ï m �ÏÌÕÞÁÅÔÓÑ ÆÏÒÍÕÌÁPm+1Qm − PmQm+1 = (−1)m;



÷ìïöåîéå ëòõçï÷ùè ïòâé� 53ÉÚ ËÏÔÏÒÏÊ É (7.3) ×ÙÔÅËÁÅÔ Á��ÒÏËÓÉÍÁ�ÉÑ � �ÏÄÈÏÄÑÝÉÍÉ ÄÒÏÂÑÍÉ (7.2):� = PmQm + �mQmQm+1 ; (7.4)ÇÄÅ |�m| 6 1, �m > 0 ÉÌÉ �m 6 0, ÅÓÌÉ m ÎÅÞÅÔÎÏÅ ÉÌÉ ÞÅÔÎÏÅ ÓÏÏÔ×ÅÔ-ÓÔ×ÅÎÎÏ.7.2. ÷ÏÚÍÕÝÅÎÉÅ ÔÏÞÅË ÏÒÂÉÔ. ÷ÙÂÅÒÅÍ ÌÀÂÏÅ ÞÉÓÌÏ �app ∈ I = [0; 1}Ó ÕÓÌÏ×ÉÅÍ l(�app) > 2. ðÕÓÔØ � = PmQm | �ÏÄÈÏÄÑÝÁÑ ÄÒÏÂØ ÄÌÑ �app ÓÎÏÍÅÒÏÍ 1 6 m < l(�app). óÏÇÌÁÓÎÏ (7.4) ÓÕÝÅÓÔ×ÕÅÔ Á��ÒÏËÓÉÍÁ�ÉÑ�app = �+�; (7.5)ÇÄÅ 0 < � < 1QmQm+1 ; ÅÓÌÉ m ÎÅÞÅÔÎÏÅ, (7.6)
− 1QmQm+1 < � < 0; ÅÓÌÉ m ÞÅÔÎÏÅ. (7.7)ûÁÇ 1. ðÕÓÔØ � = PmQm = an , Ô.Å. n = Qm. óÔÒÏÉÍ ÎÁÞÁÌØÎÕÀ ÎÅ×ÏÚÍÕ-ÝÅÎÎÕÀ ÓÉÓÔÅÍÕ ÔÏÞÅË ÉÚ ÏÒÂÉÔÙ Orbn(�; 0) (ÓÍ. (3.9)):0 = (�; 0)0 < (�; 0)1 < : : : < (�; 0)n−1 < 1; (7.8)ÇÄÅ (�; 0)k = kn = {jk�} (7.9)ÄÌÑ k = 0; 1; : : : ; n − 1 É jk = 1; 2; : : : ; n, Ó×ÑÚÁÎÎÙÈ ÍÅÖÄÕ ÓÏÂÏÊ ÒÁ×ÅÎ-ÓÔ×ÏÍ (7.9).ûÁÇ 2. óÔÒÏÉÍ ÏÓÎÏ×ÎÕÀ ÎÅ×ÏÚÍÕÝÅÎÎÕÀ ÓÉÓÔÅÍÕ ÔÏÞÅË ÏÒÂÉÔÙOrbn(�; t), ÓÄ×ÉÇÁÑ ÎÁ t = 12n ÓÉÓÔÅÍÕ (7.8):0 < (�; t)0 < (�; t)1 < : : : < (�; t)n−1 < 1; (7.10)ÇÄÅ (�; t)k = kn + t = {jk�+ t} (7.11)ÄÌÑ k, jk ÉÚ (7.9).ûÁÇ 3. óÌÕÞÁÊ � > 0, m| ÎÅÞÅÔÎÏÅ. óÔÒÏÉÍ ×ÏÚÍÕÝÅÎÎÕÀ ÓÄ×ÉÎÕÔÕÀÓÉÓÔÅÍÕ ÔÏÞÅË ÏÒÂÉÔÙ Orbn(�app; t):(�app; t)0 < (�app; t)1 < : : : < (�app; t)n−1; (7.12)ÇÄÅ �app = �+� Ï�ÒÅÄÅÌÅÎÏ × (7.5).



54 ÷. ç. öõòá÷ìå÷ðÒÉ ×ÏÚÍÕÝÅÎÉÉ ÏÒÂÉÔÙ Orbn(�; t) → Orbn(�app; t) ÉÓÓÌÅÄÕÅÍ ÓÄ×ÉÇ ÅÅ�ÏÓÌÅÄÎÅÊ ÔÏÞËÉ (�; t)n−1 −→ (�app; t)n−1:îÁÊÄÅÍ j = jn−1 ÉÚ (7.9). éÍÅÅÍ jn−1Pm ≡ n− 1 (modn) ÉPmQm − Pm+1Qm+1 = (−1)mQmQm+1 = −1QmQm+1 ;ÔÁË ËÁË �Ï ÕÓÌÏ×ÉÀ m | ÎÅÞÅÔÎÏÅ. ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ ÓÒÁ×ÎÅÎÉÅQm+1Pm ≡ (−1)m ≡ −1 (modQm); (7.13)ÇÄÅ Qm+1 = qmQm + Qm−1; É �ÏÜÔÏÍÕ Qm+1 ≡ Qm−1 (modQm): éÚ (7.13)É �ÏÓÌÅÄÎÅÇÏ ÓÒÁ×ÎÅÎÉÑ ×Ù×ÏÄÉÍQm−1Pm ≡ (−1)m ≡ −1 (modQm): (7.14)ïÔÓÀÄÁ ÚÁËÌÀÞÁÅÍ, ÞÔÏ jn−1 = Qm−1 É, ÚÎÁÞÉÔ,jn−1 < n = Qm: (7.15)óÏÇÌÁÓÎÏ (7.11) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ(�app; t)n−1 = {jn−1�app + t} = {jn−1�+ jn−1�+ t};ÇÄÅ jn−1� = n−1n , jn−1 = Qm−1 É × ÓÉÌÕ (7.6) ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïjn−1�app < Qm−1QmQm+1 : (7.16)îÅÒÁ×ÅÎÓÔ×Ï Qm−1QmQm+1 < 12n = 12Qm (7.17)ÂÕÄÅÔ ÉÍÅÔØ ÍÅÓÔÏ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁQm−1Qm+1 < 12 : (7.18)éÍÅÅÍ Qm+1 = qmQm + Qm−1 > 2Qm−1. ðÏÜÔÏÍÕ ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎ-ÓÔ×Ï (7.18) É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, (7.17); É ÔÏÇÄÁ ÉÚ (7.16) É (7.17) �ÏÌÕÞÁÅÍÎÅÒÁ×ÅÎÓÔ×Ï jn−1�app < 12n: (7.19)éÓ�ÏÌØÚÕÑ ÅÇÏ, ÉÍÅÅÍ
{jn−1�app + t} = {n− 1n + 12n + jn−1�} = n− 1n + 12n + jn−1�= {n− 1n + t}+ jn−1� = (�; t)n−1 + jn−1�: (7.20)



÷ìïöåîéå ëòõçï÷ùè ïòâé� 55åÝÅ ÒÁÚ �ÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï (7.19) Ë �ÏÓÌÅÄÎÅÍÕ ÞÌÅÎÕ ÉÚ (7.20), �Ï-ÌÕÞÁÅÍ ÎÕÖÎÕÀ Ó×ÑÚØ ÍÅÖÄÕ �ÏÓÌÅÄÎÉÍÉ ÔÏÞËÁÍÉ ÉÚ ÏÒÂÉÔ ÉÚ (7.10) É(7.12): (�app; t)n−1 = (�; t)n−1 + jn−1�: (7.21)ðÒÅÄÌÏÖÅÎÉÅ 7.1. éÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ:1) ÔÏÞËÁ (�app; t)n−1 �ÏÌÕÞÁÅÔÓÑ ÓÄ×ÉÇÏÍ ÔÏÞËÉ (�; t)n−1 = n−1n + 12nÎÁ jn−1� < 12n . óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÏÓÌÅ ÓÄ×ÉÇÁ ÔÏÞËÁ (�; t)n−1 ÎÅ �ÅÒÅÓËÁ-ËÉ×ÁÅÔ ÞÅÒÅÚ 1 Ë 0 �Ï mod1;2) ÎÉËÁËÁÑ ÔÏÞËÁ (�; t)k Ó ÎÏÍÅÒÏÍ k = 0; 1; : : : ; n − 2 �ÒÉ ÅÅ ÓÄ×ÉÇÅ ×ÔÏÞËÕ (�app; t)k′ , Ô.Å. �ÒÉ �ÅÒÅÈÏÄÅ � → �app = �+�, ÎÅ �ÅÒÅÓËÁËÉ×ÁÅÔÞÅÒÅÚ 1 Ë 0 �Ï mod1;3) ÌÀÂÁÑ ÔÏÞËÁ (�; t)k Ó ÎÏÍÅÒÏÍ k = 0; 1; : : : ; n − 1 �ÒÉ ÅÅ ÓÄ×ÉÇÅ ×ÔÏÞËÕ (�app; t)k′ , Ô.Å. �ÒÉ �ÅÒÅÈÏÄÅ � → �app = �+�, ÎÅ �ÅÒÅÓËÁËÉ×ÁÅÔÞÅÒÅÚ 1 Ë 0 �Ï mod1.äÏËÁÚÁÔÅÌØÓÔ×Ï. õÔ×ÅÒÖÄÅÎÉÅ 1) ×ÙÔÅËÁÅÔ ÉÚ ÒÁ×ÅÎÓÔ×Á (7.21).÷ÏÚØÍÅÍ ÌÀÂÕÀ ÄÒÕÇÕÀ ÔÏÞËÕ (�; t)k, ÇÄÅ k = 0; 1; : : : ; n− 2, ÉÚ ÏÒÂÉÔÙ(7.10). úÁÍÅÔÉÍ, ÞÔÏ ÒÁÓÓÔÏÑÎÉÅ ÏÔ ÎÅÅ ÄÏ 1 ÂÏÌØÛÅ 1n + 12n , �ÒÉ ÜÔÏÍ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïjk� < n 1QmQm+1 = 1Qm+1 < 1Qm = 1n;Ô.Å. jk� < 1n : ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ 2).îÁËÏÎÅ�, ÕÔ×ÅÒÖÄÅÎÉÅ 3) ÓÌÅÄÕÅÔ ÉÚ ÕÔ×ÅÒÖÄÅÎÉÊ 1) É 2). �îÁÊÄÅÍ ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÊD±n;��(x;−t), Ï�ÒÅÄÅÌÅÎÎÙÈ × (2.3).ðÕÓÔØ, ËÁË × ÓÉÓÔÅÍÅ (7.10), t = 12n . õËÁÚÁÎÎÁÑ ÆÕÎË�ÉÑ �ÒÉÎÉÍÁÅÔ Ó×ÏÅÍÁËÓÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ × ÔÏÞËÅ (�; t)0 = {n� + t}, ËÏÔÏÒÁÑ �ÏÓÌÅ ÓÄ×ÉÇÁ� → �app = �+� �ÅÒÅÈÏÄÉÔ × ÔÏÞËÕ(�app; t)0 = {n�app + t} = {n�+ t+ n�}:ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÕÀ Ó×ÑÚØ ÍÅÖÄÕ ÜÔÉÍÉ ÔÏÞËÁÍÉ:(�app; t)0 = (�; t)0 + n�: (7.22)ìÀÂÁÑ ÄÒÕÇÁÑ ÔÏÞËÁ (�; t)k, k > 0, ÓÄ×ÉÇÁÅÔÓÑ ÎÁ ÍÅÎØÛÅÅ ÒÁÓÓÔÏÑÎÉÅ, ÔÁËËÁË (�app; t)k = (�; t)k + jk�; ÇÄÅ 1 6 jk 6 n− 1: (7.23)éÚ ÕÔ×ÅÒÖÄÅÎÉÑ 3) �ÒÅÄÌÏÖÅÎÉÑ 7.1 É (7.22), (7.23) ÎÁÈÏÄÉÍ ÍÁËÓÉÍÁÌØÎÏÅÚÎÁÞÅÎÉÅ (3.7) ÆÕÎË�ÉÉ D+n;�app(x;−t):m+n (�app; t) = 12 + n2�; (7.24)



56 ÷. ç. öõòá÷ìå÷Á ÉÚ (7.23) ÎÁÈÏÄÉÍ ÔÁËÖÅ É ÍÉÎÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ ÆÕÎË�ÉÉD−n;�app(x;−t):m−n (�app; t) = −12 + n�: (7.25)éÚ ÒÁ×ÅÎÓÔ× (7.24) É (7.25) ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.ìÅÍÍÁ 7.1. ðÕÓÔØ �app ∈ I ÌÀÂÏÅ Ó ÕÓÌÏ×ÉÅÍ l(�app) > 2, n = Qm ÄÌÑÎÅÞÅÔÎÏÇÏm É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, � > 0, É �ÕÓÔØ �ÒÉ ÜÔÏÍ 1 6 m < l(�app).�ÏÇÄÁ ÉÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ ÆÏÒÍÕÌÙ:m+n (�app; t) = 12 + n2�; m−n (�app; t) = −12 + n� (7.26)ÄÌÑ ÇÒÁÎÉÞÎÙÈ ÚÎÁÞÅÎÉÊ (3.7), (3.8) �ÒÉ t = 12n ;amn(�app) = 1 + n(n− 1)�; mn(�app) = 1 + n(n− 1)� (7.27)ÄÌÑ ÁÍ�ÌÉÔÕÄÙ (3.27) É ÍÁËÓÉÍÕÍÁ (3.1) ÍÏÄÕÌÑ ÆÕÎË�ÉÉ D±n;�app(x;−t)�ÒÉ ÌÀÂÏÍ t ∈ I.ûÁÇ 3. óÌÕÞÁÊ � < 0, m | ÞÅÔÎÏÅ. éÍÅÅÍ �app = � + �, ÇÄÅ � < 0.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×Ù�ÏÌÎÑÅÔÓÑ ÄÏ�ÏÌÎÉÔÅÌØÎÏÅ ÏÇÒÁÎÉÞÅÎÉÅ
− 12n2 6 � < 0: (7.28)îÁÊÄÅÍ ÕÓÌÏ×ÉÑ, �ÒÉ ËÏÔÏÒÙÈ �ÏÓÌÅ ÓÄ×ÉÇÁ(�; t)0 −→ (�app; t)0 (7.29)ÔÏÞËÁ (�app; t)0, ÇÄÅ t = 12n , ÎÅ �ÅÒÅÓËÁËÉ×ÁÅÔ ÞÅÒÅÚ 0 Ë 1 �Ï mod 1. éÍÅÅÍn�app + t = n�app + 12n ≡ 0 + n�+ 12n (mod 1):ðÏÜÔÏÍÕ ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (7.28), ÔÏ ÂÕÄÅÔ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï(�app; x0)0 = n�+ 12n > 0;É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÔÏÞËÁ (�app; t)0 ÎÅ �ÅÒÅÓËÁËÉ×ÁÅÔ ÞÅÒÅÚ 0.úÁ�ÉÛÅÍ ÕÓÌÏ×ÉÅ (7.28) ÎÁ ÑÚÙËÅ ÚÎÁÍÅÎÁÔÅÌÅÊ �ÏÄÈÏÄÑÝÉÈ ÄÒÏÂÅÊ Qm.ðÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Á (7.7), ÚÁ�ÉÓÙ×ÁÅÍ − 1QmQm+1 < � < 0: ðÏÜÔÏÍÕ ÅÓÌÉÓÏÓÅÄÎÉÅ ÚÎÁÍÅÎÁÔÅÌÉ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÀ Qm+1 > 2Qm; ÔÏ ×Ù�ÏÌÎÅÎÏÏÇÒÁÎÉÞÅÎÉÅ (7.28). âÏÌÅÅ ÔÏÇÏ, �ÏÓËÏÌØËÕ × ÓÉÌÕ (7.2) ÏÎÉ Ó×ÑÚÁÎÙ ÒÁ×ÅÎ-ÓÔ×ÏÍ Qm+1 = qmQm + Qm−1; ÔÏ �ÒÉ ×Ù�ÏÌÎÅÎÉÉ ÎÅÒÁ×ÅÎÓÔ×Á qm > 2ÓÎÏ×Á ÉÍÅÅÔ ÍÅÓÔÏ ÏÇÒÁÎÉÞÅÎÉÅ (7.28).ðÒÉ ÕÓÌÏ×ÉÉ ×Ù�ÏÌÎÅÎÉÑ ÏÇÒÁÎÉÞÅÎÉÑ (7.28) ÓÌÕÞÁÊ � < 0 ÁÎÁÌÏÇÉÞÅÎÒÁÎÅÅ ÒÁÓÓÍÏÔÒÅÎÎÏÍÕ ÓÌÕÞÁÀ � > 0. ðÏÜÔÏÍÕ ÍÏÖÅÍ �ÅÒÅÆÏÒÍÕÌÉÒÏ-×ÁÔØ ÌÅÍÍÕ 7.1 ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ.



÷ìïöåîéå ëòõçï÷ùè ïòâé� 57ìÅÍÍÁ 7.2. ÷ ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ 7.1 �ÕÓÔØ − 12n2 6 � < 0 É, ÚÎÁÞÉÔ, mÞÅÔÎÏÅ. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÆÏÒÍÕÌÙ:m+n (�app; t) = 12 − n|�|; m−n (�app; t) = −12 − n2|�| (7.30)�ÒÉ t = 12n Éamn(�app) = 1 + n(n− 1)|�|; mn(�app) = 1 + n(n− 1)|�| (7.31)�ÒÉ ÌÀÂÏÍ t ∈ I.ïÓÔÁÌÏÓØ ÉÓÓÌÅÄÏ×ÁÔØ ÓÌÕÞÁÊ, ËÏÇÄÁ � < − 12n2 : �Å�ÅÒØ ÕÖÅ �ÒÉ ÓÄ×É-ÇÅ (7.29) ÔÏÞËÁ (�app; t)0 �ÅÒÅÓËÁËÉ×ÁÅÔ ÞÅÒÅÚ 0 Ë 1 �Ï mod1. ðÏÜÔÏÍÕÍÁËÓÉÍÕÍ É ÍÉÎÉÍÕÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÒÁ×ÎÙm+n (�app; t) = 12 + 1 + n�; m−n (�app; t) = 12 + n2�:ïÔÓÀÄÁ ×ÙÔÅËÁÅÔìÅÍÍÁ 7.3. ÷ ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ 7.1 �ÕÓÔØ � < − 12n2 É, ÚÎÁÞÉÔ, m ÞÅÔÎÏÅ.�ÏÇÄÁ ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÆÏÒÍÕÌÙ:m+n (�app; t) = 32 − n|�|; m−n (�app; t) = 12 − n2|�|;amn(�app) = 1 + n(n− 1)|�|; mn(�app) = 1 + n(n− 1)|�|: (7.32)éÚ ÌÅÍÍ 7.1{7.3 ÓÌÅÄÕÅÔ�ÅÏÒÅÍÁ 7.1. ðÕÓÔØ ÄÁÎÏ ÌÀÂÏÅ �app ∈ I = [0; 1) Ó ÕÓÌÏ×ÉÅÍ l(�app) > 2É �ÕÓÔØ �app = � + �, ÇÄÅ � = PmQm | �ÏÄÈÏÄÑÝÁÑ ÄÒÏÂØ ÄÌÑ �app Ó ÎÏ-ÍÅÒÏÍ 1 6 m < l(�app). ëÒÏÍÅ ÔÏÇÏ, �ÕÓÔØ n = Qm. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×ÙÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.1) íÁËÓÉÍÕÍ (3.1) ÍÏÄÕÌÑ ÆÕÎË�ÉÉ D±n;�app(x;−t) �Ï ×ÓÅÍ t ∈ I ×ÙÞÉÓ-ÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅ mn(�app) = 1 + n(n− 1)|�| (7.33)É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×Õmn(�app) < 1 + 1qm (7.34)ÉÌÉ × ÏÂÝÅÍ ÓÌÕÞÁÅ | ÎÅÒÁ×ÅÎÓÔ×Õmn(�app) < 2: (7.35)2) óÕÝÅÓÔ×ÕÅÔ t∗ ∈ I Ó ÕÓÌÏ×ÉÅÍmn(�app; t∗) < 1; (7.36)ÇÄÅ mn(�app; t∗) | ÍÁËÓÉÍÕÍ (3.1) ÍÏÄÕÌÑ ÆÕÎË�ÉÉ D±n;�app(x; t∗).



58 ÷. ç. öõòá÷ìå÷äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÆÏÒÍÕÌÙ (3.2) ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅ-ÏÒÅÍÙ ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ n = Qm. ðÒÉ ÜÔÏÍ ÕÓÌÏ×ÉÉ ÆÏÒ-ÍÕÌÁ (7.33) ÓÌÅÄÕÅÔ ÉÚ (7.27) ÄÌÑ � > 0 É ÉÚ (7.31), (7.32) ÄÌÑ � < 0. éÚÄÁÎÎÏÊ ÆÏÒÍÕÌÙ ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×Ïmn(�app) < 1 + n2|�|; (7.37)ÇÄÅ |�| < 1QmQm+1 , n = Qm É, ÚÎÁÞÉÔ, n2|�| < QmQm+1 . ðÏÓËÏÌØËÕ Qm+1 =qmQm +Qm−1 > qmQm, ÔÏ ÉÚ �ÏÓÌÅÄÎÅÇÏ ÎÅÒÁ×ÅÎÓÔ×Á ×Ù×ÏÄÉÍn2|�| < 1qm : (7.38)�Å�ÅÒØ ÉÚ (7.37) É (7.38) ÓÌÅÄÕÀÔ ÎÅÒÁ×ÅÎÓÔ×Á (7.34) É (7.35), ÔÁË ËÁËqm > 1. îÁËÏÎÅ�, ÎÅÒÁ×ÅÎÓÔ×Ï (7.36) ×ÙÔÅËÁÅÔ ÉÚ (7.35) É �ÒÅÄÌÏÖÅÎÉÑ 3.2.
�7.3. ï�ÅÎËÉ ÇÒÁÎÉÞÎÙÈ ÚÎÁÞÅÎÉÊ ÞÅÒÅÚ ÄÌÉÎÕ l�(n). éÚ Ó×ÏÊÓÔ×ÁÁÄÄÉÔÉ×ÎÏÓÔÉ (2.6) ÆÕÎË�ÉÉ D±n;�(x; t) ×ÙÔÅËÁÅÔ ÓÕÂÁÄÄÉÔÉ×ÎÏÓÔØ �Ï nmn1+n2(�) 6 mn1(�) +mn2(�) ÄÌÑ ÌÀÂÙÈ n1; n2 ∈ Z (7.39)ÍÁËÓÉÍÕÍÁ (3.1) ÍÏÄÕÌÑ ÆÕÎË�ÉÉ D±n;�(x; t) �Ï ×ÓÅÍ t ∈ I.ï�ÒÅÄÅÌÉÍ ÄÌÑ ÌÀÂÏÇÏ �ÅÌÏÇÏ ÞÉÓÌÁ n ÍÉÎÉÍÁÌØÎÕÀ ÄÌÉÎÕl�(n) = min{s : "1Qm1 + : : :+ "sQms = n; "i = ±1} (7.40)ÅÇÏ ÒÁÚÌÏÖÅÎÉÊ × ÁÌÇÅÂÒÁÉÞÅÓËÕÀ ÓÕÍÍÕ ÚÎÁÍÅÎÁÔÅÌÅÊ Qmi �ÏÄÈÏÄÑÝÉÈÄÒÏÂÅÊ ÞÉÓÌÁ � Ó ÕÓÌÏ×ÉÅÍ 1 6 mi < l(�). ðÒÉ ÜÔÏÍ �ÏÌÁÇÁÅÍ l�(0) = 0.�ÅÏÒÅÍÁ 7.2. ðÕÓÔØ ÄÁÎÏ ÌÀÂÏÅ � ∈ I Ó ÕÓÌÏ×ÉÅÍ l(�) > 2. �ÏÇÄÁ ×Ù-�ÏÌÎÑÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ámn(�) < l�(n) + ∑16i6s 1qmi ; (7.41)mn(�) < 2l�(n) (7.42)É ÓÕÝÅÓÔ×ÕÅÔ t∗ ∈ I ÔÁËÏÅ, ÞÔÏmn(�; t∗) < l�(n): (7.43)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÓÌÅÄÕÅÔ ÉÚ ÆÏÒÍÕÌÙ (7.34) É ÎÅ-ÒÁ×ÅÎÓÔ×Á (7.39), ×ÔÏÒÏÅ | ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÅ ÓÌÅÄÓÔ×ÉÅ ÉÚ (7.41). �ÒÅÔØÅ×ÙÔÅËÁÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á (7.42) É �ÒÅÄÌÏÖÅÎÉÑ 3.2. �



÷ìïöåîéå ëòõçï÷ùè ïòâé� 597.4. á��ÒÏËÓÉÍÁ�ÉÑ � ÒÅÇÕÌÑÒÎÙÍÉ ÞÉÓÌÁÍÉ. äÌÑ � = PmQm+ �mQmQm+1×ÙÂÅÒÅÍ �ÒÉÂÌÉÖÅÎÉÅ �reg = an+ 1 (7.44)ÉÚ ÍÎÏÖÅÓÔ×Á ÒÅÇÕÌÑÒÎÙÈ ÞÉÓÅÌ Areg (ÓÍ. Ï�ÒÅÄÅÌÅÎÉÅ (5.13)), ÇÄÅ a = Pm,n = Qm−1, Ô.Å. �reg = PmQm . ðÏÔÒÅÂÕÅÍ, ÞÔÏÂÙ ×Ù�ÏÌÎÑÌÏÓØ ÕÓÌÏ×ÉÅ Qm > 2É, ÚÎÁÞÉÔ, n = Qm − 1 > 1: éÓÈÏÄÑ ÉÚ ÒÁ×ÅÎÓÔ×
|�∗ − �| = ∣

∣

∣

PmQm − �∣

∣

∣
= ∣

∣

∣

�mQmQm+1 ∣

∣

∣
;Ï�ÅÎÉ×ÁÅÍ �ÏÇÒÅÛÎÏÓÔØ

|�∗ − �| 6

∣

∣

∣

1(n+ 1)Qm+1 ∣

∣

∣
< ∣

∣

∣

1nQm+1 ∣

∣

∣
: (7.45)ðÏÔÒÅÂÕÅÍ ×Ù�ÏÌÎÅÎÉÑ ÕÓÌÏ×ÉÑ 1 6 m < l(�): �ÏÇÄÁ ÓÏÇÌÁÓÎÏ (7.2) ÓÕÝÅ-ÓÔ×ÕÅÔ Qm+1 = qm+1Qm+Qm−1 É, ÚÎÁÞÉÔ, Qm+1 > Qm+1 = n+2. ïÔÓÀÄÁ×ÙÔÅËÁÅÔ ÂÏÌÅÅ ÓÌÁÂÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï Qm+1 > n; ÉÚ ËÏÔÏÒÏÇÏ É ÎÅÒÁ×ÅÎÓÔ×Á(7.45) ÓÌÅÄÕÅÔ, ÞÔÏ

|�∗ − �| < 1n2 : (7.46)åÓÌÉ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁÓÓÔÏÑÎÉÅÍ (6.8), ÔÏ ÉÚ �ÏÓÌÅÄÎÅÇÏ ÎÅÒÁ×ÅÎÓÔ×ÁÚÁËÌÀÞÁÅÍ %(�;Areg) < 1n2 : (7.47)éÚ ÎÅÒÁ×ÅÎÓÔ×Á (7.47), ÓÌÅÄÓÔ×ÉÑ 6.1 É �ÒÅÄÌÏÖÅÎÉÑ 3.1 ×ÙÔÅËÁÅÔ�ÅÏÒÅÍÁ 7.3. ðÕÓÔØ � ∈ I ÉÍÅÅÔ ÄÌÉÎÕ l(�) > 2. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ1 6 m < l(�) Ó ÕÓÌÏ×ÉÅÍ Qm > 2 ×Ù�ÏÌÎÑÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ámn(�; 0) < 2; mn(�) < 4; (7.48)ÇÄÅ n = Qm − 1.�ÅÏÒÅÍÁ 7.3 �ÏÚ×ÏÌÑÅÔ ÒÁÓÛÉÒÉÔØ ×ÙÂÏÒ ÓÌÁÇÁÅÍÙÈ n1 + : : : + ns = n× ÒÁÚÌÏÖÅÎÉÑÈ (7.40):lext� (n) = min{s : "1Q∗m1 + : : : + "sQ∗ms = n; "i = ±1}; (7.49)ÇÄÅ × ËÁÞÅÓÔ×Å Q∗m ÄÏ�ÕÓËÁÀÔÓÑ ÕÖÅ ÓÌÁÇÁÅÍÙÅ Ä×ÕÈ ×ÉÄÏ× Qm ÉÌÉ Qm−1.�ÅÏÒÅÍÁ 7.4. ðÕÓÔØ � ∈ I ÉÍÅÅÔ ÄÌÉÎÕ l(�) > 2. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ n ∈ ZÉÍÅÀÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Á mn(�) < 4lext� (n) (7.50)É ÓÕÝÅÓÔ×ÕÅÔ t∗ ∈ I ÔÁËÏÅ, ÞÔÏmn(�; t∗) < 2lext� (n): (7.51)



60 ÷. ç. öõòá÷ìå÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ (7.48) É ÓÕÂÁÄÄÉÔÉ×-ÎÏÓÔÉ (7.39) ÆÕÎË�ÉÉ mn(�), ×ÔÏÒÏÅ | ÉÚ (7.50) É �ÒÅÄÌÏÖÅÎÉÑ 3.2. �éÚ×ÅÓÔÎÏ [3, 5℄, ÞÔÏ ÌÀÂÏÅ ÎÁÔÕÒÁÌØÎÏÅ n ÒÁÚÌÏÖÉÍÏ × ÓÕÍÍÕ ÚÎÁÍÅÎÁ-ÔÅÌÅÊ Qm �ÏÄÈÏÄÑÝÉÈ ÄÒÏÂÅÊ �m = PmQm ÄÌÑ ÌÀÂÏÇÏ ÉÒÒÁ�ÉÏÎÁÌØÎÏÇÏ �.åÓÌÉ × ÒÁÚÌÏÖÅÎÉÑÈ (7.40) ÏÇÒÁÎÉÞÉÔØÓÑ ÌÉÛØ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ "k = 1,ÔÏ ÒÁÚÌÏÖÅÎÉÑ ÍÉÎÉÍÁÌØÎÏÊ ÄÌÉÎÙ lg�(n) ÍÏÖÎÏ �ÏÌÕÞÁÔØ �Ï ÔÁË ÎÁÚÙ-×ÅÍÏÍÕ ,,ÖÁÄÎÏÍÕ\ ÁÌÇÏÒÉÔÍÕ. ÷ [16℄ ÉÓÓÌÅÄÏ×ÁÎÙ ÞÉÓÌÁ n, ÄÌÑ ËÏÔÏÒÙÈ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï l�(n) < lg�(n): (7.52)äÁÌÅÅ ÍÙ ÒÁÓÛÉÒÉÍ (7.49) ÒÁÚÌÏÖÅÎÉÑ (7.40), ÄÏ�ÕÓËÁÑ ÓÌÁÇÁÅÍÙÅ Ä×ÕÈ×ÉÄÏ× Qm ÉÌÉ Qm−1. åÓÌÉ ÍÉÎÉÍÁÌØÎÕÀ ÄÌÉÎÕ ÒÁÚÌÏÖÅÎÉÊ × ÜÔÏÍ ÓÌÕÞÁÅÏÂÏÚÎÁÞÉÔØ lext� (n), ÔÏ ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ ÓÌÅÄÕÅÔlext� (n) 6 l�(n): (7.53)ñÓÎÏ, ÞÔÏ ÄÌÑ ÞÉÓÅÌ n ×ÉÄÁ Qm−1 ÎÅÒÁ×ÅÎÓÔ×Ï (7.53) ÓÔÁÎÏ×ÉÔÓÑ ÓÔÒÏÇÉÍ,É ÔÅÍ ÓÁÍÙÍ ËÏÍÂÉÎÉÒÕÑ ÔÅÏÒÅÍÙ 7.2 É 7.3, ÍÏÖÎÏ ÕÓÉÌÉ×ÁÔØ ×ÅÒÈÎÉÅÏ�ÅÎËÉ ÄÌÑ ÇÒÁÎÉÞÎÙÈ ÚÎÁÞÅÎÉÊ mn(�; t) É mn(�).7.5. ðÏÓÔÒÏÅÎÉÅ ËÏÇÅÒÅÎÔÎÙÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ. ðÕÓÔØ ÏÒÂÉ-ÔÁ Orbn(�; t) | ÏÒÂÉÔÁ (3.9), ÓÏÓÔÏÑÝÁÑ ÉÚ ÔÏÞÅË {j�−t}, ÇÄÅ j = 1; 2; : : : ; n.îÁ�ÏÍÎÉÍ, ÞÔÏ ÏÒÂÉÔÁ Orbn(�; t) ×ËÌÁÄÙ×ÁÅÔÓÑ Orbn(�; t) em,→ In × ÒÁÚÂÉÅ-ÎÉÅ In = I1⊔ : : :⊔ In (ÓÍ. Ï�ÒÅÄÅÌÅÎÉÅ (4.1)), ÅÓÌÉ ×Ù�ÏÌÎÑÀÔÓÑ ×ËÌÀÞÅÎÉÑ(�; t)k ∈ Ik ÄÌÑ ×ÓÅÈ k = 1; 2; : : : ; n, ÇÄÅ0 6 (�; t)1 < (�; t)2 < : : : < (�; t)n < 1 (7.54)| ×ÓÅ ÔÏÞËÉ ÏÒÂÉÔÙ, �ÒÏÎÕÍÅÒÏ×ÁÎÎÙÅ × �ÏÒÑÄËÅ ÉÈ ×ÏÚÒÁÓÔÁÎÉÑ. åÓ-ÌÉ ×Ù�ÏÌÎÑÅÔÓÑ ×ÌÏÖÅÎÉÅ Orbn(�; t) em,→ In, ÔÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ (7.54)ÂÕÄÅÔ ËÏÇÅÒÅÎÔÎÏÊ ÏÔÎÏÓÉÔÅÌØÎÏ ÒÁÚÂÉÅÎÉÑ In.�ÅÏÒÅÍÁ 7.5 (Ï ×ÌÏÖÅÎÉÉ). ðÕÓÔØ ×ÙÂÒÁÎÏ ÌÀÂÏÅ � ∈ I = [0; 1} Ó ÕÓÌÏ-×ÉÅÍ l(�) > 2 É �ÕÓÔØ n = Qm | ÚÎÁÍÅÎÁÔÅÌØ ÌÀÂÏÊ �ÏÄÈÏÄÑÝÅÊ ÄÒÏÂÉÄÌÑ � Ó ÎÏÍÅÒÏÍ 1 6 m < l(�). �ÏÇÄÁ ÓÕÝÅÓÔ×Ï×ÕÅÔ ÔÁËÏÅ t∗ ∈ I, ÞÔÏÏÒÂÉÔÁ Orbn(�; t∗) ×ËÌÁÄÙ×ÁÅÔÓÑ Orbn(�; t∗) em,→ In × ÒÁÚÂÉÅÎÉÅ In.äÏËÁÚÁÔÅÌØÓÔ×Ï. óÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 7.1 ÎÁÊÄÅÔÓÑ t∗ ∈ I Ó ÕÓÌÏ×ÉÅÍmn(�; t∗) < 1. �ÏÇÄÁ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.1) ÓÌÅÄÕÅÔ, ÞÔÏ |D±n;�(x; t∗)| < 1ÄÌÑ ×ÓÅÈ x ∈ I. ïÔÓÀÄÁ É ÔÅÏÒÅÍÙ 4.1 ÚÁËÌÀÞÁÅÍ, ÞÔÏ ÏÒÂÉÔÁ Orbn(�; t∗)×ËÌÁÄÙ×ÁÅÔÓÑ × ÒÁÚÂÉÅÎÉÅ In. �



÷ìïöåîéå ëòõçï÷ùè ïòâé� 61úÁÍÅÞÁÎÉÅ 7.1. éÎÔÅÒÅÓÎÏ �ÒÏÓÌÅÄÉÔØ Ó×ÑÚØ ×ÌÏÖÅÎÉÊ Orbn(�; t) em,→ InÏÒÂÉÔ (4.2) × ËÏÎÅÞÎÙÅ ÒÁÚÂÉÅÎÉÑ In Ó ×ÌÏÖÅÎÉÑÍÉL em∞,→ I∞(�) (7.55)ÒÅÛÅÔÏË L = {j� + t; j = 0; 1; 2; : : :} × ÂÅÓËÏÎÅÞÎÙÅ Ë×ÁÚÉ�ÅÒÉÏÄÉÞÅÓËÉÅÒÁÚÂÉÅÎÉÑ I∞(�) �ÏÌÕ�ÒÑÍÏÊ R+, ÒÁÚÂÉÔÏÊ ÎÁ �ÏÌÕÉÎÔÅÒ×ÁÌÙ �ÒÏÉÚ×ÏÌØ-ÎÙÈ ÄÌÉÎ l1 ÉÌÉ l2 × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó �Ï�ÁÄÁÎÉÅÍ ÄÒÏÂÎÏÊ ÄÏÌÉ {i�} × ÏÄÉÎÉÚ �ÏÌÕÉÎÔÅÒ×ÁÌÏ× [0; �) ÉÌÉ [�; 1). âÅÓËÏÎÅÞÎÙÅ ×ÌÏÖÅÎÉÑ (7.55) ÂÙÌÉ ÉÓ-ÓÌÅÄÏ×ÁÎÙ × [13℄.
§8. ï�ÅÎËÉ Æ-ÏÔËÌÏÎÅÎÉÊ8.1. æÏÒÍÕÌÁ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ É ÇÒÁÎÉÞÎÙÅ ÚÎÁÞÅÎÉÑ. äÏËÁÚÁÎÎÁÑ× ÔÅÏÒÅÍÅ 1.1 ÆÏÒÍÕÌÁ Æn;�(i; t) = �n;�(i�; t), ÇÄÅ i > |n|, ÕÓÔÁÎÁ×ÌÉ×ÁÅÔÓ×ÑÚØ ÍÅÖÄÕ Ä×ÕÍÑ ×ÉÄÁÍÉ ÏÔËÌÏÎÅÎÉÊ: Æ-ÏÔËÌÏÎÅÎÉÅÍ (1.3) É D-ÏÔËÌÏ-ÎÅÎÉÑÍÉ (1.8) É (1.17). æÏÒÍÕÌÕ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ (1.21) ÍÏÖÎÏ �ÒÉÍÅÎÉÔØË Ï�ÅÎËÅ ×ÅÌÉÞÉÎÙ Æ-ÏÔËÌÏÎÅÎÉÑ, �ÏÓËÏÌØËÕ ÉÚ ÎÅÅ É Ï�ÒÅÄÅÌÅÎÉÑ (3.19)×ÙÔÅËÁÀÔ ÎÅÒÁ×ÅÎÓÔ×Á

|Æn;�(i; t)| 6 �n(�; t); (8.1)
|Æn;�(i; t)| 6 �n(�); (8.2)Ó�ÒÁ×ÅÄÌÉ×ÙÅ ÄÌÑ ×ÓÅÈ i > |n| É t ∈ I. úÁÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ �ÁÒÁÍÅÔÒ n ÎÁ-ÞÉÎÁÅÔ ÒÁÓÔÉ, ÔÏ ÕÓÌÏ×ÉÅ i > |n| × �ÒÉ×ÅÄÅÎÎÙÈ ×ÙÛÅ ÎÅÒÁ×ÅÎÓÔ×ÁÈ (8.1)É (8.2) ÓÔÁÎÏ×ÉÔÓÑ ×ÅÓØÍÁ ÏÇÒÁÎÉÞÉÔÅÌØÎÙÍ. ðÏÜÔÏÍÕ ×ÏÚÎÉËÁÅÔ ÎÅÏÂÈÏ-ÄÉÍÏÓÔØ ×ÙÑÓÎÉÔØ, ËÁË ×ÅÄÕÔ ÓÅÂÑ ÄÁÎÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á ÄÌÑ ÎÁÞÁÌØÎÙÈÚÎÁÞÅÎÉÊ i 6 |n|.ðÕÓÔØ n > 0. åÓÌÉ × ÆÏÒÍÕÌÅ (1.3) �ÏÌÏÖÉÔØ i = i′+i′′ Ó �ÒÏÉÚ×ÏÌØÎÙÍÉi′ ; i′′ > 0, ÔÏ ÅÅ ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × ×ÉÄÅ ÒÁ×ÅÎÓÔ×ÁÆn;�(i′ + i′′ ; t) = Æn;�(i′ ; t) + Æn;�(i′′ ; t+ i′�); (8.3)×ÙÒÁÖÁÀÝÅÇÏ Ó×ÏÊÓÔ×Ï ÁÄÄÉÔÉ×ÎÏÓÔÉ �Ï �ÁÒÁÍÅÔÒÕ i ÏÔËÌÏÎÅÎÉÑ Æ. éÚ(8.3) ÓÌÅÄÕÅÔ

|Æn;�(i′ ; t)| 6 |Æn;�(i′ + i′′ ; t)|+ |Æn;�(i′′ ; t+ i′�)|: (8.4)éÓ�ÏÌØÚÕÅÍ ÄÁÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÄÌÑ Ï�ÅÎËÉ ÏÔËÌÏÎÅÎÉÑ |Æn;�(i′ ; t)| × ÉÎ-ÔÅÒÅÓÕÀÝÅÍ ÎÁÓ ÉÎÔÅÒ×ÁÌÅ 0 6 i′ 6 n. éÚ (1.21), (8.1) É (8.4) ×ÙÔÅËÁÅÔÏ�ÅÎËÁ
|Æn;�(i′ ; t)| 6 �n(�; t) + |�n;�(i′′�; t′)|; (8.5)



62 ÷. ç. öõòá÷ìå÷ÇÄÅ t′ = t+ i′�. úÄÅÓØ × ËÁÞÅÓÔ×Å i′′ ÍÏÖÎÏ ×ÙÂÒÁÔØ ÌÀÂÏÅ i′′ > n. ëÏÎÅÞÎÏ,×ÍÅÓÔÏ (8.5) ÍÏÖÎÏ ÂÙÌÏ ÓÒÁÚÕ ÚÁ�ÉÓÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï
|Æn;�(i′ ; t)| 6 2�n(�; t); (8.6)ÎÏ, ËÁË Õ×ÉÄÉÍ ÎÉÖÅ, �ÒÉ ÎÅËÏÔÏÒÙÈ � ÅÇÏ ÍÏÖÎÏ ÚÎÁÞÉÔÅÌØÎÏ ÕÓÉÌÉÔØ.ó ÜÔÏÊ �ÅÌØÀ �ÏÓÔÁÒÁÅÍÓÑ ÓÄÅÌÁÔØ ÚÎÁÞÅÎÉÅ ÆÕÎË�ÉÉ Dn;�(x; t′), ÇÄÅ x =

{i′′�}, ËÁË ÍÏÖÎÏ ÍÅÎØÛÉÍ. ïÔÍÅÔÉÍ, ÞÔÏ × ÎÅÒÁ×ÅÎÓÔ×Å (8.5) �ÁÒÁÍÅÔÒt′ = t+ i′� ÎÅ ÚÁ×ÉÓÉÔ ÏÔ i′′ .åÓÌÉ, ÎÁ�ÒÉÍÅÒ, � ÄÏ�ÕÓÔÉÍ ÂÙÔØ ÒÁ�ÉÏÎÁÌØÎÙÍ ÞÉÓÌÏÍ, ÔÏ �ÅÒÅÍÅÎÎÁÑx = {i′′�} �ÒÉ ÉÚÍÅÎÅÎÉÉ i′′ �ÒÏÂÅÇÁÅÔ ËÏÎÅÞÎÏÅ ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ,É, ÚÎÁÞÉÔ, ×ÙÂÏÒ ÚÎÁÞÅÎÉÊ ÄÌÑ ÆÕÎË�ÉÉ Dn;�(x; t′) ÏÇÒÁÎÉÞÅÎ. ðÏÜÔÏÍÕ× ÏÂÝÅÍ ÓÌÕÞÁÅ ÎÅÒÁ×ÅÎÓÔ×Ï (8.6) �ÒÉÎ�É�ÉÁÌØÎÏ ÎÅ ÕÌÕÞÛÁÅÍÏ.óÉÔÕÁ�ÉÑ ÒÅÚËÏ ÍÅÎÑÅÔÓÑ, ÅÓÌÉ �ÒÅÄ�ÏÌÏÖÉÔØ � ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ ÞÉ-ÓÌÏÍ. þÔÏÂÙ ÜÔÏ Õ×ÉÄÅÔØ, ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅÄÕÀÝÉÍ ÒÁ×ÅÎÓÔ×ÏÍ:�n;�(x; t′) = nx ÄÌÑ 0 6 x < (�; t′)1; (8.7)×ÙÔÅËÁÀÝÉÍ ÉÚ ÆÏÒÍÕÌÙ (1.10). ðÏÓËÏÌØËÕ � ÉÒÒÁ�ÉÏÎÁÌØÎÏ, ÔÏ ÄÌÑ ÌÀ-ÂÏÇÏ 0 < " < (�; t′)1 ÎÁÊÄÅÔÓÑ ÔÁËÏÅ i′′ > n, ÞÔÏ ×Ù�ÏÌÎÑÅÔÓÑ ×ËÌÀÞÅÎÉÅx = {i′′�} ∈
[0; "n): (8.8)éÚ (8.7) É (8.8) ÓÌÅÄÕÅÔ |�n;�(x; t′)| < "; É ÔÏÇÄÁ ÉÚ (8.5) �ÏÌÕÞÁÅÍ ÄÌÑÆ-ÏÔËÌÏÎÅÎÉÑ Ï�ÅÎËÕ |Æn;�(i′ ; t)| < �n(�; t)+": ðÏÓËÏÌØËÕ " ÍÏÖÎÏ ×ÙÂÒÁÔØÓËÏÌØ ÕÇÏÄÎÏ ÍÁÌÙÍ, ÔÏ ÍÙ ÔÅÍ ÓÁÍÙÍ ÄÏËÁÚÁÌÉ ÎÅÒÁ×ÅÎÓÔ×Ï

|Æn;�(i′ ; t)| 6 �n(�; t); (8.9)ËÏÔÏÒÏÅ ×Ù�ÏÌÎÑÅÔÓÑ ÕÖÅ �ÒÉ ×ÓÅÈ i′ = 0; 1; 2; : : :ìÅÍÍÁ 8.1. äÌÑ �ÒÏÉÚ×ÏÌØÎÏÇÏ �ÅÌÏÇÏ n, t ∈ I É ÌÀÂÏÇÏ i = 0; 1; 2; : : :×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Á:
|Æn;�(i; t)| 6 �n(�; t); |Æn;�(i; t)| 6 mn(�); (8.10)ÅÓÌÉ � ∈ I | ÉÒÒÁ�ÉÏÎÁÌØÎÏÅ ÞÉÓÌÏ, É ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ

|Æn;�(i; t)| 6 2�n(�; t); |Æn;�(i; t)| 6 2mn(�); (8.11)ÅÓÌÉ � ∈ I | �ÒÏÉÚ×ÏÌØÎÏÅ ÞÉÓÌÏ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ n > 0 É � ÉÒÒÁ�ÉÏÎÁÌØÎÏÅ. ðÅÒ×ÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï(8.10) ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á (8.9), Á ×ÔÏÒÏÅ | ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á mn(�; t) 6mn(�), ×ÙÔÅËÁÀÝÅÇÏ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.1) É �ÒÅÄÌÏÖÅÎÉÑ 3.3.óÌÕÞÁÊ n < 0 ×ÙÔÅËÁÅÔ ÉÚ �ÒÅÄÙÄÕÝÅÇÏ É Ó×ÏÊÓÔ×Á ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ(2.4) ÆÕÎË�ÉÉ Dn;�(x; t) �ÒÉ ÚÁÍÅÎÅ n → −n, Á ÓÌÕÞÁÊ n = 0 ÔÒÉ×ÉÁÌÅÎ.



÷ìïöåîéå ëòõçï÷ùè ïòâé� 63äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (8.11) ÎÕÖÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÎÅÒÁ×ÅÎÓÔ×ÏÍ (8.6).
��ÅÏÒÅÍÁ 8.1. ðÕÓÔØ � ∈ I ×ÙÂÒÁÎÏ Ó ÕÓÌÏ×ÉÅÍ l(�) > 2, n ∈ Z, t ∈ I.�ÏÇÄÁ ÄÌÑ ×ÓÅÈ i = 0; 1; 2; : : : ×Ù�ÏÌÎÑÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Á:1) ÅÓÌÉ � | ÉÒÒÁ�ÉÏÎÁÌØÎÏÅ ÞÉÓÌÏ, ÔÏ

|Æn;�(i; t)| < 2l�(n) (8.12)É ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t∗ ∈ I
|Æn;�(i; t∗)| < l�(n); (8.13)2) ÅÓÌÉ ÖÅ � | �ÒÏÉÚ×ÏÌØÎÏÅ ÞÉÓÌÏ, ÔÏ
|Æn;�(i; t)| < 4l�(n) (8.14)É ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t∗ ∈ I
|Æn;�(i; t∗)| < 2l�(n): (8.15)äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÙÔÅËÁÅÔ ÉÚ ÌÅÍÍÙ 8.1 É ÔÅÏÒÅÍÙ 7.2. �

§9. úÏÌÏÔÏÅ ÓÅÞÅÎÉÅ9.1. úÏÌÏÔÏÅ ÓÅÞÅÎÉÅ É ÞÉÓÌÁ æÉÂÏÎÁÞÞÉ. ÷ÙÂÅÒÅÍ × ËÁÞÅÓÔ×Å � ÞÉÓ-ÌÏ � = √5−12 = 0:618 : : : | ÚÏÌÏÔÏÅ ÓÅÞÅÎÉÅ. ïÎÏ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Ë×ÁÄÒÁ-ÔÉÞÎÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀ �2 + � = 1; (9.1)ÉÚ ËÏÔÏÒÏÇÏ ÄÌÑ � ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÒÁÚÌÏÖÅÎÉÅ × �Å�ÎÕÀ ÄÒÏÂØ:� = 11 + 11+ 1.. . : (9.2)îÁÈÏÄÉÍ ÄÌÑ ÎÅÅ ÚÎÁÍÅÎÁÔÅÌÉ �ÏÄÈÏÄÑÝÉÈ ÄÒÏÂÅÊQ1 = 1; Q2 = 2; Q3 = 3; : : : ; Qm = Qm−1 +Qm−2 (9.3)ÄÌÑ m > 3. üÔÉ ÚÎÁÍÅÎÁÔÅÌÉ ÅÓÔØ ÎÅÞÔÏ ÔÁËÏÅ, ËÁË ÞÉÓÌÁ æÉÂÏÎÁÞÞÉ:F0 = 0; F1 = 1; F2 = 1; F3 = 2; F4 = 3; F5 = 5; : : : ; (9.4)Ï�ÒÅÄÅÌÑÅÍÙÅ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÅÍ Fm = Fm−1 + Fm−2.õËÁÖÅÍ ÎÁ ÎÅËÏÔÏÒÙÅ Ó×ÑÚÉ ÞÉÓÅÌ æÉÂÏÎÁÞÞÉ Fm Ó ÚÏÌÏÔÙÍ ÓÅÞÅÎÉÅÍ � ,ËÏÔÏÒÙÅ ÎÁÍ �ÏÔÒÅÂÕÀÔÓÑ × ÄÁÌØÎÅÛÅÍ. ÷Ï-�ÅÒ×ÙÈ, ÉÓ�ÏÌØÚÕÑ ÉÎÄÕË�ÉÀ,ÉÚ (9.1) É ÒÅËÕÒÒÅÎÔÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ �ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÕFm� − Fm−1 = (−1)m−1�m; (9.5)



64 ÷. ç. öõòá÷ìå÷ÉÚ ËÏÔÏÒÏÊ ÓÌÅÄÕÅÔ {Fm�} = {(−1)m−1�m}: äÌÑ ÕÄÏÂÓÔ×Á ÒÁÓ�ÉÛÅÍ �Ï-ÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï × ÒÁÚ×ÅÒÎÕÔÏÍ ×ÉÄÅ:
{Fm�} = {1− �m; ÅÓÌÉ m ÞÅÔÎÏÅ,�m; ÅÓÌÉ m ÎÅÞÅÔÎÏÅ;

{−Fm�} = {�m; ÅÓÌÉ m ÞÅÔÎÏÅ,1− �m; ÅÓÌÉ m ÎÅÞÅÔÎÏÅ. (9.6)9.2. �ÏÞÎÁÑ ÆÏÒÍÕÌÁ ÄÌÑ ÇÒÁÎÉÞÎÏÇÏ ÚÎÁÞÅÎÉÑ mn(�). ðÏ ÆÏÒÍÕÌÅ(9.5) ÉÍÅÅÍ ÒÁ×ÅÎÓÔ×Ï Fm� = Fm−1 + (−1)m−1�m; ÉÚ ËÏÔÏÒÏÇÏ ×ÙÔÅËÁÅÔ�ÒÅÄÓÔÁ×ÌÅÎÉÅ � = Fm−1Fm + (−1)m−1�mFm ; (9.7)É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï
|�| = ∣

∣

∣
� − Fm−1Fm ∣

∣

∣
= �mFm : (9.8)äÌÑ ×ÙÞÉÓÌÅÎÉÑmn(�) ×ÏÓ�ÏÌØÚÕÅÍÑ ÆÏÒÍÕÌÏÊ (7.33) ÉÚ ÔÅÏÒÅÍÙ 7.1. ðÏÄ-ÓÔÁ×ÉÍ (9.8) × ÆÏÒÍÕÌÕ (7.33), × ËÏÔÏÒÏÊ ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ ÒÁ×ÎÏn(n− 1)|�| = (Fm − 1)�m: (9.9)äÁÌÅÅ ÉÓ�ÏÌØÚÕÅÍ Ñ×ÎÕÀ ÆÏÒÍÕÌÕ, ×ÙÒÁÖÁÀÝÕÀ ÞÉÓÌÁ æÉÂÏÎÁÞÞÉ FmÞÅÒÅÚ ÓÔÅ�ÅÎÉ � : Fm = �−m + (−1)m+1�m√5 :äÁÎÎÁÑ ÆÏÒÍÕÌÁ ×ÙÔÅËÁÅÔ ÉÚ ÒÅËÕÒÒÅÎÔÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ÞÉÓÅÌ æÉ-ÂÏÎÁÞÞÉ. éÓ�ÏÌØÚÕÑ ÅÅ, ÎÁÈÏÄÉÍFm�m = 1 + (−1)m+1�2m√5 :�ÏÇÄÁ ÉÚ (9.9) É �ÏÓÌÅÄÎÅÇÏ ÒÁ×ÅÎÓÔ×Á �ÏÌÕÞÁÅÍn(n− 1)|�| = 1 + (−1)m+1�2m√5 − �m: (9.10)�ÅÏÒÅÍÁ 9.1. ðÕÓÔØ �app = � , n = ±Fm, m > 2, ÇÄÅ Fm | ÞÉÓÌÁ æÉÂÏ-ÎÁÞÞÉ (9.4). �ÏÇÄÁ ÄÌÑ ÍÁËÓÉÍÕÍÁ mn(�) ÆÕÎË�ÉÉ D±n;� (x; t), Ï�ÒÅÄÅÌÅÎÎÏ-ÇÏ × (3.1), ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ Ñ×ÎÁÑ ÆÏÒÍÕÌÁmn(�) = 
m; (9.11)
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m = 1+ 1√5 − "m, �ÒÉ ÜÔÏÍ "m = �m(1+ (−�)m√5 ) > 0; É ËÁË ÓÌÅÄÓÔ×ÉÅÉÚ ÆÏÒÍÕÌÙ (9.11) ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïmn(�) < 1 + 1√5 < 1:45: (9.12)äÏËÁÚÁÔÅÌØÓÔ×Ï. æÏÒÍÕÌÁ (9.11) ÓÌÅÄÕÅÔ ÉÚ ÔÅÏÒÅÍÙ 7.1 É ÓÏÏÔÎÏÛÅÎÉÑ(9.10), Á ÎÅÒÁ×ÅÎÓÔ×Ï (9.12) | ÉÚ (9.11), ÔÁË ËÁË "m > 0 ÄÌÑ ÌÀÂÏÇÏ m. �9.3. ïÔËÌÏÎÅÎÉÑ Æ ÄÌÑ � = � . ðÕÓÔØ ÓÎÏ×Á �app = � . ðÏ ÌÅÍÍÅ 8.1 ÄÌÑÆ-ÏÔËÌÏÎÅÎÉÑ ÉÍÅÅÔ ÍÅÓÔÏ Ï�ÅÎËÁ
|Æn;� (i; t)| 6 mn(�) (9.13)ÄÌÑ ÌÀÂÙÈ n ∈ Z É i = 0; 1; 2; : : : ðÕÓÔØn = n1 + : : :+ ns (9.14)| ÎÅËÏÔÏÒÏÅ ÍÉÎÉÍÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÞÉÓÌÁ n ÎÁ ÓÌÁÇÁÅÍÙÅ nk = ±FmkÉ, ÚÎÁÞÉÔ, s = l� (n) �Ï Ï�ÒÅÄÅÌÅÎÉÀ (7.40). éÚ ÓÕÂÁÄÄÉÔÉ×ÎÏÓÔÉ (7.39)ÆÕÎË�ÉÉ mn(�) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ïmn(�) 6 mn1(�) + : : :+mns(�); (9.15)ÇÄÅ mnk(�) ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ (9.11).�ÅÏÒÅÍÁ 9.2. ðÕÓÔØ n ∈ Z ÉÍÅÅÔ ÍÉÎÉÍÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ (9.14). �ÏÇÄÁÄÌÑ ×ÓÅÈ t ∈ I É i = 0; 1; 2; : : : ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Á:

|Æn;� (i; t)| 6 
m1 + : : :+ 
ms ; (9.16)�ÒÉ ÜÔÏÍ 
mk ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ (9.11);
|Æn;� (i; t)| 6 
l� (n); ÇÄÅ 
 = 1 + 1√5 < 1:45; (9.17)É

|Æn;� (i; t∗)| 6
34 l� (n) (9.18)ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t∗ ∈ I.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (9.13), (9.15) É ÔÅÏÒÅÍÙ 9.1 ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï(9.16). ïÔÓÀÄÁ É (9.12) �ÏÌÕÞÁÅÍ (9.17). ðÅÒÅÈÏÄ ÏÔ ÎÅÒÁ×ÅÎÓÔ×Á (9.17)Ë (9.18) ÕÖÅ ÏÂÓÕÖÄÁÌÓÑ × ÔÅÏÒÅÍÅ 7.1. �



66 ÷. ç. öõòá÷ìå÷9.4. áÎÁÌÉÔÉÞÅÓËÁÑ ÆÏÒÍÕÌÁ ÄÌÑ Æ-ÏÔËÌÏÎÅÎÉÑ. ðÕÓÔØ Im =[1− �m; 1) | ÉÎÔÅÒ×ÁÌ ÄÌÉÎÙ |Im| = �m. ïÂÏÚÎÁÞÉÍN(i; Im) = ℄{j; {j�} ∈ Im; j = 0; 1; : : : ; i− 1}: (9.19)÷ [7℄ ÂÙÌÁ ÎÁÊÄÅÎÁ Ñ×ÎÁÑ ÆÏÒÍÕÌÁ ÄÌÑ ÓÞÉÔÁÀÝÅÊ ÆÕÎË�ÉÉ N(i; Im). ÷ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÓÌÕÞÁÑ ÞÅÔÎÏÇÏ m > 4 ÕËÁÚÁÎÎÁÑ ÆÏÒÍÕÌÁ �ÒÉÎÉÍÁÅÔ ×ÉÄN(i; Im) = {[: : : [[i�2℄�2℄ : : : �2℄ + 1; ÅÓÌÉ i > Fm,0; ÅÓÌÉ 0 6 i < Fm. (9.20)úÄÅÓØ �2 ÚÁ�ÉÓÁÎÏ m=2 ÒÁÚ.ðÅÒÅÊÄÅÍ ÏÔ (9.19) ÎÁ ÑÚÙË ÓÞÉÔÁÀÝÅÊ ÆÕÎË�ÉÉ, Ï�ÒÅÄÅÌÅÎÎÏÊ ÒÁÎÅÅ× (0.1): N(i; Im) = rn;� (i; t): (9.21)ðÏ ÆÏÒÍÕÌÅ (9.6) ÎÁÈÏÄÉÍ |Im| = �m = {−Fm�} ÄÌÑ ÞÅÔÎÙÈ m. óÌÅÄÏ-×ÁÔÅÌØÎÏ, × ÎÁÛÅÍ ÓÌÕÞÁÅ n = −Fm. �Å�ÅÒØ ÉÓ�ÏÌØÚÕÅÍ ÎÕÍÅÒÁ�ÉÀ (0.1)ÔÏÞÅË ÏÒÂÉÔÙ
{j� + t}; j = 0; 1; : : : ; i− 1: (9.22)îÁÞÁÌØÎÁÑ ÔÏÞËÁ {t} ÏÒÂÉÔÙ (9.22) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÎÏÍÅÒÕ j = 0. ðÏÜÔÏÍÕÉÚ ÒÁ×ÅÎÓÔ×Á (9.21) ÓÌÅÄÕÅÔ, ÞÔÏ t ÒÁ×ÎÏ |Im| = �m. �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÆÏÒÍÕÌÅ (9.21) ÉÍÅÅÍ n = −Fm; t = �m: éÚ (9.20) É (9.21) ÄÌÑ ÞÅÔÎÙÈm > 4 ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÁÑ Ñ×ÎÁÑ ÆÏÒÍÕÌÁ:r−Fm;� (i; �m) = {[: : : [[i�2℄�2℄ : : : �2℄ + 1; ÅÓÌÉ i > Fm,0; ÅÓÌÉ 0 6 i < Fm. (9.23)ëÁË ÕÖÅ ÏÔÍÅÞÁÌÏÓØ, {−Fm�} = �m, �ÏÜÔÏÍÕ ÆÏÒÍÕÌÕ (1.4) ÄÌÑ Æ-ÏÔ-ËÌÏÎÅÎÉÑ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅÆ−Fm;� (i; �m) = �mi− r−Fm;� (i; �m):ïÔÓÀÄÁ É (9.23) ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÁÑ ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÏÒÍÕÌÁ ÄÌÑ Æ-ÏÔ-ËÌÏÎÅÎÉÑ: Æ−Fm;� (i; �m) = �mi− [: : : [[i�2℄�2℄ : : : �2℄− 1; (9.24)Ó�ÒÁ×ÅÄÌÉ×ÁÑ ÄÌÑ ×ÓÅÈ i > Fm. úÎÁÞÅÎÉÅ ÆÏÒÍÕÌÙ (9.24) ÓÏÓÔÏÉÔ × ÔÏÍ,ÞÔÏ ÏÎÁ ÎÁ�ÒÑÍÕÀ ×ÙÞÉÓÌÑÅÔ Æ-ÏÔËÌÏÎÅÎÉÅ ÞÅÒÅÚ ÆÕÎË�ÉÀ [x℄ | �ÅÌÕÀÞÁÓÔØ x.ðÏÌÕÞÅÎÎÕÀ ÆÏÒÍÕÌÕ ÉÎÔÅÒÅÓÎÏ ÓÒÁ×ÎÉÔØ Ó ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÆÏÒÍÕÌÏÊ(1.21) ÉÚ ÔÅÏÒÅÍÙ 1.1, ×ÙÒÁÖÁÀÝÅÊ Æ-ÏÔËÌÏÎÅÎÉÅ ÞÅÒÅÚ ÆÕÎË�ÉÀDn;�(x; t).éÚÂÁ×ÌÑÑÓØ ÏÔ �ÅÌÙÈ ÞÁÓÔÅÊ × ÆÏÒÍÕÌÅ (9.24), ÉÚ ÎÅÅ ÍÏÖÎÏ �ÏÌÕÞÉÔØÏ�ÅÎËÕ

|Æ−Fm;� (i; �m)| 6 1:
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